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PREFACE 



Mechanics is the body of knowledge that deals with the relationships between forces and the motion of points through 
space, including the material space. Material science is the body of knowledge that deals with the properties of materials, 
including their mechanical properties. Mechanics is very deductive — having defined some variables and given some basic 
premises, one can logically deduce relationships between the variables. Material science is very empirical — having defined 
some variables one establishes the relationships between the variables experimentally. Mechanics of materials synthesizes 
the empirical relationships of materials into the logical framework of mechanics, to produce formulas for use in the design 
of structures and other solid bodies. 

There has been, and continues to be, a tremendous growth in mechanics, material science, and in new applications of 
mechanics of materials. Techniques such as the finite-element method and Moire interferometry were research topics in 
mechanics, but today these techniques are used routinely in engineering design and analysis. Wood and metal were the pre- 
ferred materials in engineering design, but today machine components and structures may be made of plastics, ceramics, poly- 
mer composites, and metal-matrix composites. Mechanics of materials was primarily used for structural analysis in aerospace, 
civil, and mechanical engineering, but today mechanics of materials is used in electronic packaging, medical implants, the 
explanation of geological movements, and the manufacturing of wood products to meet specific strength requirements. 
Though the principles in mechanics of materials have not changed in the past hundred years, the presentation of these princi- 
ples must evolve to provide the students with a foundation that will permit them to readily incorporate the growing body of 
knowledge as an extension of the fundamental principles and not as something added on, and vaguely connected to what they 
already know. This has been my primary motivation for writing this book. 

Often one hears arguments that seem to suggest that intuitive development comes at the cost of mathematical logic and 
rigor, or the generalization of a mathematical approach comes at the expense of intuitive understanding. Yet the icons in the 
field of mechanics of materials, such as Cauchy, Euler, and Saint- Venant, were individuals who successfully gave physical 
meaning to the mathematics they used. Accounting of shear stress in the bending of beams is a beautiful demonstration of 
how the combination of intuition and experimental observations can point the way when self-consistent logic does not. Intui- 
tive understanding is a must — not only for creative engineering design but also for choosing the marching path of a mathemat- 
ical development. By the same token, it is not the heuristic-based arguments of the older books, but the logical development of 
arguments and ideas that provides students with the skills and principles necessary to organize the deluge of information in 
modern engineering. Building a complementary connection between intuition, experimental observations, and mathematical 
generalization is central to the design of this book. 

Learning the course content is not an end in itself, but a part of an educational process. Some of the serendipitous devel- 
opment of theories in mechanics of materials, the mistakes made and the controversies that arose from these mistakes, are all 
part of the human drama that has many educational values, including learning from others' mistakes, the struggle in under- 
standing difficult concepts, and the fruits of perseverance. The connection of ideas and concepts discussed in a chapter to 
advanced modern techniques also has educational value, including continuity and integration of subject material, a starting 
reference point in a literature search, an alternative perspective, and an application of the subject material. Triumphs and trag- 
edies in engineering that arose from proper or improper applications of mechanics of materials concepts have emotive impact 
that helps in learning and retention of concepts according to neuroscience and education research. Incorporating educational 
values from history, advanced topics, and mechanics of materials in action or inaction, without distracting the student from the 
central ideas and concepts is an important complementary objective of this book. 

The achievement of these educational objectives is intricately tied to the degree to which the book satisfies the pedagogi- 
cal needs of the students. The Note to Students describes some of the features that address their pedagogical needs. The Note 
to the Instructor outlines the design and format of the book to meet the described objectives. 

I welcome any comments, suggestions, concerns, or corrections you may have that will help me improve the book. My e- 
mail address is mavable@mtu.edu. 
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A NOTE TO STUDENTS 



Some of the features that should help you meet the learning objectives of this book are summarized here briefly. 

• A course in statics is a prerequisite for this course. Appendix A reviews the concepts of statics from the perspective of 
this course. If you had statics a few terms ago, then you may need to review your statics textbook before the brevity of 
presentation in Appendix A serves you adequately. If you feel comfortable with your knowledge of statics, then you 
can assess for yourself what you need to review by using the Statics Review Exams given in Appendix A. 

• All internal forces and moments are printed in bold italics. This is to emphasize that the internal forces and moments 
must be determined by making an imaginary cut, drawing a free-body diagram, and using equilibrium equations or by 
using methods that are derived from this approach. 

• Every chapter starts by listing the major learning objective(s) and a brief description of the motivation for studying the 
chapter. 

• Every chapter ends with Points and Formulas to Remember, a one-page synopsis of non-optional topics. This brings 
greater focus to the material that must be learned. 

• Every Example problem starts with a Plan and ends with Comments, both of which are specially set off to emphasize 
the importance of these two features. Developing a plan before solving a problem is essential for the development of 
analysis skills. Comments are observations deduced from the example, highlighting concepts discussed in the text pre- 
ceding the example, or observations that suggest the direction of development of concepts in the text following the 
example. 

• Quick Tests with solutions are designed to help you diagnose your understanding of the text material. To get the maxi- 
mum benefit from these tests, take them only after you feel comfortable with your understanding of the text material. 

• After a major topic you will see a box called Consolidate Your Knowledge. It will suggest that you either write a 
synopsis or derive a formula. Consolidate Your Knowledge is a learning device that is based on the observation that 
it is easy to follow someone else's reasoning but significantly more difficult to develop one's own reasoning. By 
deriving a formula with the book closed or by writing a synopsis of the text, you force yourself to think of details 
you would not otherwise. When you know your material well, writing will be easy and will not take much time. 

• Every chapter has at least one module called MoM in Action, describing a triumph or a tragedy in engineering or 
nature. These modules describe briefly the social impact and the phenomenological explanation of the triumph or trag- 
edy using mechanics of materials concept. 

• Every chapter has a section called Concept Connector, where connections of the chapter material to historical develop- 
ment and advanced topics are made. History shows that concepts are not an outcome of linear logical thinking, but 
rather a struggle in the dark in which mistakes were often made but the perseverance of pioneers has left us with a rich 
inheritance. Connection to advanced topics is an extrapolation of the concepts studied. Other reference material that 
may be helpful in the future can be found in problems labeled "Stretch yourself." 

• Every chapter ends with Chapter Connector, which serves as a connecting link to the topics in subsequent chapters. Of 
particular importance are chapter connector sections in Chapters 3 and 7, as these are the two links connecting together 
three major parts of the book. 

• A glossary of all the important concepts is given in Appendix C.7 for easy reference. Chapters number are identified 
and in the chapter the corresponding word is highlighted in bold. 

• At the end is a Formula Sheet for easy reference. Only equations of non-optional topics are listed. There are no expla- 
nations of the variables or the equations in order to give your instructor the option of permitting the use of the formula 
sheet in an exam. 



August 2012 



M. Vable Mechanics of Materials: A note to the instructor 



XV 



A NOTE TO THE INSTRUCTOR 



The best way I can show you how the presentation of this book meets the objectives stated in the Preface is by drawing 
your attention to certain specific features. Described hereafter are the underlying design and motivation of presentation in 
the context of the development of theories of one-dimensional structural elements and the concept of stress. The same 
design philosophy and motivation permeate the rest of the book. 

Figure 3.15 (page 93) depicts the logic relating displacements — strains — stresses — internal forces and moments — exter- 
nal forces and moments. The logic is intrinsically very modular — equations relating the fundamental variables are indepen- 
dent of each other. Hence, complexity can be added at any point without affecting the other equations. This is brought to the 
attention of the reader in Example 3.5, where the stated problem is to determine the force exerted on a car carrier by a stretch 
cord holding a canoe in place. The problem is first solved as a straightforward application of the logic shown in Figure 3.15. 
Then, in comments following the example, it is shown how different complexities (in this case nonlinearities) can be added to 
improve the accuracy of the analysis. Associated with each complexity are post-text problems (numbers written in parenthe- 
ses) under the headings "Stretch yourself" or "Computer problems," which are well within the scope of students willing to 
stretch themselves. Thus the central focus in Example 3.5 is on learning the logic of Figure 3.15, which is fundamental to 
mechanics of materials. But the student can appreciate how complexities can be added to simplified analysis, even if no 
"Stretch yourself" problems are solved. 

This philosophy, used in Example 3.5, is also used in developing the simplified theories of axial members, torsion of 
shafts, and bending of beams. The development of the theory for structural elements is done rigorously, with assumptions 
identified at each step. Footnotes and comments associated with an assumption directs the reader to examples, optional sec- 
tions, and "Stretch yourself" problems, where the specific assumption is violated. Thus in Section 5.2 on the theory of the tor- 
sion of shafts, Assumption 5 of linearly elastic material has a footnote directing the reader to see "Stretch yourself" problem 
5.52 for nonlinear material behavior; Assumption 7 of material homogeneity across a cross section has a footnote directing the 
reader to see the optional "Stretch yourself" problem 5.49 on composite shafts; and Assumption 9 of untapered shafts is fol- 
lowed by statements directing the reader to Example 5.9 on tapered shafts. Table 7.1 gives a synopsis of all three theories 
(axial, torsion, and bending) on a single page to show the underlying pattern in all theories in mechanics of materials that the 
students have seen three times. The central focus in all three cases remains the simplified basic theory, but the presentation in 
this book should help the students develop an appreciation of how different complexities can be added to the theory, even if no 
"Stretch yourself" problems are solved or optional topics covered in class. 

Compact organization of information seems to some engineering students like an abstract reason for learning theory. 
Some students have difficulty visualizing a continuum as an assembly of infinitesimal elements whose behavior can be 
approximated or deduced. There are two features in the book that address these difficulties. I have included sections called 
Prelude to Theory in 'Axial Members', Torsion of Circular Shafts' and 'Symmetric Bending of Beams.' Here numerical 
problems are presented in which discrete bars welded to rigid plates are considered. The rigid plates are subjected to displace- 
ments that simulate the kinematic behavior of cross sections in axial, torsion or bending. Using the logic of Figure 3.15, the 
problems are solved — effectively developing the theory in a very intuitive manner. Then the section on theory consists essen- 
tially of formalizing the observations of the numerical problems in the prelude to theory. The second feature are actual photo- 
graphs showing nondeformed and deformed grids due to axial, torsion, and bending loads. Seeing is believing is better than 
accepting on faith that a drawn deformed geometry represents an actual situation. In this manner the complementary connec- 
tion between intuition, observations, and mathematical generalization is achieved in the context of one-dimensional structural 
elements. 

Double subscripts 1 are used with all stresses and strains. The use of double subscripts has three distinct benefits, (i) It pro- 
vides students with a procedural way to compute the direction of a stress component which they calculate from a stress for- 
mula. The procedure of using subscripts is explained in Section 1.3 and elaborated in Example 1.8. This procedural 
determination of the direction of a stress component on a surface can help many students overcome any shortcomings in intu- 



^any authors use double subscripts with shear stress but not for normal stress. Hence they do not adequately elaborate the use of these sub- 
scripts when determining the direction of stress on a surface from the sign of the stress components. 
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itive ability, (ii) Computer programs, such as the finite-element method or those that reduce full-field experimental data, pro- 
duce stress and strain values in a specific coordinate system that must be properly interpreted, which is possible if students 
know how to use subscripts in determining the direction of stress on a surface, (iii) It is consistent with what the student will 
see in more advanced courses such as those on composites, where the material behavior can challenge many intuitive expecta- 
tions. 

But it must be emphasized that the use of subscripts is to complement not substitute an intuitive determination of stress 
direction. Procedures for determining the direction of a stress component by inspection and by subscripts are briefly described 
at the end of each theory section of structural elements. Examples such as 4.3 on axial members, 5.6 and 5.9 on torsional shear 
stress, and 6.8 on bending normal stress emphasize both approaches. Similarly there are sets of problems in which the stress 
direction must be determined by inspection as there are no numbers given — problems such as 5.23 through 5.26 on the direc- 
tion of torsional shear stress; 6.35 through 6.40 on the tensile and compressive nature of bending normal stress; and 8.1 
through 8.9 on the direction of normal and shear stresses on an inclined plane. If subscripts are to be used successfully in 
determining the direction of a stress component obtained from a formula, then the sign conventions for drawing internal 
forces and moments on free-body diagrams must be followed. Hence there are examples (such as 6.6) and problems (such as 
6.32 to 6.34) in which the signs of internal quantities are to be determined by sign conventions. Thus, once more, the comple- 
mentary connection between intuition and mathematical generalization is enhanced by using double subscripts for stresses 
and strains. 

Other features that you may find useful are described briefly. 

All optional topics and examples are marked by an asterisk (*) to account for instructor interest and pace. Skipping these 
topics can at most affect the student's ability to solve some post-text problems in subsequent chapters, and these problems are 
easily identifiable. 

Concept Connector is an optional section in all chapters. In some examples and post- text problems, reference is made to 
a topic that is described under concept connector. The only purpose of this reference is to draw attention to the topic, but 
knowledge about the topic is not needed for solving the problem. 

The topics of stress and strain transformation can be moved before the discussion of structural elements (Chapter 4). I 
strived to eliminate confusion regarding maximum normal and shear stress at a point with the maximum values of stress com- 
ponents calculated from the formulas developed for structural elements. 

The post-text problems are categorized for ease of selection for discussion and assignments. Generally speaking, the 
starting problems in each problem set are single-concept problems. This is particularly true in the later chapters, where prob- 
lems are designed to be solved by inspection to encourage the development of intuitive ability. Design problems involve the 
sizing of members, selection of materials (later chapters) to minimize weight, determination of maximum allowable load to 
fulfill one or more limitations on stress or deformation, and construction and use of failure envelopes in optimum design 
(Chapter 10) — and are in color. "Stretch yourself" problems are optional problems for motivating and challenging students 
who have spent time and effort understanding the theory. These problems often involve an extension of the theory to include 
added complexities. "Computer" problems are also optional problems and require a knowledge of spreadsheets, or of simple 
numerical methods such as numerical integration, roots of a nonlinear equation in some design variable, or use of the least- 
squares method. Additional categories such as "Stress concentration factor," "Fatigue," and "Transmission of power" prob- 
lems are chapter- specific optional problems associated with optional text sections. 
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CHAPTER ONE 

STRESS 



Learning objectives 

1. Understanding the concept of stress. 

2. Understanding the two-step analysis of relating stresses to external forces and moments. 



On January 16th, 1943 a World War II tanker S.S. Schenectady, while tied to the pier on Swan Island in Oregon, fractured just 
aft of the bridge and broke in two, as shown in Figure 1.1. The fracture started as a small crack in a weld and propagated rapidly 
overcoming the strength of the material. But what exactly is the strength? How do we analyze it? To answer these questions, we 
introduce the concept of stress. Defining this variable is the first step toward developing formulas that can be used in strength 
analysis and the design of structural members. 




Figure 1.1 Failure of S.S. Schenectady. 

Figure 1.2 shows two links of the logic that will be fully developed in Section 3.2. What motivates the construction of 
these two links is an idea introduced in Statics — analysis is simpler if any distributed forces in the free-body diagram are 
replaced by equivalent forces and moments before writing equilibrium equations (see Appendix A. 6). Formulas developed in 
mechanics of materials relate stresses to internal forces and moments. Free-body diagrams are used to relate internal forces 
and moments to external forces and moments. 



f Stresses Vw" 



Static 
equivalency 




Figure 1.2 Two-step process of relating stresses to external forces and moments. 
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1.1 STRESS ON A SURFACE 



The stress on a surface is an internally distributed force system that can be resolved into two components: normal (perpendicu- 
lar) to the imaginary cut surface, called normal stress, and tangent (parallel) to the imaginary cut surface, called shear stress. 



1.1.1 Normal Stress 



In Figure 1.3, the cable of the chandelier and the columns supporting the building must be strong enough to support the weight 
of the chandelier and the weight of the building, respectively. If we make an imaginary cut and draw the free-body diagrams, 
we see that forces normal to the imaginary cut are needed to balance the weight. The internal normal force N divided by the 
area of the cross section^ exposed by the imaginary cut gives us the average intensity of an internal normal force distribution, 
which we call the average normal stress: 



CTo, 



N 
A 



(1.1) 



where a is the Greek letter sigma used to designate normal stress and the subscript av emphasizes that the normal stress is 
an average value. We may view <r av as a uniformly distributed normal force, as shown in Figure 1.3, which can be replaced 
by a statically equivalent internal normal force. We will develop this viewpoint further in Section 1.1.4. Notice that N is in 
boldface italics, as are all internal forces (and moments) in this book. 

Tensile Normal Force Tensile Normal Stress 

N aa 

ft 8 




-±_ 



Chandelier Weight ' 



Chandelier Weight 



Building Weight 



Imaginary Cut 





Building Weight 




Compressive Normal Force Compressive Normal Stress 



Figure 1.3 Examples of normal stress distribution. 

Equation (1.1) is consistent with our intuitive understanding of strength. Consider the following two observations, (i) We 
know that if we keep increasing the force on a body, then the body will eventually break. Thus we expect the quantifier for 
strength (stress) to increase in value with the increase of force until it reaches a critical value. In other words, we expect stress 
to be directly proportional to force, as in Equation (1.1). (ii) If we compare two bodies that are identical in all respects except 
that one is thicker than the other, then we expect that the thicker body is stronger. Thus, for a given force, as the body gets 
thicker (larger cross-sectional area), we move away from the critical breaking value, and the value of the quantifier of strength 
should decrease. In other words, stress should vary inversely with the cross-sectional area, as in Equation (1.1). 

Equation (1.1) shows that the unit of stress is force per unit area. Table 1.1 lists the various units of stress used in this 
book. It should be noted that 1 psi is equal to 6.895 kPa, or approximately 7 kPa. Alternatively, 1 kPa is equal to 0.145 psi, or 
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approximately 0.15 psi. Normal stress that pulls the imaginary surface away from the material is called tensile stress, as 
shown on the cable of the chandelier in Figure 1.3. Normal stress that pushes the imaginary surface into the material is called 
compressive stress, as shown on the column. In other words, tensile stress acts in the direction of the outward normal whereas 
compressive stress is opposite to the direction of the outward normal to the imaginary surface. Normal stress is usually 
reported as tensile or compressive and not as positive or negative. Thus a = 100 MPa (T) or a = 10 ksi (C) are the preferred 
ways of reporting tensile or compressive normal stresses. 

TABLE 1.1 Units of stress 



Abbreviation 


Units 




Basic Units 


psi 


Pounds per square 


inch 


lb/in. 2 


ksi 


Kilopounds (kips) 


per square inch 


10 3 lb/in. 2 


Pa 


Pascal 




N/m 2 


kPa 


Kilopascal 




10 3 N/m 2 


MPa 


Megapascal 




10 6 N/m 2 


GPa 


Gigapascal 




10 9 N/m 2 



The normal stress acting in the direction of the axis of a slender member (rod, cable, bar, column) is called axial stress. 
The compressive normal stress that is produced when one real surface presses against another is called the bearing stress. 
Thus, the stress that exist between the base of the column and the floor is a bearing stress but the compressive stress inside the 
column is not a bearing stress. 

An important consideration in all analyses is to know whether the calculated values of the variables are reasonable. A sim- 
ple mistake, such as forgetting to convert feet to inches or millimeters to meters, can result in values of stress that are incorrect 
by orders of magnitude. Less dramatic errors can also be caught if one has a sense of the limiting stress values for a material. 
Table 1.2 shows fracture stress values for a few common materials. Fracture stress is the experimentally measured value at 
which a material breaks. The numbers are approximate, and ± indicates variations of the stress values in each class of material. 
The order of magnitude and the relative strength with respect to wood are shown to help you in acquiring a feel for the numbers. 

TABLE 1.2 Fracture stress magnitudes 



Material 


ksi 


MPa 


Relative to Wood 


Metals 


90 ± 90% 


630 ± 90% 


7.0 


Granite 


30 ± 60% 


210 ±60% 


2.5 


Wood 


12 ±25% 


84 ± 25% 


1.0 


Glass 


9 ± 90% 


63 ± 90% 


0.89 


Nylon 


8 ±10% 


56 ±10% 


0.67 


Rubber 


2.7 ± 20% 


19 ±20% 


0.18 


Bones 


2 ± 25% 


14 ±25% 


0.16 


Concrete 


6 ± 90% 


42 ± 90% 


0.03 


Adhesives 


0.3 ± 60% 


2.1 ±60% 


0.02 
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EXAMPLE 1.1 

A girl whose mass is 40 kg is using a swing set. The diameter of the wire used for constructing the links of the chain is 5 mm. Determine 
the average normal stress in the links at the bottom of the swing, assuming that the inertial forces can be neglected. 




Figure 1.4 Girl in a swing, Example 1.2. 




PLAN 

We make an imaginary cut through the chains, draw a free-body diagram, and find the tension T in each chain. The link is cut at two 
imaginary surfaces, and hence the internal normal force N is equal to 772 from which we obtain the average normal stress. 



SOLUTION 

The cross-sectional area and the weight of the girl can be found as 



2 2 

A nd 7i(0.005 m) in ^/m- 6 \ 2 

A = — — = — — = 19.6(10 ) m 

4 4 v J 



W = (40 kg)(9.81 m/s ) = 392.4 N 



(El) 



Figure 1.5 shows the free body diagram after an imaginary cut is made through the chains. The tension in the chain and the normal force 
at each surface of the link can be found as shown in Equations (E2) and (E3). 

T = 2N (E2) 

IT = 392.4 N or 4N = 392 A N or N = 98.1 N (E3) 



Figure 1.5 Free-body diagram of swing. 

The average normal stress can be found as shown in Equation (E4). 

_ N 98.1 N 





(19.6x10 6 m 2 ) 



4.996 x 10 6 N/m 2 



ANS. 



(E4) 
5.0MPa(T) 



COMMENTS 

1. The stress calculations had two steps. First, we found the internal force by equilibrium; and second we calculated the stress from it. 

2. An alternative view is to think that the total material area of the link in each chain is 2 A 



39.2 x 10 m . The internal normal 



force in each chain is T= 196.2 N thus the average normal stress is a av = — =(196.2/39.2 x 10 ) = 5 x 10 N/m , as before. 



1.1.2 Shear Stress 

In Figure 1 .6a the double-sided tape used for sticking a hook on the wall must have sufficient bonding strength to support the 
weight of the clothes hung from the hook. The free-body diagram shown is created by making an imaginary cut at the wall sur- 
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face. In Figure \.6b the paper in the ring binder will tear out if the pull of the hand overcomes the strength of the paper. The 
free-body diagram shown is created by making an imaginary cut along the path of the rings as the paper is torn out. In both free- 
body diagrams the internal force necessary for equilibrium is parallel (tangent) to the imaginary cut surface. The internal shear 
force V divided by the cross sectional area A exposed by the imaginary cut gives us the average intensity of the internal shear 
force distribution, which we call the average shear stress: 



V 

A 



(1.2) 



where r is the Greek letter tau used to designate shear stress and the subscript av emphasizes that the shear stress is an average 
value. We may view r av as a uniformly distributed shear force, which can be replaced by a statically equivalent internal normal 
force V. We will develop this viewpoint further in Section 1.1.4. 



Imaginary cut 
between the wall 
and the tape 



Weight 
of the 
Clothes 




Imaginary cut 

along the possible path 

of the edge of the ring. 




Weight 
of the 
Clothes 




mm of 



Pull 
of the 
hand 



Weight 
of the 

Clothes 




Figure 1.6 Examples of shear stress distribution. 



1.1.3 Pins 



Pins are one of the most common example of a structural member in which shear stress is assumed uniform on the imag- 
inary surface perpendicular to the pin axis. Bolts, screws, nails, and rivets are often approximated as pins if the primary func- 
tion of these mechanical fasteners is the transfer of shear forces from one member to another. However, if the primary 
function of these mechanical fasteners is to press two solid bodies into each other (seals) then these fasteners cannot be 
approximated as pins as the forces transferred are normal forces. 

Shear pins are mechanical fuses designed to break in shear when the force being transferred exceeds a level that would 
damage a critical component. In a lawn mower shear pins attach the blades to the transmission shaft and break if the blades hit 
a large rock that may bend the transmission shaft. 
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Figure 1 .7 shows magnified views of two types of connections at a support. Figure 1 .la shows pin in single shear as a sin- 
gle cut between the support and the member will break the connection. Figure 1 .lb shows a pin in double shear as two cuts are 
needed to break the connection. For the same reaction force, the pin in double shear has a smaller shear stress. 




Figure 1.7 Pins in {a) single and (b) double shear. 

When more than two members (forces) are acting on a pin, it is important to visualize the imaginary surface on 
shear stress is to be calculated. Figure 1.8a shows a magnified view of a pin connection between three members, 
stress on the imaginary cut surface 1 will be different from that on the imaginary cut surface 2, as shown by the free 
grams in Figure 1.8/?. 



which the 
The shear 
-body dia- 





"• 



r 









Figure 1.8 Multiple forces on a pin. 



EXAMPLE 1.2 

Two possible configurations for the assembly of a joint in a machine are to be evaluated. The magnified view of the two configurations 
with the forces in the members are shown in Figure 1.9. The diameter of the pin is 1 in. Determine which joint assembly is preferred by 
calculating the maximum shear stress in the pin for each case. 



N c = 20 kips 

^S N B = 15 kips 



N B = 15 kips 




N c = 20 kips 



Configuration 1 ^ = 20 kips 
Figure 1.9 Forces on a joint and different joining configurations. 




N A =\5 kips 



^=15 kips 



Configuration 2 N d ~ 20 ki P s 



PLAN 

We make imaginary cuts between individual members for the two configurations and draw free-body diagrams to determine the shear 
force at each cut. We calculate and compare the shear stresses to determine the maximum shear stress in each configuration. 
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SOLUTION 

2.2... 

The area of the pin is A = n(0.5 in.) = 0.7854 in. . Making imaginary cuts between members we can draw the free-body diagrams 
and calculate the internal shear force at the imaginary cut, as shown in Figure 1.10. 

Imaginary cut between members A and B 
N A = 15 kips 



Imaginary cut between members A and C 
v i^^ 7V A =15kips 



Imaginary cut between members B and C 



Imaginary cut between members C and B 
7V c = 20kips k(V 2 ) y 

■iv 2 \ 



N B = 15 kips 



€K 



N A = 1 5 kips 




Imaginary cut between members C and D 



N A = 1 5 kips 



Imaginary cut between members B and D 



N D = 20 kips 



N D = 20 kips 



Figure 1.10 Free-body diagrams, (a) Configuration 1. (b) Configuration 2. 
Configuration 1: From the free-body diagrams in Figure 1.10a 

V x = 15 kips V 2 = V 3 = 20 kips 

We see that the maximum shear force exists between members C and D. Thus the maximum shear stress is 



V 3 /A 



25.46 ksi. 



Configuration 2: From the free-body diagrams in Figure 1.10b 

V x = 15 kips (V 2 ) x = 15 kips (V 2 ) = 20 kips V 2 = Vl5 2 + 20 2 = 25 kips. 

The maximum shear force exists the between C and B. Thus the maximum shear stress is 



20 kips 



V 2 /A 



31.8 ksi. 



(El) 
(E2) 
(E3) 
(E4) 



Comparing Equations (E2) and (E3) we conclude 



ANS. 



The configuration 1 is preferred, as it will result in smaller shear stres 



COMMENTS 

1. Once more note the two steps: we first calculated the internal shear force by equilibrium and then calculated the shear stress from it. 

2. The problem emphasizes the importance of visualizing the imaginary cut surface in the calculation of stresses. 

3. A simple change in an assembly sequence can cause a joint to fail. This observation is true any time more than two members are 
joined together. Gusset plates are often used at the joints such as in bridge shown in Figure 1.11 to eliminate the problems associated 
with an assembly sequence. 

Gusset plate -4^. **iii ^ ■■« 



Figure 1.11 Use of gusset plates at joints in a bridge truss. 
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EXAMPLE 1.3 

All members of the truss shown in Figure 1.12 have a cross-sectional area of 500 mm 2 and all pins have a diameter of 20 mm. Determine: 
(a) The axial stresses in members BC and DE, (b) The shear stress in the pin at A, assuming the pin is in double shear. 

B C 

7 



Figure 1.12 Truss. 




PLAN 

(a) The free-body diagram of joint D can be used to find the internal axial force in member DE. The free body diagram drawn after an 
imaginary cut through BC, CF, and EF can be used to find the internal force in member BC. (b) The free-body diagram of the entire truss 
can be used to find the support reaction at A, from which the shear stress in the pin at A can be found. 



SOLUTION 

The cross-sectional areas of pins and members can be calculated as in Equation (El) 



A„ 



71(0.02 m) 
4 



314.2(10 6 )m 2 



A, 



500(10 6 )m 2 



(El) 



(a) Figure 1.13a shows the free-body diagram of joint D. The internal axial force N DE can be found using equilibrium equations as shown 
in Equation (E3). 



N DC sin 45 



21 kN = 



N DC = 29.7 kN 



(E2) 



-N- 



DE 



N DC cos 45 



N, 



DE 



-21 kN 



(E3) 




Figure 1.13 Free-body diagrams 



The axial stress in member DE can be found as shown in Equation (E4). 




Y21kN 



= ^de = [-21(10 3 )N] 

1 DE a -6 2 

A m [500(10 )m] 



-42(10 6 )N/m 2 



ANS. 



J DE 



Figure 1.136 shows the free-body diagram after an imaginary cut is made through members CB 9 CF, and EF. By takini 
about point F we can find the internal axial force in member CB as shown in Equation (E5). 



N CB (2 m) -( 21 kN)(4 m) = or 

The axial stress in member CB can be found as shown in Equation (E6). 



N, 



CB 



42 kN 



N t 



CB 



J CB 



84(10 6 )N/m 2 



ANS. 



J CD 



(b) Figure 1.13c shows the free-body diagram of the entire truss. 
By moment equilibrium about point G we obtain 

N AB (2 m) - 21 kN(6 m) = or 



N A 



63 kN 



The shear force in the pin will be half the force of N AB as it is in double shear. We obtain the shear stress in the pin as 



N AB /2 



31.5(10 )N 
314.2(10" 6 )m 2 



100(10 6 )N/m 2 



ANS. 



(E4) 

42 MPa (C) 
I the moment 

(E5) 

(E6) 
84 MPa (T) 

(E7) 

(E8) 
= 100 MPa 
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COMMENTS 

1. We calculated the internal forces in each member before calculating the axial stresses, emphasizing the two steps Figure 1.2 of relat- 
ing stresses to external forces. 

2. In part (a) we could have solved for the force in BC by noting that EC is a zero force member and by drawing the free-body diagram 
of joint C. 



PROBLEM SET 1.1 



Tensile stress 



. 1 



1.1 In a tug of war, each person shown in Figure Pl.l exerts a force of 200 lb. If the effective diameter of the rope is - in., determine the axial 
stress in the rope. 



Figure Pl.l 




1.2 A weight is being raised using a cable and a pulley, as shown in Figure PI. 2. If the weight W= 200 lb, determine the axial stress assuming: 
(a) the cable diameter is - in. (b) the cable diameter is - in. 

X 4 



Figure P1.2 




1.3 The cable in Figure PI. 2 has a diameter of - in. If the maximum stress in the cable must be limited to 4 ksi (T), what is the maximum 
weight that can be lifted? 



1.4 The weight W= 250 lb in Figure PI. 2. If the maximum stress in the cable must be limited to 5 ksi (T), determine the minimum diameter of 
the cable to the nearest — in. 

16 



1.5 A 6-kg light shown in Figure PI. 5 is hanging from the ceiling by wires of 0.75-mm diameter. Determine the tensile stress in wires AB and 
BC. 



-2m- 




Figure P1.5 



Light 



1.6 An 8-kg light shown in Figure PI. 5 is hanging from the ceiling by wires. If the tensile stress in the wires cannot exceed 50 MPa, determine 
the minimum diameter of the wire, to the nearest tenth of a millimeter. 



August, 2012 



M. Vable 



Mechanics of Materials: Stress 



1 10 



1.7 Wires of 0.5-mm diameter are to be used for hanging lights such as the one shown in Figure P1.5. If the tensile stress in the wires cannot 
exceed 80 MPa, determine the maximum mass of the light that can be hung using these wires. 



1.8 A 3 kg picture is hung using a wire of 3 mm diameter, as shown in Figure PI. 8. What is the average normal stress in the wires? 



Figure P1.8 




1.9 A 5 kg picture is hung using a wire, as shown in Figure PI .8. If the tensile stress in the wires cannot exceed lOMPa, determine the minimum 
required diameter of the wire to the nearest millimeter. 



1.10 Wires of 16-mil diameter are used for hanging a picture, as shown in Figure PI. 8. If the tensile stress in the wire cannot exceed 750 psi, 
determine the maximum weight of the picture that can be hung using these wires. 1 mil = t-ttt in. 



1.11 A board is raised to lean against the left wall using a cable and pulley, as shown in Figure PI. 11. Determine the axial stress in the 
cable in terms of the length L of the board, the specific weight /per unit length of the board, the cable diameter d, and the angles #and a, 
shown in Figure P 1 . 1 1 . 



Figure Pl.ll 




Compressive and bearing stresses 



1.12 A hollow circular column supporting a building is attached to a metal plate and bolted into the concrete foundation, as shown in Figure 
PI. 12. The column outside diameter is 100 mm and an inside diameter is 75 mm. The metal plate dimensions are 200 mm x 200 mm x 10 mm. The 
load P is estimated at 800 kN. Determine: (a) the compressive stress in the column; (b) the average bearing stress between the metal plate and the 
concrete. 



Figure P1.12 




1.13 A hollow circular column supporting a building is attached to a metal plate and bolted into the concrete foundation, as shown in Figure 
PI. 12. The column outside diameter is 4 in. and an inside diameter is 3.5 in. The metal plate dimensions are 10 in. x 10 in. x 0.75 in. If the allow- 
able average compressive stress in the column is 30 ksi and the allowable average bearing stress in concrete is 2 ksi, determine the maximum load 
P that can be applied to the column. 
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1.14 A hollow square column supporting a building is attached to a metal plate and bolted into the concrete foundation, as shown in Figure 
PL 14. The column has outside dimensions of 120 mm x 120 mm and a thickness of 10 mm. The load P is estimated at 600 kN. The metal plate 
dimensions are 250 mm x 250 mm x 15 mm. Determine: (a) the compressive stress in the column; (b) the average bearing stress between the 
metal plate and the concrete. 

1^ 



Figure P1.14 




1.15 A column with the cross section shown in Figure PI. 15 supports a building. The column is attached to a metal plate and bolted into the 
concrete foundation. The load P is estimated at 750 kN. The metal plate dimensions are 300 mm x 300 mm x 20 mm. Determine: (a) the com- 
pressive stress in the column; (b) the average bearing stress between the metal plate and the concrete 



160 mm 



FigureP1.15 



^^10mm 




1.16 A 70-kg person is standing on a bathroom scale that has dimensions of 150 mm : 
ing stress between the scale and the floor. Assume the weight of the scale is negligible. 



100 mm x 40 mm (Figures PI. 16). Determine the bear- 



Figure P1.16 




1.17 A 30-ft-tall brick chimney has an outside diameter of 3 ft and a wall thickness of 4 in. (Figure PI. 17). If the specific weight of the bricks is 
80 lb/ft 3 , determine the average bearing stress at the base of the chimney. 



1 

30 







Figure P1.17 
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1.18 Determine the average bearing stress at the bottom of the block shown in Figure PL 18 in terms of the specific weight ^and the length dimen- 
sions a and h. 



Figure P1.18 




1.19 The Washington Monument is an obelisk with a hollow rectangular cross section that tapers along its length. An approximation of the 
monument geometry is shown in Figure PI. 19. The thickness at the base is 4.5 m and at top it is 2.5 m. The monument is constructed from marble 
and granite. Using a specific weight of 28 kN/m 3 for these materials, determine the average bearing stress at the base of the monument. 



10 m 



Figure P1.19 




169 m 




17 m 



1.20 Show that the average compressive stress due to weight on a cross section at a distance x from the top of the wall in Figure PI. 20b is half 
that of wall in Figure PI. 20a, thus confirming the wisdom of ancient Egyptians in building inward- sloping walls for the pyramids. (Hint: Using y 
the specific weight of wall material, H the height of the wall, t the thickness of the wall, and L the length of the wall, calculate the average com- 
pressive stress at any cross section at a distance x from the top for the two walls.). 



(a) 




(b) 




Figure PI. 20 (a) Straight wall (b) Inward sloping tapered wall. 

1.21 The Great pyramid of Giza shown in Figure \.\4d has a base of 757.7 ft x 757.7 ft and a height of 480.9 ft. Assume an average specific 
weight of y = 75 lb/ft 3 . Determine (a) the bearing stress at the base of the pyramid, (b) the average compressive stress at mid height. 



1.22 The Bent pyramid shown in Figure 1.14c has a base of 188 m x 188 m. The initial slopes of the sides is 54°27'44". After a certain height 
the slope is 43°22'. The total height of the pyramid is 105 m. Assume an average mass density of 1200 kg/ m 3 . Determine the bearing stress at the 
base of the pyramid. 



1.23 A steel bolt of 25 mm diameter passes through an aluminum sleeve of thickness 4 mm and outside diameter of 48 mm as shown in Figure 
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PI. 23. Determine the average normal stress in the sleeve if in the assembled position the bolt has an average normal stress of 100 MPa (T). 

Rigid washers 



Sleeve 



\ \ \ \ \ \ \ \ \ \ 



Bolt 






i 



Figure P1.23 



25 mm 



- 300 mm - 



25 mm 



Shear stress 

1.24 The device shown in Figure PI. 24 is used for determining the shear strength of the wood. The dimensions of the wood block are 
6 in. x 8 in. x 2 in. If the force required to break the wood block is 15 kips, determine the average shear strength of the wood. 



Figure P1.24 



r 

6 in I 

J_ 



Wood 



> in— H2in 



1.25 The dimensions of the wood block in Figure PI. 24 are 6 in. * 8 in. * 1.5 in. Estimate the force P that should be applied to break the block 
if the average shear strength of the wood is 1.2 ksi. 



1.26 The punch and die arrangement shown schematically in Figure PI. 26 is used to punch out thin plate objects of different shapes. The cross 
section of the punch and die shown in Figure PI. 26 is a circle of 1-in. diameter. A force P = 6 kips is applied to the punch. If the plate thickness 
,_ l 



in., determine the average shear stress in the plate along the path of the punch. 



Punch 




Plate 



Die 



Figure P1.26 



1< 



r 



Die 



1.27 The cross section of the punch and die shown in Figure PI. 26 is a square of 10 mm x 10 mm. The plate shown has a thickness t = 3 mm 
and an average shear strength of 200 MPa. Determine the average force P needed to drive the punch through the plate. 



1.28 The schematic of a punch and die for punching washers is shown in Figure PI. 28. Determine the force P needed to punch out washers, in 
terms of the plate thickness t, the average plate shear strength r, and the inner and outer diameters of the washers d i and d 



Punch 



n 



Plate 



Die 



Figure P1.28 



Ll 



Die 
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1.29 The magnified view of a pin joint in a truss are shown in Figure P1.29. The diameter of the pin is 25 mm. Determine the maximum trans- 
verse shear stress in the pin. 

50 kN 



30 kN 



Figure P1.29 



Normal and shear stresses 



40 kN 




1.30 A weight W '= 200 lb. is being raised using a cable and a pulley, as shown in Figure PI. 30. The cable effective diameter is - in. and 

the pin in the pulley has a diameter of - in. Determine the axial stress in the cable and the shear stress in the pin, assuming the pin is in dou- 
ble shear. 



Figure P1.30 




1.31 The cable in Figure PI. 30 has a diameter of - in. and the pin in the pulley has a diameter of - in. If the maximum normal stress in the 

5 o 

cable must be limited to 4 ksi (T) and the maximum shear stress in the pin is to be limited to 2 ksi, determine the maximum weight that can be 
lifted to the nearest lb. The pin is in double shear. 



1.32 The manufacturer of the plastic carrier for drywall panels shown in Figure PI. 32 prescribes a maximum load P of 200 lb. If the cross-sec- 
tional areas at sections AA and BB are 1.3 in. 2 and 0.3 in. 2 ' respectively, determine the average shear stress at section AA and the average normal 
stress at section BB at the maximum load P. 



Figure P1.32 









B 


B 
1 P 





1.33 A bolt passing through a piece of wood is shown in Figure PI. 33. Determine: (a) the axial stress in the bolt; (b) the average shear stress in 
the bolt head; (c) the average bearing stress between the bolt head and the wood; (d) the average shear stress in the wood. 

fin >r 



Figure P1.33 



nTn^issii-^ 1 



5 kips 
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1.34 A load of P = 10 kips is transferred by the riveted joint shown in Figure PI. 34. Determine (a) the average shear stress in the rivet, (b) the 
largest average normal stress in the members attached (c) the largest average bearing stress between the pins and members. 




lin. 





A 








2 in. 


0.5 in 


• V 



lin. 




0.5 in. 



Figure P1.34 




^^ 



H~ 



3 . 1 

1.35 A joint in a wooden structure is shown in Figure P1.35. The dimension h = 4- in. and d = 1 r in. Determine the average normal stress 

o o 

on plane BEF and average shear stress on plane BCD. Assume plane BEF and the horizontal plane at AB are a smooth surfaces. 

10 kips 



Figure P1.35 




1.36 A metal plate welded to an I-beam is securely fastened to the foundation wall using four bolts of 1/2 in. diameter as shown in Figure 
PI. 36. If P = 12 kips determine the normal and shear stress in each bolt. Assume the load is equally distributed among the four bolts. 



Figure P1.36 




1.37 A metal plate welded to an I-beam is securely fastened to the foundation wall using four bolts as shown Figure PI. 36. The allowable nor- 
mal stress in the bolts is 100 MPa and the allowable shear stress is 70 MPa. Assume the load is equally distributed among the four bolts. If the 
beam load P= 50 kN, determine the minimum diameter to the nearest millimeter of the bolts. 



1.38 A metal plate welded to an I-beam is securely fastened to the foundation wall using four bolts of 1/2 in. diameter as shown Figure PI. 36. 
The allowable normal stress in the bolts is 15 ksi and the allowable shear stress is 12 ksi. Assume the load is equally distributed among the four 
bolts. Determine the maximum load P to the nearest pound the beam can support. 



1.39 An adhesively bonded joint in wood is fabricated as shown in Figure PI. 39. The length of the overlap is L= 4 in. and the thickness of the 
wood is 3/8 in. Determine the average shear stress in the adhesive.. 



Figure P1.39 
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1.40 A double lap joint adhesively bonds three pieces of wood as shown in Figure PI .40. The joints transmits a force of P= 20 kips and has the 
following dimensions: L = 3 in., a = 8 in. and h = 2 in. Determine the maximum average normal stress in the wood and the average shear stress in 
the adhesive. 



Figure P1.40 




~^~ 



*i 



y///////////////////A 



h/2 



^ 




\<y l-o\ 



1.41 The wood in the double lap joint of Figure PI. 40 has a strength of 15 MPa in tension and the strength of the adhesive in shear is 2 MPa. 
The joint has the following dimensions: L = 75 mm, a =200 mm, and h = 50 mm. Determine the maximum force P the joint can transfer. 



1.42 A wooden dowel of diameter d = 20 mm is used for constructing the double lap joint in Figure PI. 42. The wooden members have a 
strength of 10 MPa in tension, the bearing stress between the dowel and the members is to be limited to 18 MPa, the shear strength of the dowel is 
25 MPa. The joint has the following dimensions: L = 75 mm, a =200 mm, and h = 50 mm. Determine the maximum force P the joint can transfer. 

d 



Figure P1.42 




\o l-o\ 



1.43 A couple is using the chair lift shown in Figure PI .43 to see the Fall colors in Michigan's Upper Peninsula. The pipes of the chair frame are 
1/16 in. thick. Assuming each person weighs 180 lb, determine the average normal stress at section AA and BB and average shear stress at section 
CC assuming the chair is moving at a constant speed. 



1.5 in. 



Figure P1.43 





1.44 The axial force P = 12 kips acts on a rectangular member, as shown in Figure PI. 44. Determine the average normal and shear stresses on 
the inclined plane AA. 



Figure P1.44 



1.5 


y 






A ^A 


A 




2 in 








• 


r P 


A~f\65° 


A 
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1.45 A wooden axial member has a cross section of 2 in.x 4 in. The member was glued along line AA and transmits a force of P = 80 kips as 

shown in Figure PI. 45. Determine the average normal and shear stress on plane AA. 

p 



Figure P1.45 




4 in 



1.46 Two rectangular bars of 10-mm thickness are loaded as shown in Figure PI. 46. If the normal stress on plane AA is 180 MPa (C), determine 
the force F l and the normal and shear stresses on plane BB. 

10mm, 50kN 



Figure P1.46 



r 



75°A->- 



30 mm 



! 60 mm /, 



^>-H^--| 



50 kN 



B 



1.47 A butt joint is created by welding two plates to transmits a force of P = 250 kN as shown in Figure PI. 47. Determine the average normal 
and shear stress on the plane AA of the weld. 

1^1 900 mm 



50 



Figure P1.47 



mn|_ 



60' 




60° 




200 mm 



1.48 A square tube of 1/4 in thickness is welded along the seam and used for transmitting a force of P = 20 kips as shown in Figure PI. 48. 
Determine average normal and shear stress on the plane AA of the weld. 



2.5 i: 




^^ 



30' 



Figure P1.48 



1 



1.49 (a) In terms of P, a, b, and # determine the average normal and shear stresses on the inclined plane AA shown in Figure PI. 49. (b) Plot the 
normal and shear stresses as a function of #and determine the maximum values of the normal and shear stresses, (c) At what angles of the inclined 
plane do the maximum normal and maximum shear stresses occurs. 



Figure P1.49 
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1.50 An axial load is applied to a 1-in-diameter circular rod (Figure PI. 50). The shear stress on section AA was found to be 20 ksi. The section 
AA is at 45° to the axis of the rod. Determine the applied force P and the average normal stress acting on section AA. 



Figure P1.50 



r 



1.51 A simplified model of a child's arm lifting a weight is shown in Figure PI .5 1 . The cross-sectional area of the biceps muscle is estimated as 
2 in 2 . Determine the average normal stress in the muscle and the average shear force at the elbow joint v4. 




15 lb 



Bone 
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Figure P1.51 



-7in- 



2 in 



1.52 Figure PI. 52 shows a truss and the sequence of assembly of members at pins H, G, and F. All members of the truss have cross-sectional 
areas of 250 mm 2 and all pins have diameters of 15 mm. Determine (a) the axial stresses in members HA, HB, HQ and HC. (b) the maximum 
shear stress in pin H. 

G 




Hm- 



Figure P1.52 



-3 m- 



3 m- 



4kN Y2kN Y3 kN 



-3m-H 




Pin// 



PinG 



PinF 



1.53 Figure PI. 52 shows a truss and the sequence of assembly of members at pins H, G, and F. All members of the truss have cross-sectional 
areas of 250 mm 2 and all pins have diameters of 15 mm. Determine (a) the axial stresses in members FG, FC, FD, and FE. (b) the maximum shear 
stress in pin F. 



1.54 Figure PI. 52 shows a truss and the sequence of assembly of members at pins H, G, and F. All members of the truss have cross-sectional 
areas of 200 mm 2 and all pins have diameters of 10 mm. Determine (a) the axial stresses in members GH, GC, and GF of the truss shown in Fig- 
ure PI. 52. (b) the maximum shear stress in pin G 



1.55 The pin at C in Figure PI. 55 is has a diameter of - in. and is in double shear. The cross- sectional areas of members AB and BC are 2 in/ 
and 2.5 in. 2 , respectively. Determine the axial stress in member AB and the shear stress in pin C. 



Figure P1.55 




60in- 
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1.56 All pins shown in Figure PI. 56 are in single shear and have diameters of 40 mm. All members have square cross sections and the surface 
at E is smooth. Determine the maximum shear stresses in the pins and the axial stress in member BD. 

50kN/m 



Figure P1.56 




3 m 



1.57 A student athlete is lifting weight W = 36 lbs as shown in Figure PI. 57a. The weight of the athlete is W A = 140 lb. A model of the student 
pelvis and legs is shown in Figure PI. 57b. The weight of legs and pelvis W L = 32 lb acts at the center of gravity G. Determine the normal stress in 
the erector spinae muscle that supports the trunk if the average muscle area at the time of lifting the weight is 1.75 in 2 . 



(a) 




Erector 



Hip Joint 



Figure P1.57 



(W+W A )/2 




1.58 A student is exercising his shoulder muscles using a W = 15 lb dumbbell as shown in Figure PI. 58a. The model of the student arm is 
shown in Figure PI. 58b. The weight of the arm of W A = 9 lb acts at the center of gravity G. Determine the average normal stress in the deltoid 

muscle if the average area of the muscle is 0.75 in 2 at the time the weight is in the horizontal position. 

(a) B^^B^^^nHHHK^VHn C>) 



Figure P1.58 
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Design problems 

1.59 The bottom screw in the hook shown in Figure P 1 .59 supports 60% of the load P while the remaining 40% of P is carried by the top screw. 
The shear strength of the screws is 50 MPa. Develop a table for the maximum load P that the hook can support for screw diameters that vary from 
1 mm to 5 mm in steps of 1 mm. 



Figure P1.59 
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1.60 Determine the maximum force P that can be transferred by the riveted joint shown in Figure P1.34 if the limits apply: maximum normal 
stress in the attached members can be 30 ksi., maximum bearing stress between the pins and members can be 15 ksi, and the maximum shear 
stress in the rivet can be 20 ksi. 



1.61 A tire swing is suspended using three chains, as shown in Figure P1.61. Each chain makes an angle of 12° with the vertical. The chain is 
made from links as shown. For design purposes assume that more than one person may use the swing, and hence the swing is to be designed to 

carry a weight of 500 lb. If the maximum average normal stress in the links is not to exceed 10 ksi, determine to the nearest — in. the diameter of 



the wire that should be used for constructing the links. 



Figure P1.61 




1.62 Two cast-iron pipes are held together by a bolt, as shown in Figure P 1 .62. The outer diameters of the two pipes are 50 mm and 70 mm and the 
wall thickness of each pipe is 10 mm. The diameter of the bolt is 15 mm. What is the maximum force P this assembly can transmit if the maximum 
permissible stresses in the bolt and the cast iron are 200 MPa in shear and 150 MPa in tension, respectively. 



Figure P1.62 



m 



1.63 A normal stress of 20 ksi is to be transferred from one plate to another by riveting a plate on top, as shown in Figure PI. 63. The shear 
strength of the - in. rivets used is 40 ksi. Assuming all rivets carry equal shear stress, determine the minimum even number of rivets that must be 
used. 



Figure P1.63 




ThTq 



\<r- 6 in -»-| 1 in 



a = 20 ksi 



1.64 Two possible joining configurations are to be evaluated. The forces on joint in a truss were calculated and a magnified view is shown Figure 
PI .64. The pin diameter is 20 mm. Determine which joint assembly is better by calculating the maximum shear stress in the pin for each case. 

7V r =50kN 

1 ^ 50kN ^ 67.32 kN 



Figure P1.64 




Configuration 1 



Configuration 2 



N n = 30 kN 
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1.65 Truss analysis showed the forces at joint v4 given in Figure PI. 65. Determine the sequence in which the three members at joints should be 
assembled so that the shear stress in the pin is minimum. 

\,N D = 22.94 kips 

N c = 40 kips 



Figure P1.65 




N B = 32.77 kips 



1.66 An 8 in x 8 in reinforced concrete bar needs to be designed to carry a compressive axial force of 235 kips. The reinforcement is done using 
--in. round steel bars. Assuming the normal stress in concrete to be a uniform maximum value of 3 ksi and in steel bars to be a uniform value of 20 ksi, 
determine the minimum number of iron bars that are needed. 



1.67 A wooden axial member has a cross section of 2 in. x 4 in. The member was glued along line AA, as shown in Figure PI. 45. Determine the 
maximum force P that can be applied to the repaired axial member if the maximum normal stress in the glue cannot exceed 800 psi and the maxi- 
mum shear stress in the glue cannot exceed 350 psi. 



1.68 An adhesively bonded joint in wood is fabricated as shown in Figure PI. 68. The length of the bonded region L = 5 in. Determine the maxi- 
mum force P the joint can support if the shear strength of the adhesive is 300 psi and the wood strength is 6 ksi in tension. 



Figure P1.68 




1.69 The joint in Figure PI. 68 is to support a force P = 25 kips. What should be the length L of the bonded region if the adhesive strength in 
shear is 300 psi? 



1.70 The normal stress in the members of the truss shown in Figure PI .70 is to be limited to 160 MPa in tension or compression. All members have 
circular cross sections. The shear stress in the pins is to be limited to 250 MPa. Determine (a) the minimum diameters to the nearest millimeter of 
members ED, EG, and EF. (b) the minimum diameter of pin E to the nearest millimeter and the sequence of assembly of members ED, EG, and EF. 

\* 4 m *\< 4 m *\ 



Figure P1.70 



c 




D 




1 r. 


)m 










— c 
B 








40 kN 




G 


> 


F 

< 




<- A 


H 

1_ 


65 


kN 



1.71 The normal stress in the members of the truss shown in Figure PI .70 is to be limited to 160 MPa in tension or compression. All members have 
circular cross sections. The shear stress in the pins is to be limited to 250 MPa. Determine (a) the minimum diameters to the nearest millimeter of 
members CG, CD, and CB. (b) the minimum diameter of pin C to the nearest millimeter and the sequence of assembly of members CG, CD, and CB. 



Stretch yourself 



1.72 Truss analysis showed the forces at joint A given in Figure PI. 72. Determine the sequence in which the four members at joint A should be 
assembled to minimize the shear stress in the pin. 

N r = 27.58 kips | N D = 25 kips 



Figure P1.72 
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N E = 28.34 kips 
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MoM in Action: Pyramids 



The pyramids of Egypt are a remarkable engineering feat. The size, grandeur, and age of the pyramids 
excites the human imagination. Science fiction authors create stories about aliens building them. Pyramid 
design, however, is a story about human engineering in a design process that incorporates an intuitive under- 
standing of material strength. 

(a 



J 


-- \ 


rfs 





(c) 





Figure 1.14 Pyramids of Egypt (a) Mastaba (b) Step pyramid (c) Bent pyramid (d) Great pyramid of Giza. 

Before pyramids were built, Egyptians kings and nobles were buried in tombs called mastaba (Figure 
1.14a). Mastaba have underground chambers that are blocked off by dropping heavy stones down vertical 
shafts. On top of these underground burial chambers are rectangular structures with inward-sloping, tapered 
brick mud walls. The ancient Egyptians had learned by experience that inward-sloping walls that taper 
towards the top do not crumble as quickly as straight walls of uniform thickness (see problem 1.20). 

Imhotep, the world's first renowned engineer-architect, took many of the design elements of mastaba to 
a very large scale in building the world's first Step pyramid (Figure 1.146) for his pharaoh Djozer (2667- 
2648 BCE). By building it on a bedrock, Imhotep intuitively understood the importance of bearing stresses 
which were not properly accounted for in building of the leaning tower of Pisa 4000 years later. The Step 
pyramid rose in six steps to a height of 197 ft with a base of 397 ft x 358 ft. A 92-ft deep central shaft was 
dug beneath the base for the granite burial chamber. The slopes of the faces of the Step pyramid varied from 
72° to 78°. Several pharaohs after Djozer tried to build their own step pyramids but were unsuccessful. 

The next development in pyramid design took place in the reign of pharaoh Sneferu (2613-2589 BCE). 
Sneferu architects started by building a step pyramid but abandoned it because he wanted a pyramid with 
smooth sides. The pyramid shown in Figure 1.14c was started with a base of 617 ft x 617 ft and an initial 
slope of approximately 54°. Signs of structural problem convinced the builders to change the slope to 43° 
resulting in the unique bent shape seen in Figure 1.14c (see problem 1.22). Sneferu then ordered a third pyr- 
amid built. This pyramid had an initial slope of 43°, stood on a base of 722 ft x722 ft, rose to a height of 
345 ft, and had smooth sides. This experience was used by architects in the reign of Khufu (2589-2566 BCE) 
to build the largest pyramid in the world called the Great pyramid of Giza (Figure 1.14(f). The Great Pyramid 
(see problem 1.21) stands on a base of 756.7 ft x 756.7 ft and has a height of 481 ft. 

The ancient Egyptians did not have a formal definition of stress, but they had an intuitive understanding 
of the concept of strength. As happens often in engineering design they were able to design and construct 
pyramids through trial and error. Modern engineering can reduce this costly and time consuming process by 
developing rigorous methodologies and formulas. In this book we will be developing formulas for strength 
and stiffness design of structures and machine elements. 
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1.1.4 Internally Distributed Force Systems 

In Sections 1.1.1 and 1.1.2 the normal stress and the shear stress were introduced as the average intensity of an internal normal 
and shear force distribution, respectively. But what if there are internal moments at a cross section? Would there be normal and 
shear stresses at such sections? How are the normal and shear stresses related to internal moments? To answer these questions 
and to get a better understanding of the character of normal stress and shear stress, we now consider an alternative and more 
fundamental view. 



Normal to plane 

/ 



>> \ 





^7 r Tangent in plane 






(b) 



Figure 1.15 



Internal forces between particles on two sides of an imaginary cut. (a) Forces between particles in a body, shown on par- 
ticle A. (b) Resultant force on each particle. 



The forces of attraction and repulsion between two particles (atoms or molecules) in a body are assumed to act along the 
line that joins the two particles. 1 The forces vary inversely as an exponent of the radial distance separating the two particles. 
Thus every particle exerts a force on every other particle, as shown symbolically in Figure 1.15a on an imaginary surface of a 
body. These forces between particles hold the body together and are referred to as internal forces . The shape of the body 
changes when we apply external forces thus changing distance between particles and hence changing the forces between the 
particles (internal forces). The body breaks when the change in the internal forces exceeds some characteristic material value. 
Thus the strength of the material can be characterized by the measure of change in the intensity of internal forces. This mea- 
sure of change in the intensity of internal forces is what we call stress. 

In Figure 1.1 56 we replace all forces that are exerted on any single particle by the resultants of these forces on that parti- 
cle. The magnitude and direction of these resultant forces will vary with the location of the particle (point) implying that this 
is an internal distributed force system. The intensity of internally distributed forces on an imaginary cut surface of a body is 
called the stress on the surface. The internally distributed forces (stress on a surface) can be resolved into normal (perpendic- 
ular to the surface) and tangential (parallel to the surface) distribution. The intensity of an internally distributed force that is 
normal to the surface of an imaginary cut is called the normal stress on the surface. The intensity of an internally distributed 
force that is parallel to the surface of an imaginary cut surface is called the shear stress on the surface. 

Normal stress on a surface may be viewed as the internal forces that develop due to the material resistance to the pulling 
apart or pushing together of two adjoining planes of an imaginary cut. Like pressure, normal stress is always perpendicular to 
the surface of the imaginary cut. But unlike pressure, which can only be compressive, normal stress can be tensile. 



forces that act along the line joining two particles are called central forces. The concept of central forces started with Newton's universal gravitation law, which states: "the force 
between two particles is inversely proportional to the square of the radial distance between two particles and acts along the line joining the two particles." At atomic levels the cen- 
tral forces do not vary with the square of the radial distance but with an exponent, which is a power of 8 or 10. 
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Shear stress on a surface may be viewed as the internal forces that develop due to the material resistance to the sliding of 
two adjoining planes along the imaginary cut. Like friction, shear stresses act tangent to the plane in the direction opposite to 
the impending motion of the surface. But unlike friction, shear stress is not related to the normal forces (stresses). 



Uniform No: 
Stress <x 




Uniform Shear 
Stress T mrn 



Normal stress 
linear in y 



Normal stress 
linear in z Xi 



N = a 









Uniform 
shear stress 
in tangential 
direction. 



(a) 
Figure 1.16 Static equivalency. 



(b) 



(c) 



(d) 



(e) 



Now that we have established that the stress on a surface is an internally distributed force system, we are in a position to 
answer the questions raised at the beginning of the section. If the normal and shear stresses are constant in magnitude and 
direction across the cross section, as shown in Figure 1.16a and b, then these can be replaced by statically equivalent normal 
and shear forces. [We obtain the equivalent forms of Equations (1.1) and (1.2).] But if either the magnitude or the direction of 
the normal and shear stresses changes across the cross section, then internal bending moments M , M z and the internal torque 
J may be necessary for static equivalency, as shown in Figure 1.16c, d, and e. Figure 1.16 shows some of the stress distribu- 
tions we will see in this book. But how do we deduce the variation of stress on a surface when stress is an internal quantity 
that cannot be measured directly? The theories in this book that answer this question were developed over a long period of 
time using experimental observations, intuition, and logical deduction in an iterative manner. Assumptions have to be made 
regarding loading, geometry, and material properties of the structural member in the development of the theory. If the theoret- 
ical predictions do not conform to experimental observations, then assumptions have to be modified to include added com- 
plexities until the theoretical predictions are consistent with experimental observations. In Section 3.2, we will see the logic 
whose two links are shown in Figure 1.2. This logic with assumptions regarding loading, geometry, and material properties 
will be used to develop the simplified theories in Chapters 4 through 6. 

EXAMPLE 1.4 

Figure 1.17 shows a fiber pull-out test that is conducted to determine the shear strength of the interface between the fiber and the resin 
matrix in a composite material (see Section 3.12.3). Assuming a uniform shear stress x at the interface, derive a formula for the shear 
stress in terms of the applied force P, the length of fiber L, and the fiber diameter D. 



I 



Figure 1.17 Fiber pull-out test. 
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PLAN 

The shear stress is acting on the cylindrical surface area of the embedded fiber. The shear stress is uniform and hence can be replaced by 
an equivalent shear force V, which we can equate to P. 
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SOLUTION 

Figure 1.18a shows the cylindrical surface of the fiber with the uniform shear stress on the surface. The surface area A is equal to the cir- 
cumference multiplied by the fiber length L as shown by the Equation (El). 

A = ttDL (El) 

LP ^ i P 



(a) 



Figure 1.18 Free body diagrams of the fiber in Example 1.4 (a) with shear stresses, 
(b) with equivalent internal shear force. 

The shear force is the shear stress multiplied by the surface area, 

V = rA = (ttDL)t 
By equilibrium of forces in Figure 1 . 1 8Z> 

V=P or (ttDL)t=P 




(b) 




ANS. 



(E2) 

(E3) 
t = P/(nDL) 



COMMENTS 

1. First, we replaced an internal distributed force system (shear stress) by an equivalent shear force. Second, we related the internal 
shear force to external force by equilibrium. 

2. In the preceding test it is implicitly assumed that the strength of the fiber is greater than the interface strength. Otherwise the fiber would 
break before it gets pulled out. 

3. In a test the force P is increased slowly until the fiber is pulled out. The pull-out force is recorded, and the shear strength can be calcu- 
lated. 

4. Suppose we have determined the shear strength from our formula for specific dimensions D and L of the fiber. Now we should be able 
to predict the force P that a fiber with different dimensions would support. If on conducting the test the experimental value of P is sig- 
nificantly different from the value predicted, then our assumption of uniform shear stress in the interface is most likely incorrect. 



EXAMPLE 1.5 

Figure 1.19 shows a test to determine the shear strength of an adhesive. A torque (a moment along the axis) is applied to two thin cylin- 
ders joined together with the adhesive. Assuming a uniform shear stress rin the adhesive, develop a formula for the adhesive shear stress 
rin terms of the applied torque T exP the cylinder radius R, and the cylinder thickness t. 



Figure 1.19 Adhesive shear strength test. 




Adhesive 



PLAN 

A free body diagram can be constructed after making an imaginary cut through the adhesive layer. On a differential area the internal 
shear force can be found and the moment from the internal shear force on the differential area obtained. By integrating we can find the 
total internal moment acting on the adhesive, which we can equate to the applied external moment T ext . 
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SOLUTION 

We make an imaginary cut through the adhesive and draw the shear stress in the tangential direction, as shown in Figure 1 20a. 



(a) 



dV = T(t) ds 




(b) 




Figure 1.20 Free-body diagrams in Example 1.5 (a) with shear stress, (b) with equivalent internal torque. 

The differential area is the differential arc length ds multiplied by the thickness t. 

The differential tangential shear force dV is the shear stress multiplied by the differential area. 

The differential internal torque (moment) is the moment arm R multiplied by dV, that is, dT = RdV = R rtds 

Noting that [ds = RdO] , we obtain the total internal torque by integrating over the entire circumference. 

T = JRdV = \R(rt)Rd6 = J TtR 2 d6 = TtR 2 (27i) 



By equilibrium of moment in Figure 1.20Z? 



2nR tr 



(El) 



(E2) 



ANS. 



2nR 2 t 



COMMENTS 

1. By recording the value of the torque at which the top half of the cylinder separates from the bottom half, we can calculate the shear 
strength of the adhesive. 

2. The assumption of uniform shear stress can only be justified for thin cylinders. In Chapter 5 we will see that shear stress for thicker cyl- 
inders varies linearly in the radial direction. 

3. First, we replaced an internal distributed force system (shear stress) by an equivalent internal torque. Second, we related the internal 
torque to external torque by equilibrium. 



EXAMPLE 1.6 

Figure 1.21 shows a drill being used to make a L = 12-in.-deep hole for placing explosive charges in a granite rock. The shear strength of 
the granite is r= 5 ksi. Determine the minimum torque Tthat must be applied to a drill of radius R = 1-in., assuming a uniform shear 
stress along the length of the drill. Neglect the taper at the end. 



Figure 1.21 Torque on a drill. 
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PLAN 

The imaginary cut surface is the surface of the hole in the granite. The shear stress on the surface of the hole would act like a distributed 
frictional force on the cylindrical surface of the drill bit. We can find the moment from this frictional force and relate it to the applied 
torque. 



SOLUTION 

The shear stress acts tangential to the cylindrical surface of the drill bit, as shown in Figure 1.22a. 



(a) 




dx" O. R 




dV = t dx as 



(b) 



d 



\^ 



Z^ 



Figure 1.22 Free body diagram of drill bit in Example 1.6 (a) with shear stress, (b) with equivalent internal torque. 

Multiplying the shear stress by the differential surface area ds dx we obtain the differential tangential shear force dV. 

Multiplying dVby the moment arm R, we obtain the internal torque dT = RdV = Rrdsdx , which is due to the shear stress over the 

differential surface area. 

Integrating over the circumference ds = RdO and the length of the drill, we obtain the total internal torque. 



T = \RdV = \ \ n R(z)RdOdx = xR 2 \ \ ' * d6 dx = xR 2 \ In dx = In = 2mR 2 L 
J J J J J J o 

T = 2n(5 ksi)(l in.) 2 (12 in.) = \20n in.-kips 
By equilibrium of moment in Figure 1 .22Z? 



or 



ANS. 



(El) 

(E2) 
377 in.-kips 



COMMENTS 

1. In this example and in Example 1 .4 shear stress acted on the outside cylindrical surface. In Example 1 .4 we replaced the shear stresses 
by just an internal shear force, whereas in this example we replaced the shear stresses by an internal torque. The difference comes 
from the direction of the shear stress. 

2. In Example 1 .5 and in this example the surfaces on which the shear stresses are acting are different. Yet in both examples we replaced the 
shear stresses by the equivalent internal torque. 

3. The two preceding comments emphasize that before we can define which internal force or which internal moment is statically equiv- 
alent to the internal stress distribution, we must specify the direction of stress and the orientation of the surface on which the stress is 
acting. We shall develop this concept further in Section 1.2. 



Consolidate your knowledge 

1. In your own words describe stress on a surface. 
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QUICK TEST 1.1 



Time: 15 minutes Total: 20 points 



Answer true or false and justify each answer in one sentence. Grade yourself with the answers given in Appendix E. 
Give yourself one point for each correct answer (true or false) and one point for every correct explanation. 



1. 

2. 
3. 



5. 
6. 

7. 
8. 
9. 
10. 



You can measure stress directly with an instrument the way you measure temperature with a thermometer. 

There can be only one normal stress component acting on the surface of an imaginary cut. 

If a shear stress component on the left surface of an imaginary cut is upward, then on the right surface it will be 
downward. 

If a normal stress component puts the left surface of an imaginary cut in tension, then the right surface will be 
in compression. 

The correct way of reporting shear stress is r = 70 kips. 

The correct way of reporting positive axial stress is a = +15 MPa. 

1 GPa equals 10 6 Pa. 

1 psi is approximately equal to 7 Pa. 

A common failure stress value for metals is 10,000 Pa. 

Stress on a surface is the same as pressure on a surface as both quantities have the same units. 



PROBLEM SET 1.2 



Internally Distributed Force Systems 

1.73 The post shown in Figure PI .73 has a rectangular cross section of 2 in. x 4 in. The length L of the post buried in the ground is 12 in. and the 
average shear strength of the soil is 2 psi. Determine the force P needed to pull the post out of the ground. 



Figure P1.73 



Ground 



1 



1.74 The post shown in Figure PI. 73 has a circular cross section of 100-mm diameter. The length L of the post buried in the ground is 400 mm. 
It took a force of 1250 N to pull the post out of the ground. What was the average shear strength of the soil? 



1.75 The cross section of the post shown in Figure PI. 73 is an equilateral triangle with each side of dimension a. If the average shear strength of 
the soil is r, determine the force P needed to pull the post out of the ground in terms of r, L, and a. 
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1.76 A force P= 10 lb is applied to the handle of a hammer in an effort to pull a nail out of the wood, as shown in Figure PI. 76. The nail has a 
diameter of - in. and is buried in wood to a depth of 2 in. Determine the average shear stress acting on the nail. 

-► 
P 



Figure P1.76 




1.77 Two cast-iron pipes are adhesively bonded together over a length of 200 mm as shown in Figure PI. 77. The outer diameters of the two 
pipes are 50 mm and 70 mm, and the wall thickness of each pipe is 10 mm. The two pipes separated while transmitting a force of 100 kN. What 
was the average shear stress in the adhesive just before the two pipes separated? 



Figure P1.77 




1.78 Two cast-iron pipes are adhesively bonded together over a length of 200 mm (Figure PI. 78). The outer diameters of the two pipes are 50 
mm and 70 mm, and the wall thickness of each pipe is 10 mm. The two pipes separated while transmitting a torque of 2 kN • m. What was the aver- 
age shear stress in the adhesive just before the two pipes separated? 



Figure P1.78 




1.79 Two cast-iron pipes are held together by a bolt, as shown in Figure PI .79. The outer diameters of the two pipes are 50 mm and 70 mm, and 
the wall thickness of each pipe is 10 mm. The diameter of the bolt is 15 mm. The bolt broke while transmitting a torque of 2 kN-m. On what sur- 
face^) did the bolt break? What was the average shear stress in the bolt on the surface where it broke? 

ii i nee* 

Figure P1.79 




1.80 The can lid in Figure PI. 80a gets punched on two sides AB and AC of an equilateral triangle ABC. Figure PI. 80b is the top view showing 
relative location of the points. The thickness of the lid is t = 1/64 in. and the lid material can at most support a shear stress of 1800 psi. Assume a 
uniform shear stress during punching and point D acts like a pin joint. Use a= 1/2 in., b = 3 in. and c =1/4 in. Determine the minimum force F that 
must be applied to the can opener. 

F 

(a) 



Figure P1.80 
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1.81 It is proposed to use --in. diameter bolts in a 10-in. -diameter coupling for transferring a torque of 100 in. • kips from one 4-in. -diameter 

shaft onto another (Figure PI. 81). The maximum average shear stress in the bolts is to be limited to 20 ksi. How many bolts are needed, and at 
what radius should the bolts be placed on the coupling? (Note there are multiple answers.) 



cz 



Figure P1.81 




1.82 A human hand can comfortably apply a torsional moment of 15 in.-lb (Figure PI. 82). (a) What should be the breaking shear strength of a 
seal between the lid and the bottle, assuming the lid has a diameter of 1 - in. and a height of - in.? (b) If the same sealing strength as in part (a) is 

used on a lid that is 1 in. in diameter and - in. in height, what would be the torque needed to open the bottle? 



Figure P1.82 




1.83 The torsional moment on the lid is applied by hand exerting a force F on the handle of bottle opener as shown in Figure PI .83. Assume the 
average shear strength of the bond between the lid and the bottle is 10 psi. Determine the minimum force F needed to open the bottle. Use t = 3/ 
8 in. d = 2 1/2 in. and a = 4 in. 



Figure P1.83 




1.2 STRESS AT A POINT 



The breaking of a structure starts at the point where the internal force intensity — that is, where stress exceeds some material 
characteristic value. This implies that we need to refine our definition of stress on a surface to that of Stress at a Point. But an 
infinite number of planes (surfaces) can pass through a point. Which imaginary surface do we shrink to zero? And when we 
shrink the surface area to zero, which equation should we use, (1.1) or (1.2)? Both difficulties can be addressed by assigning an 
orientation to the imaginary surface and to the internal force on this surface. We label these directions with subscripts for the 
stress components, in the same way that subscripts x,y, and z describe the components of vectors. 

Figure 1 .23 shows a body cut by an imaginary plane that has an outward normal in the i direction. On this surface we 
have a differential area AA f on which a resultant force acts. AF is the component of the force in they direction. A component 
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of average stress is AFj/AA t . If we shrink AA i to zero we get the definition of a stress component at a point as shown by the 
Equation (1.3). 



f AF i\ 
a,, lim 7T 



direction o 
outward normal to 
imaginary cut surface 




direction of 

internal force component 



Outward normal 




(1.3) 



Internal force 



Figure 1.23 Stress at a point. 

Now when we look at a stress component, the first subscript tells us the orientation of the imaginary surface and the second the 
direction of the internal force. 

In three dimensions each subscript i andy can refer to an x, y, or z direction. In other words, there are nine possible com- 
binations of the two subscripts. This is shown in the stress matrix in Equation (1.4). The diagonal elements in the stress matrix 
are the normal stresses and all off-diagonal elements represent the shear stresses. 



(1.4) 



To specify the stress at a point, we need a magnitude and two directions. In three dimensions we need nine components of 
stress, and in two dimensions we need four components of stress to completely define stress at a point. Table 1.3 shows the 
number of components needed to specify a scalar, a vector, and stress. Now force, moment, velocity, and acceleration are all 
different quantities, but they all are called vectors. In a similar manner, stress belongs to a category called tensors. More spe- 
cifically, stress is a second-order tensor, 2 where 'second order' refers to the exponent in the last row. In this terminology, a 
vector is a tensor of order 1, and a scalar is a tensor of order 0. 

TABLE 1.3 Comparison of number of components 



r 




-1 


a xx 


V 


T xz 


T 
yx 


°yy 


V 


zx 


V 


a zz_ 



Quantity 



One Dimension 



Two Dimensions 



Three Dimensions 



Scalar 
Vector 
Stress 



1 = 1° 
1 = 1 ! 
1 = 1 2 



1=2° 
2 = 2 ! 
4 = 2 2 



1=3° 
3 = 3 ! 
9 = 3 2 



1.2.1 Sign convention 



To obtain the sign of a stress component in Equation (1.3) we establish the following sign convention. 

Sign Convention: Differential area AA i will be considered positive if the outward normal to the surface is in the 
positive i direction. If the outward normal is in the negative i direction, then AA t will be considered negative. 

We can now deduce the sign for stress. A stress component can be positive in two ways. Both the numerator and the denomina- 
tor are positive or both the numerator and the denominator are negative in Equation (1.3). Alternatively, if numerator and the 



2 To be labeled as tensor, a quantity must also satisfy certain coordinate transformation properties, which will be discussed briefly in Chapter 8. 
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denominator in Equation (1.3) have: the same sign the stress component is positive; if they have opposite signs the stress com- 
ponent is negative. 

We conclude this section with the following points to remember. 

• Stress is an internal quantity that has units of force per unit area. 

• A stress component at a point is specified by a magnitude and two directions. Stress at a point is a second-order tensor. 

• Stress on a surface is specified by a magnitude and only one direction. Stress on a surface thus is a vector. 

• The first subscript on stress gives the direction of the outward normal of the imaginary cut surface. The second sub- 
script gives the direction of the internal force. 

• The sign of a stress component is determined from the direction of the internal force and the direction of the outward 
normal to the imaginary cut surface. 



1.3 STRESS ELEMENTS 

The previous section showed that stress at a point is an abstract quantity. Stress on a surface, however, is easier to visualize as 
the intensity of a distributed force on a surface. A stress element is an imaginary object that helps us visualize stress at a point 
by constructing surfaces that have outward normals in the coordinate directions. In Cartesian coordinates the stress element is a 
cube; in cylindrical or a spherical coordinates the stress element is a fragment of a cylinder or a sphere, respectively. We start 
our discussion with the construction of a stress element in Cartesian coordinates to emphasize the basic construction principles. 
We can use a similar process to draw stress elements in cylindrical and spherical coordinate systems as demonstrated in Exam- 
ple 1.9. 

1.3.1 Construction of a Stress Element for Axial Stress 



Suppose we wish to visualize a positive stress component a xx at a point that may be generated in an bar under axial forces 
shown in Figure 1.24a. Around this point imagine an object that has sides with outward normals in the coordinate direction. 
The cube has six surfaces with outward normals that are either in the positive or in the negative coordinate direction, as shown 
in Figure 1.24. The first subscript of a xx tells us it must be on the surface that has an outward normal in the x direction. Thus, 
the two surfaces on which a vv will be shown are at A and B. 



(a) 




(b) 



*5 



Figure 1.24 (a) Axial bar. (b) Stress element for axial stress. z^r 

The direction of the outward normal on surface A is in the positive x direction [the denominator is positive in Equation 
(1.3)]. For the stress component to be positive on surface A, the force must be in the positive x direction [the numerator must 
be positive in Equation (1.3)], as shown in Figure 1.246. 

The direction of the outward normal on surface B is in the negative x direction [the denominator is negative in Equation 
(1.3)]. For the stress component to be positive on surface B, the force must be in the negative x direction [the numerator must 
be negative in Equation (1.3)], as shown in Figure 1.246. 

The positive stress component <j xx are pulling the cube in opposite directions; that is, the cube is in tension due to a posi- 
tive normal stress component. We can use this information to draw normal stresses in place of subscripts. A tensile normal 
stress will pull the surface away from the interior of the element and a compressive normal stress will push the surface into the 
element. As mentioned earlier, normal stresses are usually reported as tension or compression and not as positive or negative. 

It should be emphasized that the single arrow used to show the stress component does not imply that the stress component 
is a force. Showing the stress components as distributed forces on surfaces A and B as in Figure 1.25 is visually more accurate 
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but very tedious to draw every time we need to visualize stress. We will show stress components using single arrows as in Fig- 
ure 1.24, but visualize them as shown in Figure 1.25. 

i y 



■«4~ 





"► H 
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<<- y 
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Figure 1.25 Stress components are distributed forces on a surface. 

1.3.2 Construction of a Stress Element for Plane Stress 

Plane stress is one of the two types of two-dimensional simplifications used in mechanics of materials. In Chapter 2 we will 
study the other type, plane strain. In Chapter 3 we will study the difference between the two types. By two dimensional we 
imply that one of the coordinates does not play a role in the description of the problem. If we choose z to be the coordinate, we 
set all stresses with subscript z to zero to get 



yx 





T 





G yy 








0_ 



(1.5) 



We assume that the stress components in Equation (1.5) are positive. Let us consider the first row. The first subscript 
gives us the direction of the outward normal, which is the x direction. Surfaces A and B in Figure 1 .26a have outward normals 
in the x direction, and it is on these surfaces that the stress component of the first row will be shown. 




T xy| 



cUs. 




dy 

dx 


i T xy 
^ 



V I 



Figure 1.26 Plane stress: (a) 3-dimensional element (b) 2-dimensional element. 

The direction of the outward normal on surface A is in the positive x direction [the denominator is positive in Equation 
(1 .3)]. For the stress component to be positive on surface A, the force must be in the positive direction [the numerator must be 
positive in Equation (1.3)], as shown in Figure 1.26a. 

The direction of the outward normal on surface B is in the negative x direction [the denominator is negative in Equation 
(1 .3)]. For the stress component to be positive on surface B, the force must be in the negative direction [the numerator must be 
negative in Equation (1.3)], as shown in Figure 1.26a. 

Now consider row 2 in the stress matrix in Equation (1 .5). From the first subscript we know that the normal to the surface 
is in the y direction. Surface C has an outward normal in the positive y direction, therefore all forces on surface C are in the 
positive direction of the second subscript, as shown in Figure 1.26a. Surface D has an outward normal in the negative;; direc- 
tion, therefore all forces on surface D are in the negative direction of the second subscript, as shown in Figure 1.26a. 

We note that the plane with outward normal in the z direction is stress-free. Stress-free surfaces are also called free sur- 
faces, and these surfaces play an important role in stress analysis. 

Figure 1.26b shows the two-dimensional representation of the stress element that will be seen looking down the z axis. 
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1.4 SYMMETRIC SHEAR STRESSES 



If a body is in equilibrium, then all points on the body are in equilibrium. Is the stress element that represents a point on the 
body in equilibrium? To answer this question we need to convert the stresses into forces by multiplying by the surface area. We 
take a simple problem of plane stress and assume that the cube in Figure 1 .26 has lengths of dx, dy, and dz in the coordinate 
directions. We draw a two-dimensional picture of the stress cube after multiplying each stress component by the surface area 
and get the force diagram of Figure 1.27. 3 



(TyyidX dZ) 



cr xx (dy dz) 
T^idy dz) 



r yx (dx dz) 



dy 



- dx- 



Figure 1.27 Force diagram for plane stress. 



o-yy(dx dz) 



.Txyidydz) 
a xx (dy dz) 



T yx (dx dz) 



In Figure 1 .27 we note that the equations of force equilibrium are satisfied by the assumed state of stress at a point. We 
consider the moment about point O and obtain 

(t dy dz)dx = (z dx dz)dy (1-6) 

We cancel the differential volume (dx dy dz) on both sides to obtain 

(1.7a) 



In a similar manner we can show that 



r 
xy 


= 


T 
yx 




V 


= 


V 




zx 


= 


xz 



(1.7b) 



(1.7c) 

Equations (1.7a) through (1.7c) emphasize that shear stress is symmetric. The symmetry of shear stress implies that in three 
dimensions there are only six independent stress components out of the nine components necessary to specify stress at a point. 
In two dimensions there are only three independent stress components out of the four components necessary to specify stress at 
a point. In Figure 1 .26 notice that the shear stress components r and r point either toward the corners or away from the cor- 
ners. This observation can be used in drawing the symmetric pair of shear stresses after drawing the shear stress on one of the 
surfaces of the stress cube. 



EXAMPLE 1.7 

Show the non-zero stress components on the surfaces of the two cubes shown in different coordinate systems in Figure 1.28. 

Cube 1 



Cube 2 



g xx = 80MPa(T) x xy = 30MPa 

x yx = 30MPa o yy = 40MPa(C) 





Figure 1.28 Cubes in different coordinate systems in Example 1.7. 





PLAN 

We can identify the surface with the outward normal in the direction of the first subscript. Using the sign convention and Equation (1.3) 
we draw the force in the direction of the second subscript. 



3 Figure 1.27 is only valid if we assume that the stresses are varying very slowly with the x and y coordinates. If this were not true, we would have to account for the increase in 
stresses over a differential element. But a more rigorous analysis will also reveal that shear stresses are symmetric, see Problem 1.105. 
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SOLUTION 

Cube 1: The first subscript of cr xx and r xy shows that the outward normal is in the x direction; hence these components will be shown on 



surfaces C and D in Figure 1 29a. 





Figure 1.29 Solution of Example 1.7.(a) Cube 1. (b) Cube 2. 

The outward normal on surface C is in the negative x direction; hence the denominator in Equation (1.3) is negative. Therefore on Figure 1 29a: 

• The internal force has to be in the negative x direction to produce a positive (tensile) <j xx . 

• The internal force has to be in the negative y direction to produce a positive t . 

The outward normal on surface D is in the positive x direction; hence the denominator in Equation (1 .3) is positive. Therefore on Figure 1 .29a: 

• The internal force has to be in the positive x direction to produce a positive (tensile) <j xx . 

• The internal force has to be in the positive y direction to produce a positive r xy . 

The first subscript of r yx and a shows that the outward normal is in the y direction; hence this component will be shown on surfaces A and B. 
The outward normal on surfaced is in the positive y direction; hence the denominator in Equation (1.3) is positive. Therefore on Figure 1.29a: 

• The internal force has to be in the positive x direction to produce a positive r . 

• The internal force has to be in the negative y direction to produce a negative (compressive) <j yy 

The outward normal on surface B is in the negative;; direction; hence the denominator in Equation (1.3) is negative. Therefore on Figure 1.29a: 

• The internal force has to be in the negative x direction to produce a positive t . 

• The internal force has to be in the positive y direction to produce a negative (compressive) <j yy . 

Cube 2: The first subscript of cr xx and t shows that the outward normal is in the x direction; hence these components will be shown on 

surfaces E and F 

The outward normal on surface E is in the negative x direction; hence the denominator in Equation (1.3) is negative. Therefore on Figure 1 29a: 

• The internal force has to be in the negative x direction to produce a positive (tensile) a xx . 

• The internal force has to be in the negative y direction to produce a positive r . 

The outward normal on surface F is in the positive x direction; hence the denominator in Equation (1 .3) is positive. Therefore on Figure 1 29a: 

• The internal force has to be in the positive x direction to produce a positive (tensile) a xx . 

• The internal force has to be in the positive y direction to produce a positive r . 

The first subscript of t and <j shows that the outward normal is in the y direction; hence this component will be shown on surfaces A and B. 
The outward normal on surfaced is in the negative;; direction; hence the denominator in Equation (1.3) is negative. Therefore on Figure 1.29a: 

• The internal force has to be in the negative x direction to produce a positive t . 

• The internal force has to be in the positive y direction to produce a negative (compressive) <j yy . 

The outward normal on surface B is in the positive y direction; hence the denominator in Equation (1 .3) is positive. Therefore on Figure 1 .29a: 

• The internal force has to be in the positive x direction to produce a positive r . 

• The internal force has to be in the negative y direction to produce a negative (compressive) <j yy 



COMMENTS 

1. Figure 1.30 shows the two-dimensional representations of stress cubes shown in Figure 1.29. These two-dimensional representations 
are easier to draw but it must be kept in mind that the point is in three-dimensional space with surfaces with outward normals in the z 
direction being stress free. 

30 



30 



(a) 40 



u 



V; 



180 



£>r*-30 
▼ 80 



A 

r^ 40 

f 30 



->- 




yx ▼ so 
Figure 1.30 Two-dimensional depiction of the solution of Example 1.7. (a) Cube 1. (b) Cube 2. 



August, 2012 



M. Vable 



Mechanics of Materials: Stress 



36 



2. We note that cs^ pulls the surfaces outwards and a pushes the surfaces inwards in Figures 1.29 and 1.30 as these are tensile and com- 
pressive stresses, respectively. Hence, we can use this information to draw these stress components without using the subscripts. 

3. The shear stress t xx and r either point towards the corner or away from the corner as seen in Figures 1.29 and 1.30. Using this infor- 
mation we can draw the shear stress on the appropriate surfaces after obtaining the direction on one surface using subscripts. 



1.5* CONSTRUCTION OF A STRESS ELEMENT IN 3-DIMENSION 

We once more visualize a cube with outward normals in the coordinate direction around the point we wish to show our stress 
components. The cube has six surfaces with outward normals that are either in the positive or in the negative coordinate direc- 
tion, as shown in Figure 1 .3 1 . In other words, we have now accounted for the first subscript in our stress definition. We know 
that force is in the positive or negative direction of the second subscript. We use our sign convention to show the stress in the 
direction of the force on each of the six surfaces. 



(a) 



yx 





~| 


T 
xy 


T xz 


a yy 


V 


V 


a zz 



(b) 




Figure 1.31 Stress cube showing all positive stress components in three dimensions. 

To demonstrate the construction of the stress element we will assume that all nine stress components in the stress matrix 
shown in Figure 1.31a are positive. Let us consider the first row. The first subscript gives us the direction of the outward nor- 
mal, which is the x direction. Surfaces A and B in Figure 1 .3 16 have outward normals in the x direction, and it is on these sur- 
faces that the stress component of the first row will be shown. 

The direction of the outward normal on surface A is in the positive x direction [the denominator is positive in Equation 
(1 .3)]. For the stress component to be positive on surface A, the force must be in the positive direction [the numerator must be 
positive in Equation (1.3)], as shown in Figure 1.316. 

The direction of the outward normal on surface B is in the negative x direction [the denominator is negative in Equation 
(1 .3)]. For the stress component to be positive on surface B, the force must be in the negative direction [the numerator must be 
negative in Equation (1.3)], as shown in Figure 1.316. 

Now consider row 2 in the stress matrix in Figure 1.31a. From the first subscript we know that the normal to the surface 
is in the y direction. Surface C has an outward normal in the positive y direction, therefore all forces on surface C are in the 
positive direction of the second subscript, as shown in Figure 1.316. Surface D has an outward normal in the negative^ direc- 
tion, therefore all forces on surface D are in the negative direction of the second subscript, as shown in Figure 1.316. 

By the same logic, the components of row 3 in the stress matrix are shown on surfaces E and F in Figure 1 .3 16. 
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EXAMPLE 1.8 

Show the nonzero stress components on surfaces^, B, and C of the two cubes shown in different coordinate systems in Figure 1.32. 

Cubel 

a xx = 80 MPa (T) t = 30 MPa t xz = -70 MPa 
r yx = 30 MPa a yy = Tyz = 

r zx = -70 MPa r Z3; = <r zz = 40 MPa (C) 



Figure 1.32 Cubes in different coordinate systems. 





PLAN 

We can identify the surface with the outward normal in the direction of the first subscript. Using the sign convention and Equation (1.3) 
we draw the force in the direction of the second subscript. 



SOLUTION 

Cube 1: The first subscript of cr xx , r xy , and r xz shows that the outward normal is in the x direction; hence these components will be shown 
on surface C. The outward normal on surface C is in the negative x direction; hence the denominator in Equation (1.3) is negative. There- 
fore on Figure 1.33a: 

• The internal force has to be in the negative x direction to produce a positive (tensile) <j xx . 

• The internal force has to be in the negative y direction to produce a positive r . 

• The internal force has to be in the positive z direction to produce a negative t xz . 

The first subscript of r shows that the outward normal is in the;; direction; hence this component will be shown on surface B. The out- 
ward normal on surface B is in the positive;; direction; hence the denominator in Equation (1.3) is positive. Therefore on Figure 1.33a: 

• The internal force has to be in the positive x direction to produce a positive r . 

The first subscript of r zx , <j zz shows that the outward normal is in the z direction; hence these components will be shown on surface A. The 
outward normal on surface A is in the positive z direction; hence the denominator in Equation (1.3) is positive. Therefore on Figure 
1.33a: 

• The internal force has to be in the negative x direction to produce a negative r zx . 

• The internal force has to be in the negative z direction to produce a negative (compressive) <j zz . 




Figure 1.33 Solution of Example 1.8. 







(b) 



Cube 2: The first subscript of cr xx , r xy , and t xz shows that the outward normal is in the x direction; hence these components will be shown 
on surface A. The outward normal on surface A is in the negative x direction; hence the denominator in Equation (1.3) is negative. There- 
fore in Figure 1.33Z?: 

• The internal force has to be in the negative x direction to produce a positive (tensile) <j xx . 

• The internal force has to be in the negative y direction to produce a positive r xy 

• The internal force has to be in the positive z direction to produce a negative r xz . 

The first subscript of r shows that the outward normal is in the;; direction; hence this component will be shown on surface B. The out- 
ward normal on surface B is in the negative y direction; hence the denominator in Equation (1.3) is negative. Therefore in Figure 1.33Z?: 

• The internal force has to be in the negative y direction to produce a positive r . 

The first subscript of t zx , g zz shows that the outward normal is in the z direction; hence these components will be shown on surface C. The 
outward normal on surface C is in the positive z direction; hence the denominator in Equation (1.3) is positive. Therefore in Figure 
1.33k 

• The internal force has to be in the negative x direction to produce a negative r zx . 

• The internal force has to be in the negative z direction to produce a negative (compressive) <j zz . 



COMMENTS 

1. In drawing the normal stresses we could have made use of the fact that <j xx is tensile and hence pulls the surface outward. a zz is com- 
pressive and hence pushes the surface inward. This is a quicker way of getting the directions of these stress components than the argu- 
ments based on signs and subscripts. 
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2. Once we have drawn t and t xz using the subscripts, we could draw t and t zx using the observation that the pair of symmetric shear 
stresses point towards or away from the corner formed by the two adjoining surfaces, thus saving some effort in the construction of the 
stress element. 



EXAMPLE 1.9 

Show the following positive stress components on a stress element drawn in the spherical coordinate system shown in Figure 1.34. 



T 0r °96 T 6 



Tj.„ T, a <3j 



Figure 1.34 Stresses in spherical coordinates. 




*-y 



PLAN 

We construct a stress element with surfaces that have outward normals in the r, #, and (j) directions. The first subscript will identify the 
surface on which the row of stress components is to be shown. The second subscript then will show the direction of the stress component 
on the surface. 



SOLUTION 

We draw a stress element with lines in the directions of r, 6, and <fi, as shown in Figure 1.35. 




Figure 1.35 Stress element in spherical coordinates 



The stresses cr rr , r r0 , and r r(/) will be on surface A in Figure 1.35. The outward normal on surface A is in the positive r direction. Thus 
the forces have to be in the positive r, 6, and (j) directions to result in positive cr rr , r r0 , and z r ^ 

The stresses r^ <J ee> and t 9(/) will be on surface B in Figure 1.35. The outward normal on surface B is in the negative # direction. 
Thus the forces have to be in the negative r, 6, and (j) directions to result in positive r^, cr dd , and r ^ 

The stresses r^, r^, and cr^will be on surface C in Figure 1.35. The outward normal on surface C is in the positive (j) direction. 
Thus the forces have to be in the positive r, 6, and (j) directions to result in positive r^ t^ and <j^. 



COMMENT 

1. This example demonstrates that use of subscripts in determining the direction of stress components follows the same procedure as in 
cartesian coordinates even though the stress element is a fragment of a sphere. 



Consolidate your knowledge 

1. In your own words describe stress at a point and how it differs from stress on a surface 
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QUICK TEST 1.2 



Time: 15 minutes/Total: 20 points 



Answer true or false and justify each answer in one sentence. Grade yourself with the answers given in Appendix E. Give 
yourself one point for every correct answer (true or false) and one point for every correct explanation. 

1. Stress at a point is a vector like stress on a surface. 

2. In three dimensions stress has nine components. 

3. In three dimensions stress has six independent components. 

4. At a point in plane stress there are three independent stress components. 

5. At a point in plane stress there are always six zero stress components. 

6. If the shear stress on the left surface of an imaginary cut is upward and defined as positive, then on the right 
surface of the imaginary cut it is downward and negative. 

7. A stress element can be drawn to any scale. 

8. A stress element can be drawn at any orientation. 

9. Stress components are opposite in direction on the two surfaces of an imaginary cut. 

10. Stress components have opposite signs on the two surfaces of an imaginary cut. 



PROBLEM SET 1.3 

Plane Stress: Cartesian Coordinates 

1.84 Show the stress components of a point in plane stress on the square in Figure P1.84. 

cr = 100 MPa (T) r = -75 MPa 



Figure P1.84 



r yx = -75 MPa a yy = 85 MPa (T) 



1.85 Show the stress components of a point in plane stress on the square in Figure P1.85. 



Figure P1.85 



^ = 85MPa(C) ^ = 75 MPa 



r = 75 MPa 

yx 



a yy =100 MPa (T) 



1.86 Show the stress components of a point in plane stress on the square in Figure P1.86. 



a xx = 27 ksi (C) r xy = 18 ksi 



Figure P1.86 



^= 18 ksi 



^ = 85ksi(T) 



1.87 Show the stress components of a point in plane stress on the square in Figure P1.87. 



Figure P1.87 



a xx = 27 ksi (C) r xy = 18 ksi 
r l;Y = 18 ksi 

yx 



a yy = 85 ksi (T) 
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1.88 Show the nonzero stress components on the A, B, and C faces of the cube in Figure PI .8 



•C 



Figure P1.88 



< 



t xx = 70 MPa (T) 


*™ = - 40 MPa 

xy 


^z = 


r yx = -40 MPa 


a yy = 85 MPa (C) 


V- = ° 


^ = o 


V = 


cr„ = 



1.89 Show the nonzero stress components on the A, B, and C faces of the cube in Figure PI .8 



Figure P1.89 



<\; 



a xx = 70 MPa (T) r xy = -40 MPa r xz = 

V = -40MPa ^ = 85MPa(C) r yz = 



T,=0 



T zy = 



^W = 



Plane Stress: Polar Coordinates 

1.90 Show the stress components of a point in plane stress on the stress element in polar coordinates in Figure P1.90. 



Figure P1.90 



y 




! ""*\ ■ 



a rr = 125 MPa (T) r r0 = -65 MPa 
r 0r = -65 MPa a ee = 90 MPa (C) 



1.91 Show the stress components of a point in plane stress on the stress element in polar coordinates in Figure P1.91. 



a rr = 125 MPa (T) r r6 = -65 MPa 
r er = -65 MPa a ee = 90 MPa (C) 



Figure P1.91 




1.92 Show the stress components of a point in plane stress on the stress element in polar coordinates in Figure P1.92. 




Figure P1.92 



a rr = 18ksi(T) r r ^ = -12ksi 
T Qr = -12 ksi <J ee = 25 ksi (C) 



1.93 Show the stress components of a point in plane stress on the stress element in polar coordinates in Figure PI. 93. 



cr rr = 25 ksi (C) r r6 = 12 ksi 
z er = 12 ksi <7 ee = 18 ksi (T) 



Figure P1.93 
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Stress Element in 3-dimensions 



1.94 Show the nonzero stress components on the A, B, and C faces of the cube in Figure PI .94. 



•c 



Figure P1.94 



a xx = 100 MPa (T) r = 200 MPa 



AT 



-125 MPa 



r = 200 MPa 

yx 



a yy = 175 MPa (C) r yz = 225 MPa 



-125 MPa r zy = 225 MPa <j zz = 150 MPa (T) 



1.95 Show the nonzero stress components on the A, B, and C faces of the cube in Figure PI. 95. 



Figure P1.95 



< 



a xx = 90 MPa (T) r = 200 MPa 



r yx = 200 MPa a yy = 175 MPa (T) r yz = -225 MPa 



r zy = -225 MPa 



g 22 = 150 MPa (C) 



1.96 Show the nonzero stress components on the A, B, and C faces of the cube in Figure PI .96. 



Figure P1.96 



^AA=0 V =15kSl ^=0 

z- x =15ksi a^=10ksi(T) r yz = -25ksi 

t zx = r zy = -25 ksi a zz = 20 ksi (C) 



1.97 Show the nonzero stress components on the A, B, and C faces of the cube in Figure PI. 97. 



•C 



Figure P1.97 



*-AA = V = " 15kSi ^=0 

r^ = -15ksi a yy = 10 ksi (C) r yz = 25 ksi 
r =0 



r zy = 25 ksi a zz = 20 ksi (T) 



1.98 Show the nonzero stress components in the r, 6, and x cylindrical coordinate system on the A, B, and C faces of the stress elements shown 
in Figures P 1.98. 



Figure P1.98 




o- rr =150MPa(T) r re 
r 6r = -100 MPa a Q 

t , = 125 MPa T a = 



= -100 MPa r } 

,= 160MPa(C) r t 
165 MPa a; 



125 MPa 
0X - 165 MPa 
= 145 MPa (C) 
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1.99 Show the nonzero stress components in the r, 0, and x cylindrical coordinate system on the A, B, and C faces of the stress elements shown 
inP1.99. 



Figure P1.99 




<j rr = 10ksi(C) 


T r Q= 22 ksi 


r Qr = 22 ksi 


°ee =0 


t r = 32 ksi 


r y .n= 25 ksi 



L Gx 



32 ksi 
= 25 ksi 
20 ksi (T) 



1.100 Show the nonzero stress components in the r, 0, and </> spherical coordinate system on the A, B, and C faces of the stress elements shown 
in Figure PI. 100. 

Ik- 



Figure P1.100 




a rr = 150 MPa (T) r r6 = 100 MPa r r(f) = 125 MPa 

r 6r = 100 MPa a ee = 160 MPa (C) r e , = -175 MPa 



125 MPa 



-175 MPa 



135 MPa (C) 



1.101 Show the nonzero stress components in the r, 6, and (/> spherical coordinate system on the A, B, and C faces of the stress elements shown 
inPl.101. 



Figure P1.101 




*-y 







L 6r " 



L <f>r ' 



-18 ksi 










■ -18 ksi 

= 10 ksi (C) t ( 

-- 25 ksi a. 



T A= 

r<p 



- 25 ksi 
20 ksi (T) 



Stretch yourself 

1.102 Show that the normal stress <j xx on a surface can be replaced by the equivalent internal normal force N and internal bending moments M 
mdM z as shown in Figure PI. 102 and given by the equations (1.8a) through (1.8c). 



Figure P1.102 




TV 



J a xx dA 

J A 



M, 



AT 



zg vv dA 



J A 



dA 



(1.8a) 
(1.8b) 
(1.8c) 
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1.103 The normal stress on a cross section is given by <j xx = a + by, where y is measured from the centroid of the cross section. If A is the cross- 
sectional area, I zz is the area moment of inertia about the z axis, and N and M z are the internal axial force and the internal bending moment given 
by Equations (1.8a) and (1.8c), respectively, prove the result in Equation (1.8). 

fM; 



N 
A~ 



T ]y 



(1.8) 



We will encounter Equation (1.8) in combined axial and symmetric bending problems in later Chapter 10. 

1.104 The normal stress on a cross section is given by cr xx = a + by + cz, where y and z are measured from the centroid of the cross section. Using 
Equations (1.8a), (1.8b), and (1.8c) prove the result of Equation (1.9). 



N 
A~ 



Ml, - MI 



z yy 



y y z 



V I yy I zz ~ l yz J 



y- 



MT - MI 



y zz 



z yz 



v»- 



•£ 



(1.9) 



where I yy , I zz , and I yz are the area moment of inertias. Equation (1.9) is used in the unsymmetrical bending of beams. Note that if either y or z is 
an axis of symmetry, then / = 0. In such a case Equation (1.9) simplifies considerably. 



1.105 An infinitesimal element in plane stress is shown in Figure PI . 105. F x and F are the body forces acting at the point and have the dimen- 
sions of force per unit volume. By converting stresses into forces and writing equilibrium equations obtain the results in Equations (1.10a) through 
(1.10c). 
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(1.10b) 
(1.10c) 



1.6* CONCEPT CONNECTOR 



Formulating the concept of stress took 500 years of struggle, briefly described in Section 1.6.1. In hindsight, the long evolution 
of quantifier of the strength is not surprising, because stress is not a single idea. It is a package of ideas that may be repackaged 
in many ways, depending on the needs of the analysis. Our chapter dealt with only one such package, called Cauchys stress, 
which is used most in engineering design and analysis. 



1.6.1 History: The Concept of Stress 



The first formal treatment of strength is seen in the notes of the inventor and artist Leonardo da Vinci (1452-1519). 
Leonardo conducted several experiments on the strength of structural materials. His notes on "testing the strength of iron 
wires of various lengths" includes a sketch of how to measure the strength of wire experimentally. We now recognize that the 
dependence of the strength of a material on its length is due to the variations in manufacturing defects along the length. 

The first indication of a concept of stress is found in Galileo Galilei (1564-1642). Galileo was born in Pisa and became a 
professor of mathematics at the age of twenty- five. For his belief in the Copernican theory on the motion of planets, which 
contradicted the interpretation of scriptures at that time, Galileo was put under house arrest for the last eight years of his life. 
During that period he wrote Two New Sciences, which lays out his contributions to the field of mechanics. Here he discusses 
the strength of a cantilever beam bending under the action of its own weight. Galileo viewed strength as the resistance to frac- 
ture, concluding that the strength of a bar depends on its cross-sectional area but is independent of its length. We will discuss 
Galileo's work on beam bending in Section 6.7. 

The first person to differentiate between normal stress and shear stress was Charles- Augustin Coulomb (1736-1806) born 
in Angouleme. He was honored by the French Academy of Sciences in 1781 for his memoir Theorie des machines simples, in 
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which he discussed friction between bodies. The theory of dry friction is named after him. Given the similarities between 
shear stress and friction, it seems only natural that Coulomb would be the first to differentiate between normal and shear 
stress. We will see other works of Coulomb when we come to failure theory and on the torsion of circular shafts. 

Claude Louis Navier (1785-1857) initiated the mathematical development of the concept of stress starting with Newton's 
concept of a central force — one that acts along a line between two particles. His approach led to a controversy that took eighty 
years to resolve, as we shall see in Section 3.12. 








,ta' 




w 




' T*~ ' V ! ' 1 









Figure 1.36 Pioneers of stress concept. Qaude Louis Navier Augustin Cauchy. 

Augustin Cauchy (1789-1857) brought the concept of stress to the form we studied it in this chapter (Figure 1.36). 
Forced to leave Paris, his birthplace, during the French Revolution, he took refuge in the village of Arcueil along with many 
other mathematicians and scientists of the period. At the age of twenty-one Cauchy worked engineering at the port of Cher- 
bourg, which must have enhanced his understanding of the hydrodynamic concept of pressure. Pressure acts always normal to 
a surface, but Cauchy assumed that on an internal surface it acts at an angle hence he reasoned it can be resolved into compo- 
nents, the normal stress and shear stress. Combining this idea with his natural mathematical abilities, Cauchy developed what 
is now called Cauchy's stress. We shall see Cauchy's genius again in chapters on strain, material properties, and stress and 
strain transformation. 

We have seen that unlike force, which is indivisible into more elementary ideas, stress is a package of ideas. Other pack- 
ages will contain related but different elementary ideas. If instead of the cross-sectional area of an undeformed body, we use 
the cross-sectional area of a deformed body, then we get true stress. If we use the cross-sectional area of a deformed body and 
take the component of this area in the undeformed configuration, then we get Kirchhoff's stress. Still other stress measures are 
used in nonlinear analysis. 

The English physicist James Clerk Maxwell (1831-1879) recognized the fact that the symmetry of shear stress given by 
Equations (1.7a) through (1.7c) is a consequence of there being no body moments. If a body moment is present, as in electro- 
magnetic fields, then shear stresses will not be symmetric. 

In Figure 1.15 we replaced the internal forces on a particle by a resultant force but no moment, because we assumed a 
central force between two particles. Woldemar Voigt (1850-1919), a German scientist who worked extensively with crystals 
is credited with introducing the stress tensor. Voigt recognized that in some cases a couple vector should be included when 
representing the interaction between particles by equivalent internal loads. If stress analysis is conducted at a very small scale, 
as the frontier research in nanostructures, then the moment transmitted by bonds between molecules may need to be included. 
The term couple stress is sometimes used to indicate the presence of a couple vector. 

As history makes clear, stress has many definition. We choose the definition depending on the problem at hand and the 
information we are seeking. Most engineering analysis is linear and deals with large bodies, for which Cauchy's stress gives 
very good results. Cauchy's stress is thus sometimes referred to as engineering stress. Unless stated otherwise, stress always 
means Cauchy's stress in mechanics of materials and in this book. 



1.7 CHAPTER CONNECTOR 



In this chapter we have established the linkage between stresses, internal forces and moments, and external forces and 
moments. We have seen that to replace stresses by internal forces and internal moments requires knowledge of how the stress 
varies at each point on the surface. Although we can deduce simple stress behavior on a cross section, we would like to have 
other alternatives, in particular ones in which the danger of assuming physically impossible deformations is eliminated. This 
can be achieved if we can establish a relationship between stresses and deformations. Before we can discuss this relationship 
we need to understand the measure of deformation, which is the subject of Chapter 2. We will relate stresses and strains in 
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Chapter 3. In Section 3.2 we will synthesize the links introduced in Chapters 1, 2, and 3 into a logic that is used in mechanics of 
materials. We will use the logic to obtain simplified theories of one-dimensional structure members in Chapters 4, 5, 6, and 7. 

All analyses in mechanics are conducted in a coordinate system, which is chosen for simplification whenever possible. 
Thus the stresses we obtain are in a given coordinate system. Now, our motivation for learning about stress is to define a mea- 
sure of strength. Thus we can conclude that a material will fail when the stress at a point reaches some critical maximum 
value. There is no reason to expect that the stresses will be maximum in the arbitrarily chosen coordinate system. To deter- 
mine the maximum stress at a point thus implies that we establish a relationship between stresses in different coordinate sys- 
tems, as we shall do in Chapter 8. 

We have seen that the concept of stress is a difficult one. If this concept is to be internalized so that an intuitive under- 
standing is developed, then it is imperative that a discipline be developed to visualize the imaginary surface on which the 
stress is being considered. 
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POINTS AND FORMULAS TO REMEMBER 

Stress is an internal quantity. 

The internally distributed force on an imaginary cut surface of a body is called stress on a surface. 

Stress has units of force per unit area. 

1 psi is equal to 6.95 kPa, or approximately 7 kPa. 1 kPa is equal to 0.145 psi, or approximately 0.15 psi. 

The internally distributed force that is normal (perpendicular) to the surface of an imaginary cut is called normal stress on 
a surface. 

Normal stress is usually reported as tensile or compressive and not as positive or negative. 

Average stress on a surface: 

a- av = N/A (1.1) r av = V/A (1.2) 

where a ay is the average normal stress, r av is the average shear stress, N is the internal normal force, Kis the internal shear 
force, andv4 is the cross-sectional area of the imaginary cut on which TV and Fact. 

The relationship of external forces (and moments) to internal forces and the relationship of internal forces to stress distri- 
butions are two distinct ideas. 

Stress at a point: 

f AF A 

where i is the direction of the outward normal to the imaginary cut surface, andy is the outward normal to the direction of 
the internal force. 

Stress at a point needs a magnitude and two directions to specify it, i.e., stress at a point is a second-order tensor. 

The first subscript on stress denotes the direction of the outward normal of the imaginary cut surface. The second sub- 
script denotes the direction of the internal force. 

The sign of a stress component is determined from the direction of the internal force and the direction of the outward nor- 
mal to the imaginary cut surface. 

Stress element is an imaginary object that helps us visualize stress at a point by constructing surfaces that have outward 
normals in the coordinate directions. 

T xy = T yx ( L7a ) T yz = T zy ( L7b ) T zx = T xz ( L7c ) 

Shear stress is symmetric. 

In three dimensions there are nine stress components, but only six are independent. 

In two dimensions there are four stress components, but only three are independent. 

The pair of symmetric shear stress components point either toward the corner or away from the corner on a stress ele- 
ment. 

A point on a free surface is said to be in plane stress. 
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CHAPTER TWO 

STRAIN 



Learning objectives 

1. Understand the concept of strain. 

2. Understand the use of approximate deformed shapes for calculating strains from displacements. 



How much should the drive belts (Figure 2.1a) stretch when installed? How much should the nuts in the turnbuckles (Figure 
2.1b) be tightened when wires are attached to a traffic gate? Intuitively, the belts and the wires must stretch to produce the 
required tension. As we see in this chapter strain is a measure of the intensity of deformation used in the design against deforma- 
tion failures. 

(a) 





Figure 2.1 (a) Belt Drives (Courtesy Sozi). (b) Turnbuckles. 

A change in shape can be described by the displacements of points on the structure. The relationship of strain to displace- 
ment depicted in Figure 2.2 is thus a problem in geometry — or, since displacements involve motion, a problem in kinematics. 
This relationship shown in Figure 2.2 is a link in the logical chain by which we shall relate displacements to external forces as 
discussed in Section 3.2. The primary tool for relating displacements and strains is drawing the body's approximate deformed 
shape. This is analogous to drawing a free-body diagram to obtain forces. 



Kinematics 




►( Strains jl 



Figure 2.2 Strains and displacements. 

2.1 DISPLACEMENT AND DEFORMATION 



Motion of due to applied forces is of two types, (i) In rigid-body motion, the body as a whole moves without changing shape, (ii) In 
motion due to deformation, the body shape change. But, how do we decide if a moving body is undergoing deformation? 

In rigid body, by definition, the distance between any two points does not change. In translation, for example, any two 
points on a rigid body will trace parallel trajectories. If the distance between the trajectories of two points changes, then the 
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body is deforming. In addition to translation, a body can also rotate. On rigid bodies all lines rotate by equal amounts. If the 
angle between two lines on the body changes, then the body is deforming. 

Whether it is the distance between two points or the angle between two lines that is changing, deformation is described in 
terms of the relative movements of points on the body. Displacement is the absolute movement of a point with respect to a 
fixed reference frame. Deformation is the relative movement with respect to another point on the same body. Several exam- 
ples and problems in this chapter will emphasize the distinction between deformation and displacement. 



2.2 LAGRANGIAN AND EULERIAN STRAIN 



A handbook cost L = $100 a year ago. Today it costs L f = $125. What is the percentage change in the price of the handbook? 
Either of the two answers is correct, (i) The book costs 25% more than what it cost a year ago. (ii) The book cost 20% less a year 
ago than what it costs today. The first answer treats the original value as a reference: change = [(Zy - Z )/Z ] x 100. The 
second answer uses the final value as the reference: change = [(Z Q - LA/ LA x 100. The two arguments emphasize the neces- 
sity to specify the reference value from which change is calculated. 

In the contexts of deformation and strain, this leads to the following definition: Lagrangian strain is computed by using 
the original undeformed geometry as a reference. Eulerian strain is computed using the final deformed geometry as a refer- 
ence. The Lagrangian description is usually used in solid mechanics. The Eulerian description is usually used in fluid mechan- 
ics. When a material undergoes very large deformations, such as in soft rubber or projectile penetration of metals, then either 
description may be used, depending on the need of the analysis. We will use Lagrangian strain in this book, except in a few 
"stretch yourself" problems. 



2.3 AVERAGE STRAIN 



In Section 2. 1 we saw that to differentiate the motion of a point due to translation from deformation, we need to measure changes 
in length. To differentiate the motion of a point due to rotation from deformation, we need to measure changes in angle. In this 
section we discuss normal strain and shear strain, which are measures of changes in length and angle, respectively. 



2.3.1 Normal Strain 



Figure 2.3 shows a line on the surface of a balloon that grows from its original length L to its final length L f as the balloon 
expands. The change in length L i -L represents the deformation of the line. Average normal strain is the intensity of deforma- 
tion defined as a ratio of deformation to original length. 



(2.1) 



where £ is the Greek symbol epsilon used to designate normal strain and the subscript av emphasizes that the normal strain is an 
average value. The following sign convention follows from Equation (2.1). Elongations (L f > L ) result in positive normal 
strains. Contractions (L f < L ) result in negative normal strains. 





Figure 2.3 Normal strain and change in length. 
An alternative form of Equation (2.1) is: 




5_ 

^av t 
L 



(2.2) 
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where the Greek letter delta (S) designates deformation of the line and is equal to L i - L . 



^ x 



A 1 



|<3 L f >| 



Bj 



(x A +uJ 



(X B +Us) 



Figure 2.4 Normal strain and displacement. 



L f = ( X B + U B) ~ ( X A + U A) = L o + ( U B ~ U A) 



We now consider a special case in which the displacements are in the direction of a straight line. Consider two points A 
and B on a line in the x direction, as shown in Figure 2.4. Points A and B move to A x and B x respectively. The coordinates of 

the point change from x A and x B to x A + u A and x B + u B respectively From Figure 2.4 we see that L = x B -x A and 



Lr-U 



u B -u A . From Equation (2.1) we obtain 



(2.3) 



where u A and u B are the displacements of points A and B, respectively. Hence u B - u A is the relative displacement, that is, it is the 
deformation of the line. 

2.3.2 Shear Strain 



Figure 2.5 shows an elastic band with a grid attached to two wooden bars using masking tape. The top wooden bar is slid to the 
right, causing the grid to deform. As can be seen, the angle between lines ABC changes. The measure of this change of angle is 
defined by shear strain, usually designated by the Greek letter gamma (y). The average Lagrangian shear strain is defined as the 
change of angle from a right angle: 



Yk 



71 

2~ a 



(2.4) 



where the Greek letter alpha (a) designates the final angle measured in radians (rad), and the Greek letter pi (rr) equals 3.14159 
rad. Decreases in angle (a< nIT) result in positive shear strains. Increases in angle (a> nIT) result in negative shear 
strains. 



(a) 




(b) 




Figure 2.5 Shear strain and angle changes, (a) Undeformed grid, (b) Deformed grid. 

2.3.3 Units of Average Strain 

Equation (2. 1) shows that normal strain is dimensionless, and hence should have no units. However, to differentiate average strain 
and strain at a point (discussed in Section 2.5), average normal strains are reported in units of length, such as in/in, cm/cm, or m/ 
m. Radians are used in reporting average shear strains. 

A percentage change is used for strains in reporting large deformations. Thus a normal strain of 0.5% is equal to a strain 
of 0.005. The Greek letter mu (//) representing micro (/u = 10 6 ), is used in reporting small strains. Thus a strain of 1000 ju in/ 
in is the same as a normal strain of 0.001 in/in. 
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EXAMPLE 2.1 

The displacements in the x direction of the rigid plates in Figure 2.6 due to a set of axial forces were observed as given. Determine the 
axial strains in the rods in sections AB, BC, and CD. 



u A = -0.0100 in. u B = 0.0080 in. 

u c = -0.0045 in. u D = 0.0075 in. 



Figure 2.6 Axial displacements in Example 2.1. 
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PLAN 

We first calculate the relative movement of rigid plates in each section. From this we can calculate the normal strains using Equation 
(2.3). 



SOLUTION 

The strains in each section can be found as shown in Equations (El) through (E3). 

u b~ u a 0.018 in. n nnn _ in. 

s AB = = — — = 0.0005 — 

Aa x B -x A 36 in. in. 



U C~ U B -0.0125 in. nnnno . in. 

£ur = = — 7^~. = -0.00025 -T- 



C BC 



k c x B 



50 in. 



u d u _c 0.012 in. MMim. in - 

s rn = = -^rr-. = 0.0003333^ 

^ u x D -x c 36 in. in. 



(El) 
ANS. e AB = 500 juin./ in. 

(E2) 
ANS. s BC = -250 uin./ in. 

(E3) 
ANS. s CD = 333.3 |uin./ in. 



COMMENT 



1. This example brings out the difference between the displacements, which were given, and the deformations, which we calculated 
before finding the strains. 



EXAMPLE 2.2 

A bar of hard rubber is attached to a rigid bar, which is moved to the right relative to fixed base A as shown in Figure 2.7. Determine the 
average shear strain at points. 

Ri g id Au = 0.5 mm 



L= 100 mm 



Figure 2.7 Geometry in Example 2.2. 



Rubber 



PLAN 

The rectangle will become a parallelogram as the rigid bar moves. We can draw an approximate deformed shape and calculate the 
change of angle to determine the shear strain. 



SOLUTION 

Point B moves to point B Y , as shown in Figure 2.8. The shear strain represented by the angle between BAB X is: 

'■-"■©■-"(ss)-^- 



(El) 
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ANS. y = 5000|Lirad. 



Figure 2.8 Exaggerated deformed shape. 




COMMENTS 

1. We assumed that line AB remained straight during the deformation in Figure 2.8. If this assumption were not valid, then the shear 
strain would vary in the vertical direction. To determine the varying shear strain, we would need additional information. Thus our 
assumption of line AB remaining straight is the simplest assumption that accounts for the given information. 

2. The values of y and tan /are roughly the same when the argument of the tangent function is small. Thus for small shear strains the 
tangent function can be approximated by its argument. 



EXAMPLE 2.3 

A thin ruler, 12 in. long, is deformed into a circular arc with a radius of 30 in. that subtends an angle of 23° at the center. Determine the 
average normal strain in the ruler. 



PLAN 

The final length is the length of a circular arc and original length is given. The normal strain can be obtained using Equation (2.1). 

SOLUTION 

The original length L Q = 12 in. The angle subtended by the circular arc shown in Figure 2.9 can be found in terms of radians: 

Ae = (23J7T = Q 4Q14 mds 
180° 



Figure 2.9 Deformed geometry in Example 2.3. 
The length of the arc is: 

and average normal strain is 



RAQ = 12.04277 in. 



L Q 12 in. in. 



A0 = 23° 



(El) 




(E2) 



(E3) 



ANS. 



s av = 3564 (j, in./ in. 



COMMENTS 

1. In Example 2.1 the normal strain was generated by the displacements in the axial direction. In this example the normal strain is being 
generated by bending. 

2. In Chapter 6 on the symmetric bending of beams we shall consider a beam made up of lines that will bend like the ruler and calculate 
the normal strain due to bending as we calculated it in this example. 
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EXAMPLE 2.4 

A belt and a pulley system in a VCR has the dimensions shown in Figure 2. 10. To ensure adequate but not excessive tension in the belts, 
the average normal strain in the belt must be a minimum of 0.019 mm/mm and a maximum of 0.034 mm/mm. What should be the mini- 
mum and maximum undeformed lengths of the belt to the nearest 1/1 0th of a millimeter? 



Figure 2.10 Belt and pulley in a VCR. 




PLAN 

The belt must be tangent at the point where it comes in contact with the pulley. The deformed length of the belt is the length of belt 
between the tangent points on the pulleys, plus the length of belt wrapped around the pulleys. Once we calculate the deformed length of 
the belt using geometry, we can find the original length using Equation (2.1) and the given limits on normal strain. 



SOLUTION 

We draw radial lines from the center to the tangent points A and B, as shown in Figure 2.11. The radial lines O x A and 2 B must be per- 
pendicular to the belt AB, hence both lines are parallel and at the same angle 6 with the horizontal. We can draw a line parallel to AB 
through point 2 to get line C0 2 . Noting that CA is equal to 2 B, we can obtain CO l as the difference between the two radii. 

6.25 mm 



Figure 2.11 Analysis of geometry. 

Triangle O x C0 2 in Figure 2.11 is a right triangle, so we can find side C0 2 and the angle #as: 

AB = C0 2 = 7(30 mm) 2 -(6.25 mm) 2 = 29.342 mm 
6.25 mm 




CO x 
O l ~0 2 



or 6 = cos (0.2083) = 1.3609 rad 



30 mm 

The deformed length L f of the belt is the sum of arcs AA and BB and twice the length AB: 

AA = (12.5 mm)(27r-29) = 44.517 mm 
BB = (6.25 mm)(26) = 17.011 mm 
L f =2(AB)+AA+BB = 120.212 mm 

We are given that 0.019 < e < 0.034 . From Equation (2.1) we obtain the limits on the original length: 



- 1 — - < 0.034 
= - I —-^> 0.019 



T ^ 120.212 
1 + 0.034 



T ^ 120.212 
La < - — t-ztt: mm 
1 + 0.019 



Lq > 116.26 mm 



L < 117.97 mm 



To satisfy Equations (E6) and (E7) to the nearest millimeter, we obtain the following limits on the original length L : 



(El) 

(E2) 

(E3) 
(E4) 
(E5) 

(E6) 
(E7) 



ANS. 



116.3 mm<Z < 117.9 mm 



COMMENTS 

1. We rounded upward in Equation (E6) and downwards in Equadon (E7) to ensure the inequalities. 
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2. Tolerances in dimensions must be specified for manufacturing. Here we have a tolerance range of 0.6 mm. 

3. The difficulty in this example is in the analysis of the geometry rather than in the concept of strain. This again emphasizes that the 
analysis of deformation and strain is a problem in geometry. Drawing the approximate deformed shape is essential. 



2.4 SMALL-STRAIN APPROXIMATION 



In many engineering problems, a body undergoes only small deformations. A significant simplification can then be achieved by 
approximation of small strains, as demonstrated by the simple example shown in Figure 2.12. Due to a force acting on the bar, 
point P moves by an amount D at an angle 9io the direction of the bar. From the cosine rule in triangle APP l9 the length L i can 
be found in terms of L , D, and # 



L / = 



lI + D 2 + 2L DcosQ = L 



l+l^-Y + li^-lcosQ 



Figure 2.12 Small normal-strain calculations. 

From Equation (2.1) we obtain the average normal strain in bar^P: 




tc 



l+||^) 2 + 2(|^|cos0 



1 



(2.5) 



Equation (2.5) is valid regardless of the magnitude of the deformation D. Now suppose that D/L is small. In such a case 
we can neglect the (D/L ) 2 term and expand the radical by binomial 1 expansion: 



1 + — cos0 + ... + ... 
L 



1 



Neglecting the higher-order terms, we obtain an approximation for small strain in Equation (2.6). 

DcosO 



& small 



(2.6) 



"0 



In Equation (2.6) the deformation D and strain are linearly related, whereas in Equation (2.5) deformation and strain are 
nonlinearly related. This implies that small-strain calculations require only a linear analysis, a significant simplification. 

Equation (2.6) implies that in small-strain calculations only the component of deformation in the direction of the original 
line element is used. We will make significant use of this observation. Another way of looking at small-strain approximation 
is to say that the deformed length AP X is approximated by the length AP 2 . 
TABLE 2.1 Small-strain approximation 

o/ Error, f £ _5^) xm 



[Equation (2.6)] 


s, [Equation (2.5)] 


1.000 


1.23607 


0.500 


0.58114 


0.100 


0.10454 


0.050 


0.00512 


0.010 


0.01005 


0.005 


0.00501 


0.001 


0.00100 



19.1 
14.0 

4.3 
2.32 
0.49 
0.25 
0.05 



What is small strain? To answer this question we compare strains from Equation (2.6) to those from Equation (2.5). For 
different values of small strain and for 6= 45°, the ratio of DIL is found from Equation (2.6), and the strain from Equation 



! For small d, binomial expansion is (1 + d) m = 1 + dl 2 + terms ofd 2 and higher order. 
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(2.5) is calculated as shown in Table 2.1. Equation (2.6) is an approximation of Equation (2.5), and the error in the approxima- 
tion is shown in the third column of Table 2.1. It is seen from Table 2.1 that when the strain is less than 0.01, then the error is 
less than 1%, which is acceptable for most engineering analyses. 
We conclude this section with summary of our observations. 

1. Small-strain approximation may be used for strains less than 0.01. 

2. Small-strain calculations result in linear deformation analysis. 

3. Small normal strains are calculated by using the deformation component in the original direction of the line element, 
regardless of the orientation of the deformed line element. 

4. In small shear strain (y) calculations the following approximations may be used for the trigonometric functions: tan y 
« y, sin y « y, and cos y « 1 . 



EXAMPLE 2.5 

Two bars are connected to a roller that slides in a slot, as shown in Figure 2.13. Determine the strains in bar AP by: (a) Finding the 
deformed length of AP without small- strain approximation, (b) Using Equation (2.6). (c) Using Equation (2.7). 

H 200 mm 

= 0.2 mm 



Figure 2.13 Small-strain calculations. 




PLAN 

(a) An exaggerated deformed shape of the two bars can be drawn and the deformed length of bar AP found using geometry, (b) The 
deformation of bar^lP can be found by dropping a perpendicular from the final position of point P onto the original direction of bar AP 
and using geometry, (c) The deformation of bar AP can be found by taking the dot product of the unit vector in the direction of AP and 
the displacement vector of point P. 



SOLUTION 

The length AP used in all three methods can be found as AP = (200 mm)/cos 35° = 244.155 mm. 



C 



P^35° 0.2 i 



Figure 2.14 Exaggerated deformed shape. 



(a) Let point P move to point P x , as shown in Figure 2.14. The angle APP X is 145°. From the triangle APP X we can find the length AP X 




^ Py 



using the cosine formula and find the strain using Equation (2.1). 

AP, 



'AP 2 + PP 2 -2(AP)(PP x )cos\45° = 244.3188 mm 

AP X -AP 244.3188 mm -244. 155 mm A ^ 11 ^ /1A -3, 
e AP = TB— = ^TTTTTZZ = 0.67112(10 ) mm/mm 



AP 



244.155 mm 



(El) 



(E2) 



ANS. 



671.12 //mm/mm 



(b) We drop a perpendicular from P x onto the line in direction of AP as shown in Figure 2.14. By the small-strain approximation, the 
strain in AP is then 

5 AP = 0.2cos35° = 0.1638 mm (E3) 

5 ap 0.1638 mm 



^ AP AP 244.155 mm 



0.67101(10 ) mm/mm 



(E4) 
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ANS. £ AP = 67 1.01 //mm/mm 

(c) Let the unit vectors in the x andy directions be given by i and j. The unit vector in direction of AP and the deformation vector D 
can be written as 

\ AP = cos35°i + sin35°j", D = 0.2i, (E5) 

The strain in AP can be found using Equation (2.7): 

5 Ap = D • \ AP = (0.2 mm)cos35 = 0.1638 mm 



s ap 0.1638: 



AP AP 244.155 mm 



0.67101(10 ) mm/mm 



(E6) 

(E7) 
ANS. s AP = 671.01 //mm/mm 



COMMENTS 

1. The calculations for parts (b) and (c) are identical, since there is no difference in the approximation between the two approaches. The 
strain value for part (a) differs from that in parts (b) and (c) by 0.016%, which is insignificant in engineering calculations. 

2. To a small-strain approximation the final length AP X is being approximated by length AC. 

3. If we do not carry many significant figures in part (a) we may get a prediction of zero strain as the first three significant figures sub- 
tract out. 



EXAMPLE 2.6 

A gap of 0. 1 8 mm exists between the rigid plate and bar B before the load P is applied on the system shown in Figure 2.15. After load P 
is applied, the axial strain in rod B is -2500 //m/m. Determine the axial strain in rods A. 

0-n- -n-O 




Figure 2.15 Undeformed geometry in Example 2.6. 



Rigid 




0.18 mm 



2m 



PLAN 

The deformation of bar B can be found from the given strain and related to the displacement of the rigid plate by drawing an approximate 
deformed shape. We can then relate the displacement of the rigid plate to the deformation of bar A using small-strain approximation. 



SOLUTION 

From the given strain of bar B we can find the deformation of bar B: 

.-6 



5 5 = z b l b = (2500)(10 )(2m) = 0.005 m contraction 



(El) 



-^r 



\ \A 




F Ex 



Figure 2.16 Deformed geometry. 



//A 

//\60° 

-to/ _ _ i — 



18 B L8 D 
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Let points D and E be points on the rigid plate. Let the position of these points be D x and E x after the load P has been applied, as shown 

in Figure 2.16. 

From Figure 2. 16 the displacement of point E is 

3 E = 3 B + 0.00018 m = 0.00518 m (E2) 

As the rigid plate moves downward horizontally without rotation, the displacements of points D and E are the same: 

3 D = 3 E = 0.00518 m (E3) 

We can drop a perpendicular from D x to the line in the original direction OD and relate the deformation of bar A to the displacement of 
point D: 

5 A = <^sin60° = (0.00518 m)sin60° = 0.004486 m (E4) 

The normal strain in A is then 

S A 0.004486 m 



* A ~ L ~ 3 in 



= 1.49539(10 ) m/m 



(E5) 
ANS. s A = 1495 n m/m 



COMMENTS 



1. Equation (E3) is the relationship of points on the rigid bar, whereas Equations (E2) and (E4) are the relationship between the move- 
ment of points on the rigid bar and the deformation of the bar. This two-step process simplifies deformation analysis as it reduces the 
possibility of mistakes in the calculations. 

2. We dropped the perpendicular from D x to OD and not from D to OD x because OD is the original direction, and not OD x . 



EXAMPLE 2.7 

Two bars of hard rubber are attached to a rigid disk of radius 20 mm as shown in Figure 2.17. The rotation of the rigid disk by an angle 
A^ causes a shear strain at point A of 2000 //rad. Determine the rotation A<ft and the shear strain at point C. 



Figure 2.17 Geometry in Example 2.7. 




r = 20 mm 



PLAN 

The displacement of point B can be related to shear strain at points as in Example 2.2. All radial lines rotate by equal amounts of A^ on 
the rigid disk. We can find A^by relating displacement of points to A^ assuming small strains. We repeat the calculation for the bar at C 
to find the strain at C. 



SOLUTION 

The shear strain at^4 is y A = 2000 //rad = 0.002 rad . We draw the approximated deformed shape of the two bars as shown in Figure 

2.18a. The displacement of point B is approximately equal to the arc length BB X , which is related to the rotation of the disk, as shown in 
Figure 2. 1 8a and b and given as 
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(a) 



Au B = r A<p 




Au B = (20 mm)(A(|)) 

^^Au D =rAcf> (b) 
D 



(El) 




(c) 



B Bj 




Figure 2.18 (a) Deformed geometry in Example 2.7. (b) Top view of disc, (c) Side view of bar. 

The displacement of point B can also be related to the shear strain at^4, and we can find A<ft as 

BB X Au B (20A^)mm Ad 

tan Ya « Ya = = = — = — r 

u /A AB AB 180 mm 9 

A^ = 9y A = (9)(0.002) = 0.018 rad 

The displacement of point D can be found and the shear strain at C obtained from 

Au 



r c 



_^b_2_OA0_ (20mm)(0.018rad) _ 
~ CD ~ 180 ~ 180 mm 





(E2) 




(E3) 


ANS. 


Acj) = 0.018 rad 




(E4) 


ANS. 


Y c = 2000 uxad 



COMMENTS 

1. We approximated the arc BB X by a straight line, which is valid only if the deformations are small. 

2. The shear strain was found from the change in angle formed by the tangent line AE and the axial line AB. 

3. In Chapter 5, on the torsion of circular shafts, we will consider a shaft made up of bars and calculate the shear strain due to torsion as 
in this example. 

2.4.1 Vector Approach to Small-Strain Approximation 

To calculate strains from known displacements of the pins in truss problems is difficult using the small-strain approximation 
given by Equation (2.6). Similar algebraic difficulties are encountered in three-dimension. A vector approach helps address these 
difficulties. 

The deformation of the bar in Equation (2.6) is given by S= D cos 6 and can be written in vector form using the dot prod- 
uct: 



5= D 



AP ' l AP 



(2.7) 



where D^p is the deformation vector of the bar AP and \^p is the unit vector in the original direction of bar AP. With point A 
fixed in Figure 2.12 the vector D AP is also the displacement vector of point P. If points is also displaced, then the deformation 
vector is obtained by taking the difference between the displacement vectors of point P and point A. If points A and P have coor- 
dinates (x A , y A , z A ) and (x P , j/ p , z P ), respectively, and are displaced by amounts (u A , v A , w A ) and (i/ P , v P , w P ) in the x, y, and z 
directions, respectively, then the deformation vector D^p and the unit vector \^p can be written as 

V A p = (u p -u A )\ + (vp-v^)j + (w p -w A )k 



\ AP = (x p -x A )i + (y P -y A )i + (z p -z^)k 



(2.8) 



where i , j , and k are the unit vectors in the x, y, and z directions, respectively. The important point to remember about the cal- 
culation of D^ and \ A p is that the same reference point (A) must be used in calculating deformation vector and the unit vector. 
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EXAMPLE 2.8* 

The displacements of pins of the truss shown Figure 2.19 were computed by the finite-element method (see Section 4.8) and are given 
below, u and v are the pin displacement x andy directions, respectively. Determine the axial strains in members BC, HB, HC, and HG 



u B = 2.700 mm v B = -9.025 mm 

u c = 5.400 mm v c = -14.000 mm 

u G = 8.000 mm v G = -14.000 mm 

u H = 9.200 mm v^ = -9.025 mm 

Figure 2.19 Truss in Example 2.8. 




PLAN 

The deformation vectors for each bar can be found from the given displacements. The unit vectors in directions of the bars BC, HB, 
HC, and HG can be determined. The deformation of each bar can be found using Equation (2.7) from which we can find the strains. 



SOLUTION 

Let the unit vectors in the x and y directions be given by i and j , respectively. The deformation vectors for each bar can be found for 
the given displacement as 

V B c = (u c -u B )i+(y c -y B )\ = (2.7 i -4.975 j ) mm jj^ = (u B -u H )T + (v B -v H )] = (-6.5 i) mm 

(El) 

B//C = Oc" w //) i+ ( v c- v //)J = (" 3 - 8i -4.975j)mm d^ g = (u G - u H )i + (v G - v H )] = (- 1.2 J -4.975 J) mm 

The unit vectors in the directions of bars BC, HB, and HG can be found by inspection as these bars are horizontal or vertical: 

he = i i/ffl = -j *hg = i ( E2 ) 

The position vector from point H to C is HC = 3 i - 4 j . Dividing the position vector by its magnitude we obtain the unit vector in 
the direction of bar HC: 

(3 mm)i -(4 mm) j 



m IhcI 



j, 



2 2 

(3 mm) + (4 mm) 



0.6 i -0.8j 



We can find the deformation of each bar from Equation (2.7): 



U BC 



T>bc he 

&HB • iHB 



2.7 mm 




U HG 



D//G' ihg = -1-2 mm 



S HC = D H c- ihc = (0.6 mm)(-3.8) + (-4.975 mm)(-0.8) = 1.7 mm 



(E3) 



(E4) 



Finally, Equation (2.2) gives the strains in each bar: 



°BC 



^HB 



^BC 
^BC 



2.7: 



3 x 10 mm 




0.9 x 10 mm/mm 



°HG 



°HC 



^HG 



U HC 



-1.2 mm 
3 
3 x 10 mm 

1.7 mm 



(E5) 



ANS. 



£ bc = 9W |umm/mm 



°HG 



L hc 3 x 10 3 mm 
-400 |umm/mm 



= -0.4 x 10 mm/mm 

= 0.340 x 10" 3 mm/mm 

s hb = ^ £ HC = ^® |umm/mm 



COMMENTS 

1. The zero strain in HB is not surprising. By looking at joint B, we can see that HB is a zero-force member. Though we have yet to 
establish the relationship between internal forces and deformation, we know intuitively that internal forces will develop if a body 
deforms. 

2. We took a very procedural approach in solving the problem and, as a consequence, did several additional computations. For horizon- 
tal bars BC and HG we could have found the deformation by simply subtracting the u components, and for the vertical bar HB we can 
find the deformation by subtracting the v component. But care must be exercised in determining whether the bar is in extension or in 
contraction, for otherwise an error in sign can occur. 

3. In Figure 2.20 point H is held fixed (reference point), and an exaggerated relative movement of point C is shown by the vector Dhc- 
The calculation of the deformation of bar HC is shown graphically. 
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Figure 2.20 Visualization of the deformation vector for bar HC. 



\^u c -u H ^ 




VC~ V H 



4. Suppose that instead of finding the relative movement of point C with respect to H, we had used point C as our reference point and 
found the relative movement of point H. The deformation vector would be T>ch, which is equal to -T^hc- But the unit vector direc- 
tion would also reverse, that is, we would use Ich, which is equal to - \hc- Thus the dot product to find the deformation would 
yield the same number and the same sign. The result independent of the reference point is true only for small strains, which we have 
implicitly assumed. 



PROBLEM SET 2.1 

Average normal strains 

2.1 An 80-cm stretch cord is used to tie the rear of a canoe to the car hook, as shown in Figure P2.1. In the stretched position the cord forms the side 
AB of the triangle shown. Determine the average normal strain in the stretch cord. 



\J^ 



Figure P2.1 




2.2 The diameter of a spherical balloon shown in Figure P2.2 changes from 250 mm to 252 mm. Determine the change in the average circumferential 
normal strain. 



Figure P2.2 




2.3 Two rubber bands are used for packing an air mattress for camping as shown in Figure P2.3. The undeformed length of a rubber band is 7 in. 
Determine the average normal strain in the rubber bands if the diameter of the mattress is 4. 1 in. at the section where the rubber bands are on the mattress. 



Figure P2.3 
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2.4 A canoe on top of a car is tied down using rubber stretch cords, as shown in Figure V2Aa. The undeformed length of the stretch cord is 
40 in. Determine the average normal strain in the stretch cord assuming that the path of the stretch cord over the canoe can be approximated as 
shown in Figure P2.46. 

C 



(a) 



Figure P2.4 




(b) 



17 in 




2.5 The cable between two poles shown in Figure P2.5 is taut before the two traffic lights are hung on it. The lights are placed symmetrically at 
1/3 the distance between the poles. Due to the weight of the traffic lights the cable sags as shown. Determine the average normal strain in the cable. 

27 ft 



k 



M 



Figure P2.5 



15 in.i 



2.6 The displacements of the rigid plates in x direction due to the application of the forces in Figure P2.6 are u B = -1.8 mm, u c = 0.7 mm, and 
u D = 3.7 mm. Determine the axial strains in the rods in sections AB, BC, and CD. 



Figure P2.6 



«-^i 



-F 2 



D\ 



— F 3 



*~F, 



-1.5m+ 2.5 m + — 2 m — *\ 



2.7 The average normal strains in the bars due to the application of the forces in Figure P2.6 are e AB = -800 //, s BC = 600 //, and s CD = 1 100 ju. 
Determine the movement of point D with respect to the left wall. 



2.8 Due to the application of the forces, the rigid plate in Figure P2.8 moves 0.0236 in to the right. Determine the average normal strains in 
bars A and B. 

/ Rigid plate 



Figure P2.8 



Bar A 



-60 in- 



Bar£ 



0.02 in 



-24 in- 



2.9 The average normal strain in bar A due to the application of the forces in Figure P2.8, was found to be 2500 ju in./in. Determine the nor- 
mal strain in bar B. 



2.10 The average normal strain in bar B due to the application of the forces in Figure P2.8 was found to be -4000 // in./in. Determine the nor- 
mal strain in bar A. 



2.11 The rigid bar BD in Figure P2. 1 1 pivots about support C. Due to the application of force P, point B moves upward by 0.06 in. If the length 
of barv4 is 24 in., determine the average normal strain in bar^4. 

-125 in ^25inh 

~\B 



D 



Figure P2.ll 



r 



A M_ 



Rigid 



h: 
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2.12 The average normal strain in bar A due to the application of force P in Figure P2. 1 1 was found to be -6000 ju in./in. If the length of bar A 
is 36 in., determine the movement of point B. 



2.13 The rigid bar BD in Figure P2. 13 pivots about support C. Due to the application of force P, point B imoves upward by 0.06 in. If the length 
of barv4 is 24 in., determine the average normal strain in bar A 



0.04 in 



T 



Figure P2.13 



-125 in - 



-25 in 



D 



C 



Rigid 



2.14 The average normal strain in bar A due to the application of force P in Figure P2. 13 was found to be -6000 ju in./in. If the length of bar A 
is 36 in., determine the movement of point B. 



2.15 The rigid bar BED in Figure P2.15 pivots about support C. Due to the application of force P, point B moves upward by 0.06 in. If the 
lengths of bars A and F are 24 in., determine the average normal strain in bars A and F. 

H 125 in - 



Figure P2.15 



\D 



30 in 



0.04 in 



T 



Rigid 



F _K_ 



25 in 



2.16 The average normal strain in bar^4 due to the application of force P in Figure P2.15 was found to be -5000 ju in./in. If the lengths of bars A 
and F are 36 in., determine the movement of point B and the average normal strain in bar F. 

2.17 The average normal strain in bar F due to the application of forced, in Figure P2. 15 was found to be -2000 ju in./in. Ifthe lengths of bars A and 
F are 36 in., determine the movement of point B and the average normal strain in bar A. 

2.18 The rigid bar BD in Figure P2. 1 8 pivots about support C. Due to the application of force P, point B moves left by 0.75 mm. Ifthe length of 
barv4 is 1.2 m, determine the average normal strain in bar A 

k P 

J 1.25 m 



Rigid 



D 



Figure P2.18 



A 



-2.5 m- 



H 



2.19 The average normal strain in bar A due to the application of force P in Figure P2. 1 8 was found to be -2000 ju m /m. Ifthe length of bar A 
is 2 m, determine the movement of point B. 



2.20 The rigid bar BD in Figure P2.20 pivots about support C. Due to the application of force P, point B moves left by 0.75 mm. Ifthe length of 
barv4 is 1.2 m, determine the average normal strain in bar ,4. 

P 



Rigid C 



1.25 m 



1 mm 



il 



Figure P2.20 



-2.5 m- 
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2.21 The average normal strain in bar A due to the application of force P in Figure P2.20 was found to be -2000 // m/m. If the length of bar A 
is 2 m, determine the movement of point B. 



2.22 The rigid bar BD in Figure P2.22 pivots about support C. Due to the application of force P, point B moves left by 0.75 mm. If the lengths 
of bars A and F are 1 .2 m, determine the average normal strains in bars A and F. 

B 

E 

lmm D_Rigic^_C 

Tffl 2.5 m H 




Figure P2.22 



1 



2.23 The average normal strain in bar A due to the application of force P in Figure P2.22 was found to be -2500 ju m/m. Bars A and F are 2 m 
long. Determine the movement of point 5 and the average normal strain in bar F. 



2.24 The average normal strain in bar F due to the application of force P in Figure P2.22 was found to be 1000 ju m/m. Bars A and F are 2 m 
long. Determine the movement of point B and the average normal strain in bar A 



2.25 Two bars of equal lengths of 400 mm are welded to rigid plates at right angles. The right angles between the bars and the plates are pre- 
served as the rigid plates are rotated by an angle of \|/ as shown in Figure P2.25. The distance between the bars is h = 50 mm. The average nor- 
mal strains in bars AB and CD were determined as -2500 jli mm/mm and 3500 jli mm/mm, respectively. Determine the radius of curvature R 
and the angle \\r. 



Figure P2.25 




2.26 Two bars of equal lengths of 30 in. are welded to rigid plates at right angles. The right angles between the bars and the plates are pre- 
served as the rigid plates are rotated by an angle of \|/= 1.25° as shown in Figure P2.25. The distance between the bars is h = 2 in. If the average 
normal strain in bar AB is -1500 jli in./in., determine the strain in bar CD. 



2.27 Two bars of equal lengths of 48 in. are welded to rigid plates at right angles. The right angles between the bars and the plates are pre- 
served as the rigid plates are rotated by an angle of v|/ as shown in Figure P2.27. The average normal strains in bars AB and CD were determined 
as -2000 jli in./in. and 1500 jli in./in., respectively. Determine the location h of a third bar EF that should be placed such that it has zero normal 
strain. 



Figure P2.27 
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Average shear strains 

2.28 A rectangular plastic plate deforms into a shaded shape, as shown in Figure P2.28. Determine the average shear strain at point A. 



0.84 mm 



0.84 mm 



350 mm 



Figure P2.28 



- 600 mm - 



2.29 A rectangular plastic plate deforms into a shaded shape, as shown in Figure P2.29. Determine the average shear strain at point A. 



— 1.7 in - 



3.5 in 



Figure P2.29 



1 
( 

T 



0.0051 in 



1 
( 

T 



; 0.0051 in 



2.30 A rectangular plastic plate deforms into a shaded shape, as shown in Figure P2.30. Determine the average shear strain at point A. 



0.007 in 



Figure P2.30 



0.007 in 



-3.0 in - 



1.4 in 

1 



2.31 A rectangular plastic plate deforms into a shaded shape, as shown in Figure P2.3 1. Determine the average shear strain at point A. 



450 mm 



Figure P2.31 



250 mm 



0.65 mm 



T 



1 



T 



0.65 mm 



2.32 A rectangular plastic plate deforms into a shaded shape, as shown in Figure P2.32. Determine the average shear strain at point A. 
0.0056 in 



1.4 in 



Figure P2.32 




0.0042 in 



2.33 A rectangular plastic plate deforms into a shaded shape, as shown in Figure P2.33. Determine the average shear strain at point A. 



0.6 mm 



600 mm- 



Figure P2.33 




350 mm 



0.6 mm 
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2.34 A thin triangular plate ABC forms a right angle at point A, as shown in Figure P2.34. During deformation, point A moves vertically 
down by 8 A = 0.005 in. Determine the average shear strains at point A. 



Figure P2.34 




2.35 A thin triangular plate ABC forms a right angle at point A, as shown in Figure P2.35. During deformation, point A moves vertically 
down by 8 A = 0.006 in. Determine the average shear strains at point A. 



Figure P2.35 




2.36 A thin triangular plate ABC forms a right angle at point A, as shown in Figure P2.36. During deformation, point A moves vertically 
down by 8 A = 0.75 mm. Determine the average shear strains at point A. 



Figure P2.36 




2.37 A thin triangular plate ABC forms a right angle at point A. During deformation, point A moves horizontally by 8 A =0.005 in., as shown 
in Figure P2.37. Determine the average shear strains at points. 



Figure P2.37 




2.38 A thin triangular plate ABC forms a right angle at point A. During deformation, point A moves horizontally by 8 A =0.008 in., as shown 
in Figure P2.38. Determine the average shear strains at points. 

h 5in H 

B^- 7 C 



Figure P2.38 




2.39 A thin triangular plate ABC forms a right angle at point A. During deformation, point A moves horizontally by 8 A =0.90 mm, as shown 
in Figure P2.39. Determine the average shear strains at points. 

\< 1300 mm ►] 



Figure P2.39 
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2.40 Bar AB is bolted to a plate along the diagonal as shown in Figure P2.40. The plate experiences an average strain in the x direction 
s = 500 |uin./ in. . Determine the average normal strain in the bar AB. 

ky 



X 



5 in. 



Figure P2.40 



n n n n -n 




10 in. 



-^ 



2.41 Bar AB is bolted to a plate along the diagonal as shown in Figure P2.40. The plate experiences an average strain in the y direction 
s = -1200 |umm/mm . Determine the average normal strain in the bar AB. 

k y 



100 mm 



Figure P2.41 




\<\ >■ 

45 mm 



x 



2.42 A right angle bar ABC is welded to a plate as shown in Figure P2.42. Points B are fixed. The plate experiences an average strain in the 
x direction e = -1000|umm/mm . Determine the average normal strain in AB. 

k y 



Figure P2.42 




300 mm 



<3 EH<3- 

150 mm 



-O- 



450 mm 



2.43 A right angle bar ABC is welded to a plate as shown in Figure P2.42. Points B are fixed. The plate experiences an average strain in the 
x direction 8 = 700 |umm/mm . Determine the average normal strain in BC. 



2.44 A right angle bar ABC is welded to a plate as shown in Figure P2.42. Points B are fixed. The plate experiences an average strain in the 
x direction 8 = -800 |umm/mm . Determine the average shear strain at point B in the bar. 
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2.45 A right angle bar ABC is welded to a plate as shown in Figure P2.45. Points B are fixed. The plate experiences an average strain in the 
y direction 8 = 800 |uin./ in. Determine the average normal strain in AB. 



3.0 in. 



1.0 in. 



Figure P2.45 




2.46 A right angle bar ABC is welded to a plate as shown in Figure P2.45. Points B are fixed. The plate experiences an average strain in the 
^directions = -500 |uin./ in. Determine the average normal strain in BC. 



2.47 A right angle bar ABC is welded to a plate as shown in Figure P2.45. Points B are fixed. The plate experiences an average strain in the 
y direction 8 = 600 |uin./ in. Determine the average shear strain at B in the bar. 



2.48 The diagonals of two squares form a right angle at point A in Figure P2.48. The two rectangles are pulled horizontally to a deformed 
shape, shown by colored lines. The displacements of points A and B are 8 A = 0.4 mm and 8 B = 0.8 mm. Determine the average shear strain at 
points. 



300 mm 



Figure P2.48 



^300 mm -» 


-*- 300 mm + 












A 


Sa 


A x B 






8n 



2.49 The diagonals of two squares form a right angle at point A in Figure P2.48. The two rectangles are pulled horizontally to a deformed 
shape, shown by colored lines. The displacements of points A and B are S A = 0.3 mm and Sq = 0.9 mm. Determine the average shear strain at 
point A S A = 0.3 mm and Sq = 0.9 mm. 



Small-strain approximations 

2.50 The roller at P slides in the slot by the given amount shown in Figure P2.50. Determine the strains in bar AP by (a) finding the 
deformed length of AP without the small-strain approximation, (b) using Equation (2.6), and (c) using Equation (2.7). 



Figure P2.50 




: 0.25 mm 



2.51 The roller at P slides in the slot by the given amount shown in Figure P2.51. Determine the strains in bar AP by (a) finding the 
deformed length of AP without small-strain approximation, (b) using Equation (2.6), and (c) using Equation (2.7). 

: 0.25 mm 



Figure P2.51 
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2.52 The roller at P slides in a slot by the amount shown in Figure P2.52. Determine the deformation in bars AP and BP using the small- 
strain approximation. 



110' 



Figure P2.52 



£ 




8 P = 0.25 mm 



2.53 The roller at P slides in a slot by the amount shown in Figure P2.53. Determine the deformation in bars AP and BP using the small- 
strain approximation. 



Figure P2.53 



£ 




8 P = 0.25 mm 



2.54 The roller at P slides in a slot by the amount shown in Figure P2.54. Determine the deformation in bars AP and BP using the small- 
strain approximation. 



Figure P2.54 




8 P = 0.25 mm 



2.55 The roller at P slides in a slot by the amount shown in Figure P2.55. Determine the deformation in bars AP and BP using the small- 
strain approximation. 

- 8 P = 0.02 in 

P^ A 40° 



Figure P2.55 




2.56 The roller at P slides in a slot by the amount shown in Figure P2.56. Determine the deformation in bars AP and BP using the small- 
strain approximation. 



Figure P2.56 




8 P = 0.01 in 
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2.57 The roller at P slides in a slot by the amount shown in Figure P2.57. Determine the deformation in bars AP and BP using the small- 
strain approximation. 



Figure P2.57 




2.58 A gap of 0.004 in. exists between the rigid bar and bar A before the load P is applied in Figure P2.58. The rigid bar is hinged at point C. 
The strain in bar A due to force P was found to be -600 ju in./in. Determine the strain in bar B. The lengths of bars A and B are 30 in. and 50 in., 
respectively. 



Figure P2.58 



^^ 



'24 in 



^36 i 



-60 in- 



2.59 A gap of 0.004 in. exists between the rigid bar and bar A before the load P is applied in Figure P2.58. The rigid bar is hinged at point C. 
The strain in bar B due to force P was found to be 1500 ju in./in. Determine the strain in bar^4. The lengths of bars A and B are 30 in. and 50 in., 
respectively. 



Vector approach to small-strain approximation 

2.60 The pin displacements of the truss in Figure P2.60 were computed by the finite-element method. The displacements in x and y direc- 
tions given by u and v are given in Table P2.60. Determine the axial strains in members AB, BF, FG, and GB. 

TABLE P2.60 



2m 



Figure P2.60 




= 12.6 mm 
= 21.0 mm 
-16.8 mm 
: -12.6 mm 
= -8.4 mm 



-24.48 mm 
-69.97 mm 
-119.65 mm 
= -69.97 mm 
-28.68 mm 



2.61 The pin displacements of the truss in Figure P2.60 were computed by the finite-element method. The displacements in x and y direc- 
tions given by u and v are given in Table P2.60. Determine the axial strains in members BC, CF, and FE. 



2.62 The pin displacements of the truss in Figure P2.60 were computed by the finite-element method. The displacements in x and y direc- 
tions given by u and v are given in Table P2.60. Determine the axial strains in members ED, DC, and CE. 
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2.63 The pin displacements of the truss in Figure P2.63 were computed by the finite-element method. The displacements in x and y direc- 
tions given by u and v are given in Table P2.63. Determine the axial strains in members AB, BG, GA, and AH. 

TABLE P2.63 



Figure P2.63 




7.00 mm 

= 17.55 mm 

= 20.22 mm 

= 22.88 mm 

9.00 mm 

7.00 mm 





1.500 mm 
3.000 mm 
-4.125 mm 
-32.250 mm 
-33.750 mrr 
-4.125 mm 




2.64 The pin displacements of the truss in Figure P2.63 were computed by the finite-element method. The displacements in x and y direc- 
tions given by u and v are given in Table P2. 63 .Determine the axial strains in members BC, CG, GB, and CD. 



2.65 The pin displacements of the truss in Figure P2.63 were computed by the finite-element method. The displacements in x andy direc- 
tions given by u and v are given in Table P2. 63 .Determine the axial strains in members GF, FE, EG, and DE. 



2.66 Three poles are pin connected to a ring at P and to the supports on the ground. The ring slides on a vertical rigid pole by 2 in, as shown 
in Figure P2.66. The coordinates of the four points are as given. Determine the normal strain in each bar due to the movement of the ring. 



(-2.0, 



Figure P2.66 




(5.0, 0.0, 0.0) ft 
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MoM in Action: Challenger Disaster 

On January 28th, 1986, the space shuttle Challenger (Figure 2.21a) exploded just 73 seconds into the flight, killing 
seven astronauts. The flight was to have been the first trip for a civilian, the school-teacher Christa McAuliffe. Classrooms 
across the USA were preparing for the first science class ever taught from space. The explosion shocked millions watching 
the takeoff and a presidential commission was convened to investigate the cause. Shuttle flights were suspended for nearly 
two years. 




O-rings 




Figure 2.21 (a) Challenger explosion during flight (b) Shuttle Atlantis (c) O-ring joint. 

The Presidential commission established that combustible gases from the solid rocket boosters had ignited, causing the 
explosion. These gases had leaked through the joint between the two lower segments of the boosters on the space shuttle's 
right side. The boosters of the Challenger, like those of the shuttle Atlantis (Figure 2.21b), were assembled using the O-ring 
joints illustrated in Figure 2.21c. When the gap between the two segments is 0.004 in. or less, the rubber O-rings are in con- 
tact with the joining surfaces and there is no chance of leak. At the time of launch, however, the gap was estimated to have 
exceeded 0.017 in. 

But why? Apparently, prior launches had permanently enlarged diameter of the segments at some places, so that they 
were no longer round. Launch forces caused the segments to move further apart. Furthermore, the O-rings could not return 
to their uncompressed shape, because the material behavior alters dramatically with temperature. A compressed rubber O- 
ring at 78° F is five times more responsive in returning to its uncompressed shape than an O-ring at 30° F. The temperature 
around the joint varied from approximately 28° F on the cold shady side to 50° F in the sun. 

Two engineers at Morton Thiokol, a contractor of NASA, had seen gas escape at a previous launch and had recom- 
mended against launching the shuttle when the outside air temperature is below 50° F. Thiokol management initially backed 
their engineer's recommendation but capitulated to desire to please their main customer, NASA. The NASA managers felt 
under political pressure to establish the space shuttle as a regular, reliable means of conducting scientific and commercial 
missions in space. Roger Boisjoly, one of the Thiokol engineers was awarded the Prize for Scientific Freedom and Respon- 
sibility by American Association for the Advancement of Science for his professional integrity and his belief in engineer's 
rights and responsibilities. 

The accident came about because the deformation at launch was in excess of the design's allowable deformation. An 
administrative misjudgment of risk assessment and the potential benefits had overruled the engineers. 
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2.5 STRAIN COMPONENTS 



Let u, v, and w be the displacements in the x, y, and z directions, respectively. Figure 2.22 and Equations (2.9a) through (2.9i) define 
average engineering strain components: 

Au 

£ xx ~ to 



yy 



' XX 



Av 
Ay 

Aw 
Az 

Au Av 
Ay Ax 



Av Au 

y y* ~ Ax Ay 



'xy 



lyz 



Av Aw 
Az Ay 



i zy 



Aw Av 
Ay Az 

Aw Au 
: Ax Az 

Au Aw 

Az Ax 



i yz 




(a) 



(f-Txy) 



(b) 




(f - yz X ) 



^(f-^) 










(2.9a) 
(2.9b) 
(2.9c) 
(2.9d) 
(2.9e) 
(2.9f) 
(2-9g) 
(2.9h) 
(2.9i) 





Aw 



(c) 
Figure 2.22 (a) Normal strains, (b) Shear strain y . (c) Shear strain y (d) Shear strain y zx 



(d) 



Equations (2.9a) through (2.9i) show that strain at a point has nine components in three dimensions, but only six are independent 
because of the symmetry of shear strain. The symmetry of shear strain makes intuitive sense. The change of angle between the x 
andy directions is obviously the same as between they andx directions. In Equations (2.9a) through (2.9i) the first subscript is 
the direction of displacement and the second the direction of the line element. But because of the symmetry of shear strain, the 



August 2012 



M. Vable 



Mechanics of Materials: Strain 



72 



order of the subscripts is immaterial. Equation (2.10) shows the components as an engineering strain matrix. The matrix is sym- 
metric because of the symmetry of shear strain. 



'zx 



'xy 'xi 



yy 'yz 



fzy 



(2.10) 



2.5.1 Plane Strain 



Plane strain is one of two types of two-dimensional idealizations in mechanics of materials. In Chapter 1 we saw the other type, 
plane stress. We will see the difference between the two types of idealizations in Chapter 3. By two-dimensional we imply that one 
of the coordinates does not play a role in the solution of the problem. Choosing z to be that coordinate, we set all strains with 
subscript z to be zero, as shown in the strain matrix in Equation (2.11). Notice that in plane strain, four components of strain are 
needed though only three are independent because of the symmetry of shear strain. 



'yx 





'xy 





£ yy 








0_ 



(2.11) 



The assumption of plane strain is often made in analyzing very thick bodies, such as points around tunnels, mine shafts in 
earth, or a point in the middle of a thick cylinder, such as a submarine hull. In thick bodies we can expect a point has to push a 
lot of material in the thickness direction to move. Hence the strains in the this direction should be small. It is not zero, but it is 
small enough to be neglected. Plane strain is a mathematical approximation made to simplify analysis. 



EXAMPLE 2.9 

Displacements u and v in x and;; directions, respectively, were measured at many points on a body by the geometric Moire method (See 
Section 2.7). The displacements of four points on the body of Figure 2.23 are as given. Determine strains s xx , s , and y at points. 



u A = -0.0100 mm 


y A- 


= 0.0100 mm 


u B = -0.0050 mm 


V 5 = 


= -0.0112 mm 


u c = 0.0050 mm 


V C = 


= 0.0068 mm 


u n = 0.0100 mm 


V n = 


= 0.0080 mm 



Figure 2.23 Undeformed geometry in Example 2.9. 




PLAN 

We can use point A as our reference point and calculate the relative movement of points B and C and find the strains from Equations 
(2.9a), (2.9b), and (2.9d). 



SOLUTION 

The relative movements of points B and C with respect to A are 



u b~ u a = 0.0050 mm 
U C~ U A = 0.0150 mm 



Vg-v^ = -0.0212 mm 



-0.0032 mm 



The normal strains s vv and & n7 can be calculated as 



£yy< 



*b ~ U A 0.0050 mm 



v c - 



yc-yA 



4 mm 



-0.0032 mm 

2 mm 



0.00125 mm/mm 



-0.0016 mm/mm 



(El) 
(E2) 

(E3) 
(E4) 
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ANS. s xx = 1250 //mm/mm s = -1600 //mm/mm 



From Equation (2.9d) the shear strain can be found as 



Vd-V, U r ~U 



V B 



c~ 



i xy 



x b~ x a yc-yA 



-0.0212 mm , 0.0150 mm A AAOO , 
■ + — = 0.0022 rad 



4 mm 



2 mm 



(E5) 



ANS. y xy = 2200 //rads 



COMMENT 

1. Figure 2.24 shows an exaggerated deformed shape of the rectangle. Point A moves to point A x \ similarly, the other points move to B x , 
Cp and D Y . By drawing the undeformed rectangle from point A, we can show the relative movements of the three points. We could 

have calculated the length ofA x B from the Pythagorean theorem as A l B l = J(4 - 0.005) 2 + (-0.0212) 2 = 3.995056 mm, which 
would yield the following strain value: 

-AB 



A X B V 



AB 



1236 //mm/mm. 




Figure 2.24 Elaboration of comment. 

The difference between the two calculations is 1.1%. We will have to perform similar tedious calculations to find the other two strains if 
we want to gain an additional accuracy of 1% or less. But notice the simplicity of the calculations that come from a small-strain approx- 
imation. 



2.6 STRAIN AT A POINT 



In Section 2.5 the lengths Ax, Ay, and Az were finite. If we shrink these lengths to zero in Equations (2.9a) through (2.9i), we 
obtain the definition of strain at a point. Because the limiting operation is in a given direction, we obtain partial derivatives and 
not the ordinary derivatives: 



lim 

Ax->0 



(Au\ _ du 



iV/ 



dx 





£ yy = 4™oU = T y 




v (Aw\ _ dw 

zz Az^o^AzJ dz 


'xy 


* . fAu Av^j _ du dv 
yx Ac^O^Aj AxJ dy dx 




Ay^O 


h* = 


1 . ( Av Aw\ _ dv dw 

z y A y ^Q\Az Ay J dz dy 



Az^O 



,. (Aw , Au\ dw , du 
= lim - — h — - = — - + — ■ 



Az->0 



Az. 



dx dz 



(2.12a) 
(2.12b) 
(2.12c) 
(2.12d) 

(2.12e) 

(2.12f) 



Equations (2.12a) through (2.12f) show that engineering strain has two subscripts, indicating both the direction of defor- 
mation and the direction of the line element that is being deformed. Thus it would seem that engineering strain is also a sec- 
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ond-order tensor. However, unlike stress, engineering strain does not satisfy certain coordinate transformation laws, which we 
will study in Chapter 9. Hence it is not a second-order tensor but is related to it as follows: 

, . I.- .1 • engineering shear strains 
tensor normal strains = engineering normal strains; tensor shear strains = — °- 

In Chapter 9 we shall see that the factor 1/2, which changes engineering shear strain to tensor shear strain, plays an important 
role in strain transformation. 

2.6.1 Strain at a Point on a Line 



In axial members we shall see that the displacement u is only a function of x. Hence the partial derivative in Equation (2.12a) 
becomes an ordinary derivative, and we obtain 



= iW 



(2.13) 



If the displacement is given as a function of x, then we can obtain the strain as a function of x by differentiating. If strain 
is given as a function of x, then by integrating we can obtain the deformation between two points — that is, the relative dis- 
placement of two points. If we know the displacement of one of the points, then we can find the displacement of the other 
point. Alternatively stated, the integration of Equation (2.13) generates a constant of integration. To determine it, we need to 
know the displacement at a point on the line. 

EXAMPLE 2.10 

Calculations using the finite-element method (see Section 4.8) show that the displacement in a quadratic axial element is given by 

u(x) = 125.0(x 2 -3x + 8)10" 6 cm, 0<x<2cm 

Determine the normal strain s vv at x = 1 cm. 



PLAN 

We can find the strain by using Equation at any x and obtain the final result by substituting the value of x = 1. 

SOLUTION 

Differentiating the given displacement, we obtain the strain as shown in Equation (El). 



£ x*(* =1 ) 



du 
dx 



125.0(2jc-3)10 



\x= 1 



-125(10 ) 



ANS. 



(El) 



EXAMPLE 2.11 

Figure 2.25 shows a bar that has axial strain s x 
extension of the bar in terms of K and L. 



K(L-x) due to its own weight. K is a constant for a given material. Find the total 



Figure 2.25 Bar in Example 2.11. 







I 

X 


A 


1 






B 



PLAN 

The elongation of the bar corresponds to the displacement of point B. We start with Equation (2.13) and integrate to obtain the relative 
displacement of point B with respect to A. Knowing that the displacement at point A is zero, we obtain the displacement of point B. 
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SOLUTION 

We substitute the given strain in Equation (2.13): 



dx 
Integrating Equation (El) from point A to point B we obtain 



e xz =T- = K{L-x) (El) 



x„=L , / 



du = K(L-x)dx or u D -u A = K\ Lx- 



5 *M "V— 2 



„=0 
Since points is fixed, the displacement u A = and we obtain the displacement of point B, 



COMMENTS 



L 

= k{l 1 - L -\ (E2) 



2 



ANS. w 5 = (KL 2 )/2 



1. From strains we obtain deformation, that is relative displacement u B -u A . To get the absolute displacement we choose a point on the 
body that did not move. 

2 

2. We could integrate Equation (El) to obtain u(x) =K(Lx-x /2) + Cj . Using the condition that the displacement u at x = is zero, 
we obtain the integration constant C x = 0. We could then substitute x = L to obtain the displacement of point 5. The integration con- 
stant C Y represents rigid-body translation, which we eliminate by fixing the bar to the wall. 



Consolidate your knowledge 

1. Explain in your own words deformation, strain, and their relationship without using equations. 



QUICK TEST 1.1 Time: 15 minutes/Total: 20 points 



Grade yourself using the answers in Appendix E. Each problem is worth 2 points. 

1. What is the difference between displacement and deformation? 

2. What is the difference between Lagrangian and Eulerian strains? 

3. In decimal form, what is the value of normal strain that is equal to 0.3%? 

4. In decimal form, what is the value of normal strain that is equal to 2000 fit 

5. Does the right angle increase or decrease with positive shear strains? 

6. If the left end of a rod moves more than the right end in the negative x direction, will the normal strain be neg 
ative or positive? Justify your answer. 

7. Can a 5% change in length be considered to be small normal strain? Justify your answer. 

8. How many nonzero strain components are there in three dimensions? 

9. How many nonzero strain components are there in plane strain? 

10. How many independent strain components are there in plane strain? 
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PROBLEM SET 2.2 



Strain components 



2.67 A rectangle deforms into the colored shape shown in Figure P2.67. Determine s xx , a ■ and y at point A. 



0.0042 in 



Figure P2.67 




1.4 in 



0.0042 in 



0.0036 in 



2.68 A rectangle deforms into the colored shape shown in Figure P2.68. Determine s xx , a ■ and y at point A. 



iy 



0.30 mm I 



T 



Figure P2.68 



h 



0.45 mm 



250 mm 



H- 



1 0.65 mm 



0.032 mm 



2.69 A rectangle deforms into the colored shape shown in Figure P2.69. Determine s xx , s yy , and y xy at point A. 



.0.033 mm 



0.006 mm: 



Figure P2.69 




0.024 mm 

T 

<h0.009 mm 



2.70 Displacements u and v in x and y directions, respectively, were measured by the Moire interferometry method at many points on a body. 
The displacements of four points shown in Figure P2.70 are as give below. Determine the average values of the strain components s xx , e yy , and 
y at point A. 



Figure P2.70 




u A = 0.500|umm 
u B = 1.125(j,mm 
u c = 
u D = 0.750|umm 



-1.000 |umm 
-1.3125 (imm 
-1.5625 (imm 
-2.125|umm 



0.0005 mm 



2.71 Displacements u and v in x and y directions, respectively, were measured by the Moire interferometry method at many points on a body. 
The displacements of four points shown in Figure P2.70 are as given below. Determine the average values of the strain components s xx , s yy , and 
y at point A. 



u A = 0.625 (imm 
u B = 1.500|imm 
u c = 0.250|umm 
u D = 1.250(j,mm 



-0.3125 (imm 
-0.5000|umm 
-1.125|imm 
-1.5625 (imm 
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2.72 Displacements u and v in x and y directions, respectively, were measured by the Moire interferometry method at many points on a body. 
The displacements of four points shown in Figure P2.70 are as given below. Determine the average values of the strain components £ xx , £ yy , and 
y at point A. 



u A = -0.500|umm 
u B = 0.250|umm 
u c = -1.250|umm 
u D = -0.375 |umm 



-0.5625 |umm 
-1.125|umm 
-1.250|umm 
-2.0625 |umm 



2.73 Displacements u and v in x and y directions, respectively, were measured by the Moire interferometry method at many points on a body. 
The displacements of four points shown in Figure P2.70 are as given below. Determine the average values of the strain components £ xx , £ yy , and 
Yxy at point A. 



u A = 0.250|umm 
u B = 1.250|umm 
u c = -0.375 |umm 
u D = 0.750|umm 



v A = -1.125|umm 
v B = -1.5625 |Limm 
v c = -2.0625 |umm 
Vp = -2.7500|umm 



Strain at a point 

2.74 In a tapered circular bar that is hanging vertically, the axial displacement due to its weight was found to be 

u(x) 



2 933 12A -3 
-19.44 + 1.44* -0.01* _±±Li£ ho in. 



72-x 



Determine the axial strain s vv at x = 24 in. 



2.75 In a tapered rectangular bar that is hanging vertically, the axial displacement due to its weight was found to be 



u(x) = [7.5(10 6 )x 2 -25(10 6 )x-0.151n(l-0.004x)] mm 



Determine the axial strain s vv atx = 100 mm. 



2.76 The axial displacement in the quadratic one-dimensional finite element shown in Figure P2.76 is given below. Determine the strain at 
node 2. 

Node 1 Node 2 Node 3 



<C 



H> 



Figure P2.76 



Xi = x 2 = a 
>-x 



Xo = 2a 



u \ u 2 u 3 
u(x) = — -(x-a)(x-2a) - — (x)(x-2a)-\ -(x)(x-a) 

2a a 2a 



2.77 The strain in the tapered bar due to the applied load in Figure P2.77 was found to be s xx = 0.2/(40 - xf. Determine the extension of the 
bar. 



Figure P2.77 




2.78 The axial strain in a bar of length L was found to be 



KL 



0<x<L 



xx (4L - 3jc) 
where K is a constant for a given material, loading, and cross-sectional dimension. Determine the total extension in terms of K and L. 
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2.79 The axial strain in a bar of length L due to its own weight was found to be 

s^ = K 4L-2x- 



SL J 



0<x<L, 



(4L - 2x) 
where K is a constant for a given material and cross-sectional dimension. Determine the total extension in terms of K and L. 



2.80 A bar has a tapered and a uniform section securely fastened, as shown in Figure P2.80. Determine the total extension of the bar if the 
axial strain in each section is 



Figure P2.80 




1500x10 

£ — TT^Tr M 



0<x<750 mm 



1875 -x 
s= 1500//, 750 mm <x< 1250 mm 



Stretch yourself 

2.81 N axial bars are securely fastened together. Determine the total extension of the composite bar shown in Figure P2.81 if the strain in the 
z th section is as given. 



Figure P2.81 



X 


1 II 


I ( N-l 


N " 


~* 


*i-i H 

— x i 


H 





x fl <X< X • 



2.82 True strain £ T is calculated from de T = du/(L Q + u) , where u is the deformation at any given instant and L is the original unde- 
formed length. Thus the increment in true strain is the ratio of change in length at any instant to the length at that given instant. If s represents 
engineering strain, show that at any instant the relationship between true strain and engineering strain is given by the following equation: 

s T = ln(l + f) (2.14) 



2.83 The displacements in a body are given by 



u = [0.5(x 2 -/) + 0.5xj](10 3 ) mm 



[0.25(x 2 -/)-xy](10 3 ) mm 



Determine strains £ xx , £ yr and y at x = 5 mm and^ = 7 mm. 

2.84 A metal strip is to be pulled and bent to conform to a rigid surface such that the length of the strip OA fits the arc OB of the surface 

3/2 

shown in Figure P2. 84. The equation of the surface is f(x) = 0.04x " in. and the length OA = 9 in. Determine the average normal strain in 
the metal strip. 



Figure P2.84 




2.85 A metal strip is to be pulled and bent to conform to a rigid surface such that the length of the strip OA fits the arc OB of the surface 



shown in Figure P2.84. The equation of the surface is f(x) = 625x 
strain in the metal strip. 



3/2 



|umm and the length OA = 200 mm. Determine the average normal 



Computer problems 

2.86 A metal strip is to be pulled and bent to conform to a rigid surface such that the length of the strip OA fits the arc OB of the surface 



shown in Figure P2.84. The equation of the surface is f(x) 
mal strain in the metal strip. Use numerical integration. 



3/2 



(0.04x - 0.005x) in. and the length OA = 9 in. Determine the average nor- 



2.87 Measurements made along the path of the stretch cord that is stretched over the canoe in Problem 2.4 (Figure P2.87) are shown in 
Table P2.87. The y coordinate was measured to the closest — in. Between points A and B the cord path can be approximated by a straight 
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line. Determine the average strain in the stretch cord if its original length it is 40 in. Use a spread sheet and approximate each 2-in. x interval 
by a straight line. 

TABLE P2. 87 



Figure P2.87 
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2.7* CONCEPT CONNECTOR 



Like stress there are several definitions of strains. But unlike stress which evolved from intuitive understanding of 
strength to a mathematical definition, the development of concept of strain was mostly mathematical as described briefly in 
Section 2.7.1. 

Displacements at different points on a solid body can be measured or analyzed by a variety of methods. One modern 
experimental technique is Moire Fringe Method discussed briefly in Section 2.7.2. 



2.7.1 History: The Concept of Strain 



Normal strain, as a ratio of deformation over length, appears in experiments conducted as far back as the thirteenth century. Tho- 
mas Young (1773-1829) was the first to consider shear as an elastic strain, which he called detrusion. Augustin Cauchy (1789— 
1857), who introduced the concept of stress we use in this book (see Section 1.6.1), also introduced the mathematical definition 
of engineering strain given by Equations (2.12a) through (2.12f). The nonlinear Lagrangian strain written in tensor form was 
introduced by the English mathematician and physicist George Green (1793-1841) and is today called Green's strain tensor. The 
nonlinear Eulerian strain tensor, introduced in 1911 by E. Almansi, is also called Almansi's strain tensor. Green's and Almansi's 
strain tensors are often referred to as strain tensors in Lagrangian and Eulerian coordinates, respectively. 

2.7.2 Moire Fringe Method 



Moire fringe method is an experimental technique of measuring displacements that uses light interference produced by two equally 
spaced gratings. Figure 2.26 shows equally spaced parallel bars in two gratings. The spacing between the bars is called the pitch. 
Suppose initially the bars in the grating on the right overlap the spacings of the left. An observer on the right will be in a dark region, 
since no light ray can pass through both gratings. Now suppose that left grating moves, with a displacement less than the spacing 
between the bars. We will then have space between each pair of bars, resulting in regions of dark and light. These lines of light and 
dark lines are called fringes. When the left grating has moved through one pitch, the observer will once more be in the dark. By 
counting the number of times the regions of light and dark (i.e., the number of fringes passing this point) and multiplying by the 
pitch, we can obtain the displacement. 

Note that any motion of the left grating parallel to the direction of the bars will not change light intensity. Hence displace- 
ments calculated from Moire fringes are always perpendicular to the lines in the grating. We will need a grid of perpendicular lines 
to find the two components of displacements in a two-dimensional problem. 
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The left grating may be cemented, etched, printed, photographed, stamped, or scribed onto a specimen. Clearly, the order 
of displacement that can be measured depends on the number of lines in each grating. The right grating is referred to as the 
reference grating. 



Displacement = (pitch) (number of fringes) 




Light rays 




Observer 



Reference grating 



Figure 2.26 Destructive light interference by two equally spaced gratings. 



Figure 2.26 illustrates light interference produced mechanical and is called geometric Moire method. This method is used 
for displacement measurements in the range of 1 mm to as small as 10 jum, which corresponds to a grid of 1 to 100 lines per 
millimeter. In U.S. customary units the range is from 0.1 in. to as small as 0.001 in., corresponding to grids having from 10 to 
1000 lines per inch. 



k Amplitude 



Resulting light wave 



/ Light wave 2 




► Time 



Figure 2.27 Superposition of two light waves. 

Light interference can also be produced optically and techniques based on optical light interference are termed optical 
interferometry. Consider two light rays of the same frequency arriving at a point, as shown in Figure 2.27. The amplitude of 
the resulting light wave is the sum of the two amplitudes. If the crest of one light wave falls on the trough of another light 
wave, then the resulting amplitude will be zero, and we will have darkness at that point. If the crests of two waves arrive at the 
same time, then we will have light brighter than either of the two waves alone. This addition and subtraction, called construc- 
tive and destructive interference, is used in interferometry for measurements in a variety of ways. 

In Moire interferometry, for example, a reference grid may be created by the reflection of light from a grid fixed to the 
specimen, using two identical light sources. As the grid on the specimen moves, the reflective light and the incident light 
interfere constructively and destructively to produce Moire fringes. Displacements as small as 10 5 in., corresponding to 
100,000 lines per inch, can be measured. In the metric system, the order of displacements is 25 x 10 5 mm, which corresponds 
to 4000 lines per millimeter. 
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In an experiment to study mechanically fastened composites, load was applied on one end of the joint and equilibrated by 
applying a load on the lower hole, as shown in Figure 2.28a. Moire fringes parallel to the applied load on the top plate are 
shown in Figure 2.28Z?. 








(b) 



Figure 2.28 Deformation of a grid obtained from optical Moire interferometry. 

2.8 CHAPTER CONNECTOR 



In this chapter we saw that the relation between displacement and strains is derived by studying the geometry of the deformed 
body. However, whenever we approximate a deformed body, we make assumptions regarding the displacements of points on the 
body. The simplest approach is to assume that each component of displacement is either a constant in the direction of coordinate 
axis, or else a linear function of the coordinate. From the displacements we can then obtain the strains. 

The strain-displacement relation is independent of material properties. In the next chapter we shall introduce material 
properties and the relationship between stresses and strains. Thus, from displacements we first deduce the strains. From these 
we will deduce stress variations, from which we can find the internal forces. Finally, we relate the internal forces to external 
forces, as we did in Chapter 1. We shall see the complete logic in Chapter 3. 

We will study strains again in Chapter 9, on strain transformation which relates strains in different coordinate systems. 
This is important as both experimental measurements and strains analyses are usually performed in a coordinate system cho- 
sen to simplify calculations. Developing a discipline of drawing deformed shapes has the same importance as drawing a free- 
body diagrams for calculating forces. These drawing provide an intuitive understanding of deformation and strain, as well as 
reduce mistakes in calculations. 
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POINTS AND FORMULAS TO REMEMBER 

• The total movement of a point with respect to a fixed reference coordinate is called displacement. 

• The relative movement of a point with respect to another point on the body is called deformation. 

• The displacement of a point is the sum of rigid body motion and motion due to deformation. 

Lagrangian strain is computed from deformation by using the original undeformed geometry as the reference geometry. 

• Eulerian strain is computed from deformation by using the final deformed geometry as the reference geometry. 

s = ^—^ (2.1) 8 = j- (2.2) 8 = U -^— — (2.3) 

L L X B~ X A 

where 8 is the average normal strain, L is the original length of a line, L f is the final length of a line, S is the deformation 
of the line, and u A and u B are displacements of points x A and x B , respectively. 

• Elongations result in positive normal strains. Contractions result in negative normal strains. 
y = n/2-a (2.4) 

where a is the final angle measured in radians and n/2 is the original right angle. 

Decreases in angle result in positive shear strain. Increases in angle result in negative shear strain. 

Small-strain approximation may be used for strains less than 0.01. 

Small-strain calculations result in linear deformation analysis. 

Small normal strains are calculated by using the deformation component in the original direction of the line element, 

regardless of the orientation of the deformed line element. 

In small shear strain (y) calculations the following approximation may be used for the trigonometric functions: 

tan y « y sin y « y cos y « 1 

In small strain, 

S=D £P -i AP (2.7) 

where D AP is the deformation vector of the bar AP and i^p is the unit vector in the original direction of the bar AP. 

The same reference point must be used in the calculations of the deformation vector and the unit vector. 
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where u, v, and w are the displacements of a point in the x, y, and z directions, respectively. 

Shear strain is symmetric. 

In three dimensions there are nine strain components but only six are independent. 

In two dimensions there are four strain components but only three are independent. 

If u is only a function of x, 



_ du{x) 
dx 



* xx =-^ (2-13) 



August 2012 



M. Vable 



Mechanics of Materials: Mechanical Properties of Materials 



83 



CHAPTER THREE 

MECHANICAL PROPERTIES 
OF MATERIALS 



Learning objectives 

1. Understand the qualitative and quantitative descriptions of mechanical properties of materials. 

2. Learn the logic of relating deformation to external forces. 



The ordinary wire and rubber stretch cord in Figure 3.1 have the same undeformed length and are subjected to the same loads. 
Yet the rubber deforms significantly more, which is why we use rubber cords to tie luggage on top of a car. As the example 
shows, before we can relate deformation to applied forces, we must first describe the mechanical properties of materials. 



? 



»-0 



Figure 3.1 Material impact on deformation. 



In engineering, adjectives such as elastic, ductile, or tough have very specific meanings. These terms will be our qualita- 
tive description of materials. Our quantitative descriptions will be the equations relating stresses and strains. Together, these 
description form the material model (Figure 3.2). The parameters in the material models are determined by the least-square 
method (see Appendix B.3) to fit the best curve through experimental observations. In this chapter, we develop a simple 
model and learn the logic relating deformation to forces. In later chapters, we shall apply this logic to axial members, shafts, 
and beams and obtain formulas for stresses and deformations. 



Figure 3.2 Relationship of stresses and strains. 




Strains 



Material models /^ ^\\ 
►( Stresses j\ 



3.1 MATERIALS CHARACTERIZATION 



The American Society for Testing and Materials (ASTM) specifies test procedures for determining the various properties of a 
material. These descriptions are guidelines used by experimentalists to obtain reproducible results for material properties. In 
this section, we study the tension and compression tests, which allow us to determine many parameters relating stresses and 
strains. 



August 2012 



M. Vable 



Mechanics of Materials: Mechanical Properties of Materials 



84 



3.1.1 Tension Test 



In the tension test, standard specimen are placed in a tension-test machine, where they are gripped at each end and pulled in 
the axial direction. Figure 3.3 shows two types of standard geometry: a specimen with a rectangular cross-section and speci- 
men with a circular cross-section. 








T Tl 






L \ J : 









i 



T 



L+S 



_V_ 



Figure 3.3 Tension test machine and specimen. (Courtesy Professor I. Miskioglu.) 



* 



A o nd 2 o /4 



Two marks are made in the central region, separated by the gage length L . The deformation S is movement of the two 
marks. For metals, such as aluminum or steel, ASTM recommends a gage length L = 2 in. and diameter d = 0.5 in. The nor- 
mal strain ^is the deformation £ divided by L . 



in 

13 



o 



Offset strain 




Rupture 



Figure 3.4 Stress-strain curve. 

The tightness of the grip, the symmetry of the grip, friction, and other local effects are assumed and are observed to die 
out rapidly with the increase in distance from the ends. This dissipation of local effects is further facilitated by the gradual 
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change in the cross-section. The specimen is designed so that its central region is in a uniform state of axial stress. The normal 
stress is calculated by dividing the applied force P by the area of cross section A , which can be found from the specimen's 
width or diameter. 

The tension test may be conducted by controlling the force P and measuring the corresponding deformation S. Alterna- 
tively, we may control the deformation Shy the movement of the grips and measuring the corresponding force P. The values 
of force P and deformation £are recorded, from which normal stress a and normal strain ^are calculated. Figure 3.4 shows a 
typical stress-strain (cr-s) curve for metal. 

As the force is applied, initially a straight line (OA) is obtained. The end of this linear region is called the proportional 
limit. For some metals, the stress may then decrease slightly (the region AB), before increasing once again. The largest stress 
(point D on the curve) is called the ultimate stress. In a force-controlled experiment, the specimen will suddenly break at the 
ultimate stress. In a displacement-controlled experiment we will see a decrease in stress (region DE). The stress at breaking 
point E is called fracture or rupture stress. 

Elastic and plastic regions 

If we load the specimen up to any point along line OA — or even a bit beyond — and then start unloading, we find that we 
retrace the stress-strain curve and return to point O. In this elastic region, the material regains its original shape when the 
applied force is removed. 

If we start unloading only after reaching point C, however, then we will come down the straight line FC, which will be 
parallel to line OA. At point F, the stress is zero, but the strain is nonzero. C thus lies in the plastic region of the stress-strain 
curve, in which the material is deformed permanently, and the permanent strain at point F is the plastic strain. The region in 
which the material deforms permanently is called plastic region. The total strain at point C is sum the plastic strain (OF) and 
an additional elastic strain (FG) 

The point demarcating the elastic from the plastic region is called the yield point. The stress at yield point is called the 
yield stress. In practice, the yield point may lie anywhere in the region AB, although for most metals it is close to the propor- 
tional limit. For many materials it may not even be clearly defined. For such materials, we mark a prescribed value of offset strain 
recommended by ASTM to get point H in Figure 3.4. Starting from H we draw a line (HI) parallel to the linear part (OA) of 
the stress-strain curve. Offset yield stress would correspond to a plastic strain at point /. Usually the offset strain is given as a 
percentage. A strain of 0.2% equals s= 0.002 (as described in Chapter 2). 

It should be emphasized that elastic and linear are two distinct material descriptions. Figure 3.5a shows the stress-strain 
curve for a soft rubber that can stretch several times its original length and still return to its original geometry. Soft rubber is 
thus elastic but nonlinear material. 





(a) (b) 

Figure 3.5 Examples of nonlinear and brittle materials, (a) Soft rubber, (b) Glass. 

Ductile and brittle materials 

Ductile materials, such as aluminum and copper, can undergo large plastic deformations before fracture. (Soft rubber can 
undergo large deformations but it is not a ductile material.) Glass, on the other hand, is brittle: it exhibits little or no plastic 
deformation as shown in Figure 3.5b. A material's ductility is usually described as percent elongation before rupture. The 
elongation values of 17% for aluminum and 35% for copper before rupture reflect the large plastic strains these materials 
undergo before rupture, although they show small elastic deformation as well. 

Recognizing ductile and brittle material is important in design, in order to characterize failure as we shall see in Chapters 
8 and 10. A ductile material usually yields when the maximum shear stress exceeds the yield shear stress. A brittle material 
usually ruptures when the maximum tensile normal stress exceeds the ultimate tensile stress. 
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Hard and soft materials 

A material hardness is its resistance to scratches and indentation (not its strength). In Rockwell test, the most common hard- 
ness test, a hard indenter of standard shape is pressed into the material using a specified load. The depth of indentation is mea- 
sured and assigned a numerical scale for comparing hardness of different materials. 

A soft material can be made harder by gradually increasing its yield point by strain hardening. As we have seen, at point 
C in Figure 3.4 the material has a permanent deformation even after unloading. If the material now is reloaded, point C 
becomes the new yield point, as additional plastic strain will be observed only after stress exceeds this point. Strain hardening 
is used, for example, to make aluminum pots and pans more durable. In the manufacturing process, known as deep drawing, 
the aluminum undergoes large plastic deformation. Of course, as the yield point increases, the remaining plastic deformation 
before fracture decreases, so the material becomes more brittle. 

True stress and true strain 

We noted that stress decreases with increasing strain between the ultimate stress and rupture (region DE in Figure 3.4). How- 
ever, this decrease is seen only if we plot Cauchy's stress versus engineering strain. (Recall that Cauchy's stress is the load P 
divided by the original undeformed cross-sectional area.) An alternative is to plot true stress versus true strain, calculated 
using the actual, deformed cross-section and length (Section 1.6 and Problem 2.82). In such a plot, the stress in region DE 
continues to increase with increasing strain and just as in region BD. 

Past ultimate stress a specimen also undergoes a sudden decease in cross-sectional area called necking. Figure 3.6 shows 
necking in a broken specimen from a tension test. 

■ 



Figure 3.6 Specimen showing necking. (Courtesy Professor J. B. Ligon.) 

3.1.2 Material Constants 




Hooke's law give the relationship between normal stress and normal strain for the linear region: 



(j = Es 



Figure 3.7 Different material moduli. 



(3.1) 




E = Modulus of elasticity 
E t = Tangent modulus at B 
E? = Secant modulus at B 



Normal strain e 



where E is called modulus of elasticity or Young's modulus. It represents the slope of the straight line in a stress-strain curve, 
as shown in Figure 3.7. Table 3.1 shows the moduli of elasticity of some typical engineering materials, with wood as a basis of 
comparison. 

In the nonlinear regions, the stress-strain curve is approximated by a variety of equations as described in Section 3.11. The 
choice of approximation depends on the need of the analysis being performed. The two constants that are often used are 
shown in Figure 3.7. The slope of the tangent drawn to the stress-strain curve at a given stress value is called the tangent 
modulus. The slope of the line that joins the origin to the point on the stress-strain curve at a given stress value is called the 
secant modulus. 
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TABLE 3.1 Comparison of moduli of elasticity for typical materials 



Material 


Modulus of Elasticity 
(10 3 ksi) 


Modulus Relative 
to Wood 


Rubber 


0.12 


0.06 


Nylon 


0.60 


0.30 


Adhesives 


1.10 


0.55 


Soil 


1.00 


0.50 


Bones 


1.86 


0.93 


Wood 


2.00 


1.00 


Concrete 


4.60 


2.30 


Granite 


8.70 


4.40 


Glass 


10.00 


5.00 


Aluminum 


10.00 


5.00 


Steel 


30.00 


15.00 



Figure 3.8 shows that the elongation of a cylindrical specimen in the longitudinal direction (direction of load) causes 
contraction in the lateral (perpendicular to load) direction and vice versa. The ratio of the two normal strains is a material con- 
stant called the Poisson's ratio, designated by the Greek letter v(nu): 



v = - 


^lateral 


V ^longitudinal/ 



(3.2) 



Poisson's ratio is a dimensionless quantity that has a value between and \ for most materials, although some composite 



materials can have negative values for v . The theoretical range for Poisson's ration is -1 < v< ]- . 

Longitudinal elongation 
Lateral contraction 




Longitudinal contraction 
Lateral elongation 




Figure 3.8 Poisson effect. 

To establish the relationship between shear stress and shear strain, a torsion test is conducted using a machine of the type 
shown in Figure 3.9. On a plot of shear stress r versus shear strain y, we obtain a curve similar to that shown in Figure 3.4. In 
the linear region 



Gy 



(3.3) 



where G is the shear modulus of elasticity or modulus of rigidity. 





Figure 3.9 Torsion testing machine. (Courtesy Professor I. Miskioglu.) 
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3.1.3 Compression Test 



We can greatly simplify analysis by assuming material behavior to be the same in tension and compression. This assumption 
of similar tension and compression properties works well for the values of material constants (such as E and v). Hence the 
stress and deformation formulas developed in this book can be applied to members in tension and in compression. However, 
the compressive strength of many brittle materials can be very different from its tensile strength. In ductile materials as well 
the stress reversal from tension to compression in the plastic region can cause failure. 

Figure 3.10a shows the stress-strain diagrams of two brittle materials. Notice the moduli of elasticity (the slopes of the 
lines) is the same in tension and compression. However, the compressive strength of cast iron is four times its tensile strength, 
while concrete can carry compressive stresses up to 5 ksi but has negligible tensile strength. Reinforcing concrete with steel 
bars can help, because the bars carry most of the tensile stresses. 

Figure 3.10Z? shows the stress-strain diagrams for a ductile material such as mild steel. If compression test is conducted 
without unloading, then behavior under tension and compression is nearly identical: modulus of elasticity, yield stress, and 
ultimate stress are much the same. However, if material is loaded past the yield stress (points), up to point i? and then unloaded, 
the stress-strain diagram starts to curve after point C in the compressive region 

Suppose we once more reverse loading direction, but starting at point D, which is at least 2cr yield below point B, and end- 
ing at point F 9 where there is no applied load. The plastic strain is now less than that at point C. In fact, it is conceivable that 
the loading-unloading cycles can return the material to point O with no plastic strain. Does that mean we have the same mate- 
rial as the one we started with? No! The internal structure of the material has been altered significantly. Breaking of the mate- 
rial below the ultimate stress by load cycle reversal in the plastic region is called the Bauschinger effect. Design therefore 
usually precludes cyclic loading into the plastic region. Even in the elastic region, cyclic loading can cause failure due to 
fatigue (see Section 3.10). 
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(a) 
Figure 3.10 Differences in tension and compression, (a) Brittle material, (b) Ductile material. 



(b) 
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EXAMPLE 3.1 

A tension test was conducted on a circular specimen of titanium alloy. The gage length of the specimen was 2 in. and the diameter in the test 
region before loading was 0.5 in. Some of the data from the tension test are given in Table 3.2, where P is the applied load and £ is the corre- 
sponding deformation. Calculate the following quantities: (a) Stress at proportional limit, (b) Ultimate stress, (c) Yield stress at offset strain 
of 0.4%. (d) Modulus of elasticity, (e) Tangent and secant moduli of elasticity at a stress of 136 ksi. (f) Plastic strain at a stress of 136 ksi. 
TABLE 3.2 Tension test data in Example 3.1 TABLE 3.3 Stress and strain in Example 3.1 





P 


5 


# 


cr (ksi) 


£(1(T 3 ) 


# 


(kips) 


(10 3 in.) 




















1 


0.0 


0.0 








1 


0.0 


0.0 


2 


25.5 


1.6 


2 


5.0 


3.2 


3 


76.4 


4.8 


3 


15.0 


9.5 


4 


101.9 


6.4 


4 


20.0 


12.7 


5 


122.2 


7.6 


5 


24.0 


15.3 


6 


124.8 


7.8 


6 


24.5 


15.6 


7 


127.3 


8.0 


7 


25.0 


15.9 


8 


128.3 


8.5 


8 


25.2 


16.9 


9 


129.9 


10.5 


9 


25.4 


19.7 


10 


132.4 


14.3 


10 


26.0 


28.5 


11 


135.0 


18.4 


11 


26.5 


36.9 


12 


137.5 


23.3 


12 


27.0 


46.5 


13 


140.1 


29.1 


13 


27.5 


58.3 


14 


142.6 


37.6 


14 


28.0 


75.2 


15 


143.6 


43.5 


15 


28.2 


87.1 


16 


144.0 


50.0 


16 


28.3 


100.0 


17 


143.6 


56.5 


17 


28.2 
28.0 


112.9 
124.8 


18 


142.6 


62.4 


18 

















PLAN 

We can divide the column of load P by the cross-sectional area to get the values of stress. We can divide the column of deformation Shy the 
gage length of 2 in. to get strain. We can plot the values to obtain the stress-strain curve and calculate the quantities, as described in Section 3.1. 



SOLUTION 

We divide the load column by the cross-sectional area^4 = ;r(0.5 in.) 2 /4 = 0.1964 in. 2 to obtain stress <r, and the deformation column by the 
gage length of 2 in. to obtain strain s, as shown in Table 3.3, which is obtained using a spread sheet. Figure 3.11 shows the corresponding 
stress-strain curve. 
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Figure 3.11 Stress-strain curve for Example 3.1. 
(a) Point A is the proportional limit in Figure 3.11. The stress at point A is: 



0.02 



0.03 0.04 
Strain 



0.05 



0.06 



0.07 



ANS. 



°prop = 128 ksL 



(b) The stress at point B in Figure 3.11 is the ultimate as it is largest stress on the stress-strain curve. 



ANS. 



J ult 



144 ksi. 



(c) The offset strain of 0.004 (or 0.4%) corresponds to point C. We can draw a line parallel to OA from point C, which intersects the 
stress-strain curve at point D. The stress at point D is the offset yield stress 



ANS. 



J yield 



132 ksi. 
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(d) The modulus of elasticity E is the slope of line OA. Using the triangle at point /we can find E, 

„ 96ksi-64ksi irn A, . 
E= 0.006-0.004 =16 ( 1Q ) ksi 



ANS. 



(e) At point F the stress is 136 ksi. We can find the tangent modulus by finding the slope of the tangent at F, 

140ksi-132ksi 



0.026-0.014 



666.67 ksi 



ANS. 



(El) 
E = 16,000 ksi 

(E2) 
E, = 666.7 ksi 



(f) We can use triangle OFG to calculate the slope of OF to obtain secant modulus of elasticity at 136 ksi. 

136 ksi -0 



0.02-0 



6800 ksi (E3) 

ANS. E s = 6800 ksi 

(g) To find the plastic strain at 136 ksi, we draw a line parallel to OA through point F. Following the description in Figure 3.4, OH rep- 
resents the plastic strain. We know that the value of plastic strain will be between 0.01 and 0.012. We can do a more accurate calcu- 
lation by noting that the plastic strain OH is the total strain OG minus the elastic strain HG. We find the elastic strain by dividing the 
stress at F (136 ksi) by the modulus of elasticity E: 

136 ksi 



plastic 



0.02- 



16,000 ksi 



0.0115 (E4) 

ANS. ^ plastlc = 11,500// 



3.1.4* Strain Energy 



In the design of springs and dampers, the energy stored or dissipated is as significant as the stress and deformation. In design- 
ing automobile structures for crash worthiness, for example, we must consider how much kinetic energy is dissipated through 
plastic deformation. Some failure theories too, are based on energy rather than on maximum stress or strain. Minimum-energy 
principles are thus an important alternative to equilibrium equations and can often simplify our calculation. 

The energy stored in a body due to deformation is the strain energy, U, and the strain energy per unit volume is the 
strain energy density, U : 



U = \ U dV 



(3.4) 



where Fis the volume of the body. Geometrically, U is the area underneath the stress-strain curve up to the point of deforma- 
tion. From Figure 3.12, 



Figure 3.12 Energy densities. 



f 8 
C/q = a de 



dU Q = s da - 
daX 




(3.5) 



Uq = Complementary strain energy density 



Uq = Strain energy density 



| — | dU Q = a ds 
ds 
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The strain energy density has the same dimensions as stress since strain is dimensionless, but the units of strain energy density 

3 3 3 3 

are different — N • m/m , J/m , in. • lb/in. , or ft • lb/ft . Figure 3.12 also shows the complementary strain energy density 

Uq, defined as 



U t 







s da 
J 



(3.6) 



The strain energy density at the yield point is called modulus of resilience (Figure 3.13a). This property is a measure of 
the recoverable (elastic) energy per unit volume that can be stored in a material. Since a spring is designed to operate in the 
elastic range, the higher the modulus of resilience, the more energy it can store. 

The strain energy density at rupture is called modulus of toughness. This property is a measure of the energy per unit 
volume that can be absorbed by a material without breaking and is important in resistance to cracks and crack propagation. 
Whereas a strong material has high ultimate stress, a tough material has large area under the stress-strain curve, as seen in 
Figure 3.13 c. It should be noted that strain energy density, complementary strain energy density, modulus of resilience, and 
modulus of toughness all have units of energy per unit volume. 




Rupture 
Stress 




Stronger material 







(b) 






Figure 3.13 Energy-related moduli. 

Linear Strain Energy Density 

Most engineering structures are designed to function without permanent deformation. Thus most of the problems we will 

work with involve linear-elastic material. Normal stress and strain in the linear region are related by Hooke's law. Substitut- 

f & 2 

ing a = Es in Equation (3.5) and integrating, we obtain U^ = Ez dz = Ez /2 , which, again using Hooke's law, can be 


rewritten as 



U = -as 



(3.7) 



Equation (3.7) reflects that the strain energy density is equal to the area of the triangle underneath the stress-strain curve in the 
linear region. Similarly, Equation (3.8) can be written using the shear stress-strain curve: 



TT l 



(3.8) 



Strain energy, and hence strain energy density, is a scalar quantity. We can add the strain energy density due to the individual 
stress and strain components to obtain 



Ur, = ~\a S + <5 £ + <5 £ +TV +TV + T V 1 

1 L xx xx vv vv zz zz xv * xv vz'vz zr'zr J 



2 xx xx yy yy zz zz xy'xy yz'yz zx'zx J 



(3.9) 



EXAMPLE 3.2 

For the titanium alloy in Example 3.1, determine: (a) The modulus of resilience. Use proportional limit as an approximation for yield 
point, (b) Strain energy density at a stress level of 136 ksi. (c) Complementary strain energy density at a stress level of 136 ksi. (d) Mod- 
ulus of toughness. 
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PLAN 

We can identify the proportional limit, the point on curve with stress of 136 ksi and the rupture point and calculate the areas under the 
curve to obtain the quantities of interest. 



SOLUTION 

Figure 3.11 is redrawn as Figure 3.14. 

Points is the proportional limit we can use to approximate the yield point in Figure 3.14. The area of the triangle OAA 1 can be calculated 

as shown in Equation (El) and equated to modulus of resilience. 

128 x 0.008 



AOA, 



0.512 



(El) 



ANS. The modulus of resilience is 0.512 in.-kips/in. : 
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Figure 3.14 Area under curve in Example 3.2. 

Point B in Figure 3.14 is at 136 ksi. The strain energy density at points is the slyqslAOAj plus the slyqslAAjBBj The are&AAjBBj can be 
approximated as the area of a trapezoid and found as 

AA lBBl = (128 + 136)0.012 _ L5M (E2) 

The strain energy density at B (136 ksi) is U B = 0.512 + 1.584 

ANS. U B = 2.1 in. • kips/in. 3 

The complementary strain energy density at B can be found by subtracting U B from the area of the rectangle OB 2 BB 1 . Thus, 
U B = 136x0.02-2.1. 

ANS. U B = 0.62 in. • kips/in. 3 
The rupture stress corresponds to point G on the graph. The area underneath the curve in Figure 3.14 can be calculated by approximating 



the curve as a series of straight lines AB, BC, CD, DF, and FG. 



BBiCCi = (136+140)0.010 _ L3g 

CCiDDi = O^+^O-O'O = 1.41 

DDiFFi = (U2 + U4)0M0 _ lM 

FFiGGi = (144+142)0.012 = j J16 



(E3) 
(E4) 
(E5) 
(E6) 



The total area is the sum of the areas given by Equations (El) through (E6), or 8.032. 

ANS. The modulus of toughness is 8.03 in. -kips/in. 3 . 



COMMENTS 

1. Approximation of the curve by a straight line for the purpose of finding areas is the same as using the trapezoidal rule of integration. 
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2. In Table 3.3, there were many data points between the points shown by letters A through G in Figure 3.14. We can obtain more accu- 
rate results if we approximate the curve between two data points by a straight line. This would become tedious unless we use a spread 
sheet as discussed in Appendix B.l. 



3.2 THE LOGIC OF THE MECHANICS OF MATERIALS 

We now have all the pieces in place for constructing the logic that is used for constructing theories and obtain formulas for the 
simplest one-dimensional structural members, such as in this book, to linear or nonlinear structural members of plates and 
shells seen in graduate courses. In Chapter 1 we studied the two steps of relating stresses to internal forces and relating inter- 
nal forces to external forces. In Chapter 2 we studied the relationship of strains and displacements. Finally, in Section 3.1 we 
studied the relationship of stresses and strains. In this section we integrate all these concepts, to show the logic of structural 
analysis. 

Figure 3.15 shows how we relate displacements to external forces. It is possible to start at any point and move either 
clockwise (shown by the filled arrows — ► ) or counterclockwise (shown by the hollow arrows — O). No one arrow 
directly relates displacement to external forces, because we cannot relate the two without imposing limitations and making 
assumptions regarding the geometry of the body, material behavior, and external loading. 




Figure 3.15 Logic in structural analysis. 

The starting point in the logical progression depends on the information we have or can deduce about a particular vari- 
able. If the material model is simple, then it is possible to deduce the behavior of stresses, as we did in Chapter 1. But as the 
complexity in material models grows, so does the complexity of stress distributions, and deducing stress distribution becomes 
increasingly difficult. Unlike stresses, displacements can be measured directly or observed or deduced from geometric consid- 
erations. Later chapters will develop theories for axial rods, torsion of shafts, and bending of beams by approximating dis- 
placements and relating these displacements to external forces and moments using the logic shown in Figure 3.15. 

Examples 3.3 and 3.4 demonstrate logic of problem solving shown in Figure 3.15. Its modular character permits the addi- 
tion of complexities without changing the logical progression of derivation, as demonstrated by Example 3.5. 
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EXAMPLE 3.3 



A rigid plate is attached to two 10 mm x 10 mm square bars (Figure 3.16). The bars are made of hard rubber with a shear modulus G 
= 1.0 MPa. The rigid plate is constrained to move horizontally due to action of the force F. If the horizontal movement of the plate is 
0.5 mm, determine the force F assuming uniform shear strain in each bar. 



50 mm 



L = 100 mm 



Figure 3.16 Geometry in Example 3.3. 



-10 mm 



PLAN 

We can draw an approximate deformed shape and calculate the shear strain in each bar. Using Hooke's law we can find the shear stress 
in each bar. By multiplying the shear stress by the area we can find the equivalent internal shear force. By drawing the free-body diagram 
of the rigid plate we can relate the internal shear force to the external force F and determine F. 



SOLUTION 

1. Strain calculation: Figure 3.17a shows an approximate deformed shape. Assuming small strain we can find the shear strain in each 
bar: 



0.5 mm 
0.5 mm 



tany CZ) * y CZ) 



50 mm 
(a) 



= 5000 urad 
10,000 urad 



L = 50 mm 



100 mm 



Figure 3.17 (a) Deformed geometry, (b) Free-body diagram. 




(b) 



(El) 
(E2) 



2. Stress calculation: From Hooke's law r = Gy we can find the shear stress in each bar: 

x AB = (10 6 N/m 2 )(5000)(10 -6 ) = 5000 N/m 2 
t cd = (10 6 N/m 2 )(10,000)(10" 6 ) = 10,000 N/m 2 



(E3) 
(E4) 



3. Internal force calculation: The cross-sectional area of the bar is 
we can find the shear force in each bar: 



100 mm =100(10 )m. Assuming uniform shear stress, 



v ab = t ab a = ( 500 ° N/m 2 )(100)(10 6 ) m 2 = 0.5 N 
V CD = x CD A = (10,000 N/m 2 )(100)(10" 6 )m 2 = 1.0 N 



(E5) 

(E6) 

4. External force calculation: We can make imaginary cuts on either side of the rigid plate and draw the free-body diagram as shown in 
Figure 3.17 b. From equilibrium of the rigid plate we can obtain the external force Fas 



Vab+Vcd 



1.5 N 



ANS. F 



(E7) 

1.5 N 
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EXAMPLE 3.4* 

The steel bars (E = 200 GPa) in the truss shown in Figure 3.18 have cross-sectional area of 100 mm 2 . Determine the forces F l and F 2 if 

the displacements u and v of the pins in the x and;; directions, respectively, are as given below. 

\E D 

-0.500 mm v„ = -2.714 mm ~^r 



l c 



-1.000 mm 
1.300 mm 



v c 



-6.428 mm 
-2.714 mm 



Figure 3.18 Pin displacements in Example 3.4. 




PLAN 

We can find strains using small-strain approximation as in Example 2.8. Following the logic in Figure 3.15 we can find stresses and then 
the internal force in each member. We can then draw free-body diagrams of joints C and D to find the forces F x and F 2 . 



SOLUTION 

1. Strain calculations: The strains in the horizontal and vertical members can be found directly from the displacements, 



-0.250(10 ")m/m 



U AB 



°ED 



— = 0.650(10 3 ) m/m 



^ED 



b BC 



°BD 



u c - 


-u B 


L BC 


V Z) 


~ y B 



-0.250(10 3 )m/m 



^BD 



(El) 



For the inclined member AD we first find the relative displacement vector D AD and then take a dot product with the unit vector i^£>, to 
obtain the deformation of AD as 



The length of AD is L A 



T>ad = (u D i +v D ])-(u A i +v A ]) = (1.3 i- 2.714 j) mm 
i AD = cos 45 T + sin45 j = 0.707 i + 0.707 j 
&ad = Vad-Ud = (1.3 mm)(0.707) + (-2.714 mm)(0.707) = -1.000 mm 
n = 2.828 m we obtain the strain in AD as 



(E2) 



(E3) 



°ad -1.000(10 )m nK „ nn -3, , 

Sad = I7 d = 2.828 m = -°- 3535 ( 10 ) m/m 

Similarly for member CD we obtain 

D CD = (u D i + v D j)-(u c i + v c j) = (2.3 i + 3.714j) mm 
i C D = -cos 45 i+ sin 45 j = -0.707i + 0.707J 
8 CD = BcD-icD = (2.3 mm)(-0.707) + (3.714 mm)(0.707) = 1.000 mm 

The length of CD is L CD = 2.828 m and we obtain the strain in CD as 

3 cd __ 1.000(10~ 3 ) m 



°CD 



^CD 



2.828 m 



0.3535(10 )m/m 



2. Stress calculations: From Hooke's law a = Es, we can find stresses in each member: 

g ab = (200 x 10 9 N/m 2 )(-0.250 x 10" 3 ) = 50 MPa (C) 
g bc = (200 x 10 9 N/m 2 )(-0.250 x 10" 3 ) = 50 MPa (C) 
g ed = (200 x 10 9 N/m 2 )(0.650 x 10" 3 ) = 130 MPa(r) 
g bd = (200 x 10 9 N/m 2 )(0.000 x 10" 3 ) = 
g ad = (200 x 10 9 N/m 2 )(-0.3535 x 10" 3 ) = 70.7 MPa (C) 
g cd = (200 x 10 9 N/m 2 )(0.3535 x 10" 3 ) = 70.7 MPa (T) 



(E4) 

(E5) 
(E6) 

(E7) 



(E8) 



3. Internal force calculations: The internal normal force can be found from N = gA, where the cross-sectional area isv4 = 100xl0 6 
m 2 . This yields the following internal forces: 
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N AB = 5 kN (C) 
N ED = 13.0 kN (T) 



N BC = 5 kN (C) 



*bd = <> 



(E9) 



N A 



7.07 kN (C) N CD = 7.07 kN (T) 




45' 



4. External forces: We draw free-body diagrams of pins C andD as shown in Figure 3.19. 

(a) J*cd 



Figure 3.19 Free-body diagram of joint (a) C (b) D. 
By equilibrium of forces in y direction in Figure 3.19a 

N CD 8^45°-^ 



(b) 



N F 



D 



N R 



N A 




45 



*-F 9 



45° 



N R 



By equilibrium of forces in x direction in Figure 3.19Z? 



-N CD sm45°+N AD sin45°-N ED 



ANS. 



ANS. 



N r 



(E10) 

5 kN 

(Ell) 

3 kN 



COMMENTS 

1. Notice the direction of the internal forces. Forces that are pointed into the joint are compressive and the forces pointed away from the 
joint are tensile. 

2. We used force equilibrium in only one direction to determine the external forces. We can use the equilibrium in the other direction to 
check our results. By equilibrium of forces in the x-direction in Figure 3.19a we obtain: 



N; 



BC~ 



N CD cos 45° 



7.07 kN cos 45° = 5 kN 



which checks with the value we calculated. The forces in they direction in Figure 3.\9b must also be in equilibrium. With N BD equal to 
zero we obtain N AD should be equal to N CD which checks with the values calculated. 



EXAMPLE 3.5 

A canoe on top of a car is tied down using rubber stretch cords, as shown in Figure 3.20a. The undeformed length of the stretch cord is 
40 in. The initial diameter of the cord is d= 0.5 in. and the modulus of elasticity of the cord is E- 510 psi. Assume that the path of the 
stretch cord over the canoe can be approximated as shown in Figure 3.20b. Determine the approximate force exerted by the cord on the 
carrier of the car. 



(a) 




(b) 




17 in 



\<y 



36 in. 



^H 



Figure 3.20 Approximation of stretch cord path on top of canoe in Example 3.5. 



PLAN 

We can find the stretched length L^of the cord from geometry. Knowing iy and L = 40 in., we can find the average normal strain in the 
cord from Equation (2.1). Using the modulus of elasticity, we can find the average normal stress in the cord from Hooke's law, given by 
Equation (3.1). Knowing the diameter of the cord, we can find the cross-sectional area of the cord and multiply it by the normal stress to 
obtain the tension in the cord. If we make an imaginary cut in the cord just above A, we see that the tension in the cord is the force 
exerted on the carrier. 



SOLUTION 

1. Strain calculations: We can find the length BC using Figure 3.21a from the Pythagorean theorem: 
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BC = a/(5 in.) 2 + (18 in.) 2 = 18.68 in. 
Noting the symmetry, we can find the total length L* of the stretched cord and the average normal strain: 



L f = 2(AB + BC) = 61.36 in. 



L f~ L o = 61.36 in. -40 in. 



40 in. 



0.5341 in./in. 



(a) 



(El) 

(E2) 
(E3) 



Figure 3.21 Calculations in Example 3.5 of (a) length (b) reaction force 




(b) 






2. Stress calculation: From Hooke's law we can find the stress as 

a = Ez = (510/^0(0.5341) = 2123% psi (E4) 

3. Internal force calculations: We can find the cross-sectional area from the given diameter d - 0.5 in. and multiply it with the stress to 
obtain the internal tension, 



2 2 

A nd 7i (0.5 in.) A irk/ _ . 2 

A = — — = — - — — = 0.1963 in. 

4 4 



(E5) 



T = oA = (0.1963 in. )(272.38 psi) = 53.5 lb (E6) 

4. Reaction force calculation: We can make a cut just above ^4 and draw the free-body diagram as shown in Figure 3.21Z? to calculate the 
force R exerted on the carrier, 

R = T (E7) 

ANS. T = 53.5 lb 



COMMENTS 

1. Unlike in the previous two examples, where relatively accurate solutions would be obtained, in this example we have large strains and 
several other approximations, as elaborated in the next comment. The only thing we can say with some confidence is that the answer 
has the right order of magnitude. 

2. The following approximations were made in this example: 

(a) The path of the cord should have been an inclined straight line between the carrier rail and the point of contact on the canoe, and then 
the path should have been the contour of the canoe. 

(b) The strain along the cord is nonuniform, which we approximated by a uniform average strain. 

(c) The stress-strain curve of the rubber cord is nonlinear. Thus as the strain changes along the length, so does the modulus of elasticity 
E, and we need to account for this variation of E in the calculation of stress. 

(d) The cross-sectional area for rubber will change significantly with strain and must be accounted for in the calculation of the internal 
tension. 

3. Depending on the need of our accuracy, we can include additional complexities to address the error from the preceding approxima- 
tions. 

(a) Suppose we did a better approximation of the path as described in part (2a) but made no other changes. In such a case the only 
change would be in the calculation ofLAn Equation (E2) (see Problem 2.87), but the rest of the equations would remain the same. 

(b) Suppose we make marks on the cord every 2 in. before we stretch it over the canoe. We can then measure the distance between two 
consecutive marks when the cord is stretched. Now we have Zy for each segment and can repeat the calculation for each segment (see 
Problem 3.68). 

(c) Suppose, in addition to the above two changes, we have the stress-strain curve of the stretch cord material. Now we can use the tan- 
gent modulus in Hooke's law for each segment, and hence we can get more accurate stresses in each segment. We can then calculate 
the internal force as before (see Problem 3.69). 

(d) Rubber has a Poisson's ratio of 0.5. Knowing the longitudinal strain from Equation (E3) for each segment, we can compute the trans- 
verse strain in each segment and find the diameter of the cord in the stretched position in each segment. This will give us a more 
accurate area of cross section, and hence a more accurate value of internal tension in the cord (see Problem 3.70). 

4. These comments demonstrate how complexities can be added one at a time to improve the accuracy of a solution. In a similar manner, 
we shall derive theories for axial members, shafts, and beams in Chapters 4 through 6, to which complexities can be added as asked 
of you in "Stretch yourself " problems. Which complexity to include depends on the individual case and our need for accuracy. 



Consolidate your knowledge 

1. In your own words, describe the tension test and the quantities that can be calculated from the experiment. 
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QUICK TEST 3.1 Time: 15 minutes/Total: 20 points 



Grade yourself using the answers given in Appendix E. Each question is worth two points. 

1. What are the typical units of modulus of elasticity and Poisson's ratio in the metric system? 

2. Define offset yield stress. 

3. What is strain hardening? 

4. What is necking? 

5. What is the difference between proportional limit and yield point? 

6. What is the difference between a brittle material and a ductile material? 

7. What is the difference between linear material behavior and elastic material behavior? 

8. What is the difference between strain energy and strain energy density? 

9. What is the difference between modulus of resilience and modulus of toughness? 

10. What is the difference between a strong material and a tough material? 



3.3 FAILURE AND FACTOR OF SAFETY 



There are many types of failures. The breaking of the ship S.S. Schenectady (Chapter 1) was a failure of strength, whereas the 
failure of the O-ring joints in the shuttle Challenger (Chapter 2) was due to excessive deformation. Failure implies that a 
component or a structure does not perform the function for which it was designed. 

A machine component may interfere with other moving parts because of excessive deformation; a chair may feel rickety 
because of poor joint design; a gasket seal leaks because of insufficient deformation of the gasket at some points; lock wash- 
ers may not deform enough to provide the spring force needed to keep bolted joints from becoming loose; a building undergo- 
ing excessive deformation may become aesthetically displeasing. These are examples of failure caused by too little or too 
much deformation. 

The stiffness of a structural element depends on the modulus of elasticity of the material as well as on the geometric prop- 
erties of the member, such as cross-sectional area, area moments of inertia, polar moments of inertia, and the length of the 
components. The use of carpenter's glue in the joints of a chair to prevent a rickety feeling is a simple example of increasing 
joint and structure stiffness by using adhesives. 

Prevention of a component fracture is an obvious design objective based on strength. At other times, our design objective 
may be avoid to making a component too strong. The adhesive bond between the lid and a sauce bottle must break so that the 
bottle may be opened by hand; shear pins must break before critical components get damaged; the steering column of an auto- 
mobile must collapse rather than impale the passenger in a crash. Ultimate normal stress is used for assessing failure due to 
breaking or rupture particularly for brittle materials. 

Permanent deformation rather than rupture is another stress-based failure. Dents or stress lines in the body of an automo- 
bile; locking up of bolts and screws because of permanent deformation of threads; slackening of tension wires holding a struc- 
ture in place — in each of these examples, plastic deformation is the cause of failure. Yield stress is used for assessing failure 
due to plastic deformation, particularly for ductile materials. 

A support in a bridge may fail, but the bridge can still carry traffic. In other words, the failure of a component does not 
imply failure of the entire structure. Thus the strength of a structure, or the deflection of the entire structure, may depend on a 
large number of variables. In such cases loads on the structure are used to characterize failure. Failure loads may be based on 
the stiffness, the strength, or both. 

A margin of safety must be built into any design to account for uncertainties or a lack of knowledge, lack of control over 
the environment, and the simplifying assumptions made to obtain results. The measure of this margin of safety is the factor of 
safety ^ safety defined as 



K failure-producing value 

safety computed (allowable) value 



(3.10) 
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Equation (3.10) implies that the factor of safety must always be greater than 1. The numerator could be the failure deflection, 
failure stress, or failure load and is assumed known. In analysis, the denominator is determined, and from it the factor of 
safety is found. In design, the factor of safety is specified, and the variables affecting the denominator are determined such 
that the denominator value is not exceeded. Thus in design the denominator is often referred to as the allowable value. 

Several issues must be considered in determining the appropriate factor of safety in design. No single issue dictates the 
choice. The value chosen is a compromise among various issues and is arrived at from experience. 

Material or operating costs are the primary reason for using a low factor of safety, whereas liability cost considerations 
push for a greater factor of safety. A large fixed cost could be due to expensive material, or due to large quantity of material 
used to meet a given factor of safety. Greater weight may result in higher fuel costs. In the aerospace industries the operating 
costs supersede material costs. Material costs dominate the furniture industry. The automobile industry seeks a compromise 
between fixed and running costs. Though liability is a consideration in all design, the building industry is most conscious of it 
in determining the factor of safety. 

Lack of control or lack of knowledge of the operating environment also push for higher factors of safety. Uncertainties in 
predicting earthquakes, cyclones, or tornadoes, for examples, require higher safety factors for the design of buildings located 
in regions prone to these natural calamities. A large scatter in material properties, as usually seen with newer materials, is 
another uncertainty pushing for higher factor of safety. 

Human safety considerations not only push the factor of safety higher but often result in government regulations of the 
factors of safety, as in building codes. 

This list of issues affecting the factor of safety is by no means complete, but is an indication of the subjectivity that goes 
into the choice of the factor of safety. The factors of safety that may be recommended for most applications range from 1.1 to 6. 



EXAMPLE 3.6 

In the leaf spring design in Figure 3.22 the formulas for the maximum stress crand deflection 5 given in Equation (3.11) are derived from 
theory of bending of beams (see Example 7.4): 

a = — - 5 = _2££_^ (3.11) 

nbt AEnbt 

where P is the load supported by the spring, L is the length of the spring, n is the number of leaves b is the width of each leaf, t is the 
thickness of each leaf, and E is the modulus of elasticity. A spring has the following data: L = 20in., Z? = 2 in., £ = 0.25 in., and 
E = 30,000 ksi. The failure stress is <r failure =120 ksi, and the failure deflection is <5» failure = 0.5 in. The spring is estimated to carry a max- 
imum force P = 250 lb and is to have a factor of safety of K safet ^ = 4. (a) Determine the minimum number of leaves, (b) For the answer in 
part (a) what is the real factor of safety? 



-L/2 ^ 




Simplified model 
Figure 3.22 Leaf spring in Example 3.6. 



PLAN 

(a) The allowable stress and allowable deflection can be found from Equation (3.10) using the factor of safety of 4. Equation (3.11) can 
be used with two values of n to ensure that the allowable values of stress and deflection are not exceeded. The higher of the two values of 
n is the minimum number of leaves in the spring design, (b) Substituting n in Equation (3.11), we can compute the maximum stress and 
deflection and obtain the two factors of safety from Equation (3.10). The lower value is the real factor of safety. 



SOLUTION 

(a) The allowable values for stress and deflection can be found from Equation (3.10) as: 
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^failure 120 ksi _ t . /Tr1 . 

° allow = k = ~^~ = 3 ° kS1 (E1) 

^safety H 

c. failure 0.5 in. A 10c . /t-o\ 

5 «/W = ^ = ~^- = °' 125 m - ( E2 ) 

^safety * 

Substituting the given values of the variables in the stress formula in Equation (3.11), we obtain the maximum stress, which should be 
less than the allowable stress. From this we can obtain one limitation on n: 

G= 3PL 3(250 lb)(20 in.) = 120(10 3 )psi < 3^ ^ or (£3) 

nbt n(l in.)(0.25 in.) n 

n>4 (E4) 

Substituting the given values in the deflection formula, in Equation (3.11), we obtain the maximum deflection, which should be less than 
the allowable stress we thus obtain one limitation on n: 

s 3PL 3 3(250 lb)(20 in.) 3 L6in.^ A10 _. „. 

5 = = -: — = < 0.125 m. or (E5) 

AEnbt 4(30 x 10 psi)(«)(2 in.)(0.25 in.) n 

rc>12.8 (E6) 

The minimum number of leaves that will satisfy Equations (E4) and (E6) is our answer. 

ANS. n = 13 
(b) Substituting n = 13 in Equations (E3) and (E5) we find the computed values of stress and deflection and the factors of safety from 
Equation (3.10). 

„ = 12 °( lo3 )P si = 9 .23(10 3 ) psi Ku = ^i^i = 12 °( 1()3 )P si = 13 (E7) 

13 P S1 CT comp 9.23(10 ) psi 

^ 1.6 in. A 1000 • Ty r failure 0.5 in. . ~ r mo\ 

5com P = -[3- = 0-1232 ,n K & = -j— = ^^- = 4.06 (E8) 

The factor of safety for the system is governed by the lowest factor of safety, which in our case is given by Equation (E8). 

ANS. K 5 = 4.06 



COMMENTS 

1. This problem demonstrates the difference between the allowable values, which are used in design decisions based on a specified fac- 
tor of safety, and computed values, which are used in analysis for finding the factor of safety. 

2. For purposes of design, formulas are initially obtained based on simplified models, as shown in Figure 3.22. Once the preliminary 
relationship between variables has been established, then complexities are often incorporated by using factors determined experimen- 
tally. Thus the deflection of the spring, accounting for curvature, end support, variation of thickness, and so on is given by 8 = 
K(3PL 3 1 4Enbt 3 ), where K is determined experimentally as function of the complexities not accounted for in the simplified model. 
This comment highlights how the mechanics of materials provides a guide to developing formulas for complex realities. 



PROBLEM SET 3.1 



Stress-strain curves 



3.1 -3.5 A tensile test specimen having a diameter of 10 mm and a gage length of 50 mm was tested to fracture. The stress-strain curve from the 
tension test is shown in Figure P3.3. The lower plot is the expanded region OAB and associated with the strain values given on the lower scale. 
Solve Problems 3.1 through 3.5. 

3.1 Determine (a) the ultimate stress; (b) the fracture stress; (c) the modulus of elasticity; (d) the proportional limit; (e) the offset yield 
stress at 0.2%; (f) the tangent modulus at stress level of 420 MPa; (g) the secant modulus at stress level of 420 MPa. 



3.2 Determine the axial force acting on the specimen when it is extended by (a) 0.2 mm; (b) 4.0 mm. 



3.3 Determine the extension of the specimen when the axial force on the specimen is 33 kN. 
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Figure P3.3 
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3.4 Determine the total strain, the elastic strain, and the plastic strain when the axial force on the specimen is 33 kN. 



3.5 After the axial load was removed, the specimen was observed to have a length of 54 mm. What was the maximum axial load applied 
to the specimen? 



3. 6 — 3.10 A tensile test specimen having a diameter of - in. and a gage length of 2 in. was tested to fracture. The stress-strain curve from the tension 
test is shown in Figure P3.6. The lower plot is the expanded region OAB and associated with the strain values given on the lower scale. Solve Prob- 
lems 3.6 through 3.10 using this graph. 



3.6 Determine (a) the ultimate stress; (b) the fracture stress; (c) the modulus of elasticity; (d) the proportional limit. (e)the offset yield 
stress at 0.1%; (f) the tangent modulus at the stress level of 72 kips; (g) the secant modulus at the stress level of 72 kips. 



Figure P3.6 



80 






























U 


ppe 


r sc 


lie 






,-s 60 






















B 




















en 

M 


L 








B 


g 40 


A 




A 




































20 


\, 








































O 























0.00 0.04 0.08 0.12 0.16 0.20 

0.00 0.002 0.004 0.006 0.008 0.010 

Strain (in/in) 



3.7 Determine the axial force acting on the specimen when it is extended by (a) 0.006 in.; (b) 0.120 in. 



3.8 Determine the extension of the specimen when the axial force on the specimen is 20 kips. 



3.9 Determine the total strain, the elastic strain, and the plastic strain when the axial force on the specimen is 20 kips. 



3.10 After the axial load was removed, the specimen was observed to have a length of 2.12 in. What was the maximum axial load applied 
to the specimen? 



3.11 A typical stress-strain graph for cortical bone is shown in Figure P3.ll. Determine (a) the modulus of elasticity; (b) the proportional 
limit; (c) the yield stress at 0.15% offset; (d) the secant modulus at stress level of 130 MPa; (d) the tangent modulus at stress level of 
130 MPa; (e) the permanent strain at stress level of 130MPa. (f) If the shear modulus of the bone is 6.6 GPa, determine Poisson's ratio 
assuming the bone is isotropic, (g) Assuming the bone specimen was 200 mm long and had a material cross-sectional area of 250 mm 2 , what 
is the elongation of the bone when a 20-kN force is applied? 
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Figure P3.ll 
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3.12 A 12 mm x 12 mm square metal alloy having a gage length of 50 mm was tested in tension. The results are given in Table P3.12. 
Draw the stress-strain curve and calculate the following quantities, (a) the modulus of elasticity, (b) the proportional limit, (c) the yield 
stress at 0.2% offset, (d) the tangent modulus at a stress level of 1400 MPa. (e) the secant modulus at a stress level of 1400 MPa. (f) the plas- 
tic strain at a stress level of 1400 MPa. (Use of a spreadsheet is recommended.) 

TABLE P3.12 



Load (kN) 



0.00 
17.32 
60.62 
112.58 
147.22 
161.18 
168.27 
176.03 
182.80 
190.75 
193.29 



Change in Length (mm) Load (kN) 



0.00 
0.02 
0.07 
0.13 
0.17 
0.53 
1.10 
1.96 
2.79 
4.00 
4.71 



200.01 

204.65 
209.99 
212.06 
212.17 
208.64 
204.99 
199.34 
192.15 
185.46 
Break 



Change in Length (mm) 



5.80 


7.15 


8.88 


9.99 


11.01 


11.63 


12.03 


12.31 


12.47 


12.63 



3.13 A mild steel specimen of 0.5 in. diameter and a gage length of 2 in. was tested in tension. The test results are reported Table P3.13. 
Draw the stress-strain curve and calculate the following quantities: (a) the modulus of elasticity; (b) the proportional limit; (c) the yield 
stress at 0.05% offset; (d) the tangent modulus at a stress level of 50 ksi; (e) the secant modulus at a stress level of 50 ksi; (f) the plastic 
strain at a stress level of 50 ksi. (Use of a spreadsheet is recommended.) 

TABLE P3.13 



Load (10 3 lb) Change in Length (10 3 in.) Load (10 3 lb) Change in Length (10 3 in.) 



0.00 
3.11 

7.24 
7.50 
7.70 
7.90 
8.16 
8.46 
8.82 
9.32 
9.86 
10.40 
10.82 



0.00 

1.28 
2.96 
3.06 

8.76 
19.05 

28.70 
37.73 
47.18 
59.06 
70.85 
84.23 
97.85 



11.18 

11.72 
11.99 
12.27 
12.41 
12.55 
12.70 
12.77 
12.84 
12.04 
11.44 
10.71 
9.96 
Break 



112.10 

140.40 
161.21 
192.65 
214.22 
245.93 
283.47 
316.36 
363.10 
385.34 
396.03 
406.42 
414.72 
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3.14 A rigid bar AB of negligible weight is supported by cable of diameter 1/4 in, as shown in Figure P3.14. The cable is made from a 
material that has a stress- strain curve shown in Figure P3.6. (a) Determine the extension of the cable when P = 2 kips, (b) What is the per- 
manent deformation in BC when the load P is removed? 



Figure P3.14 




3.15 A rigid bar AB of negligible weight is supported by cable of diameter 1/4 in., as shown in Figure P3.14. The cable is made from a 
material that has a stress-strain curve shown in Figure P3.6. (a) Determine the extension of the cable when P =4.25 kips, (b) What is the per- 
manent deformation in the cable when the load P is removed? 



Material constants 

3.16 A rectangular bar has a cross-sectional area of 2 in. and an undeformed length of 5 in., as shown in Figure 3.18. When a load P = 
50,000 lb is applied, the bar deforms to a position shown by the colored shape. Determine the modulus of elasticity and the Poisson's ratio 
of the material. 



2 in 



Figure 3.23 



-5 in- 



1.9996 in 



-5.005 in - 



3.17 A force P = 20 kips is applied to a rigid plate that is attached to a square bar, as shown in Figure P3.24. If the plate moves a dis- 
tance of 0.005 in., determine the modulus of elasticity. 

Pi 2 in 



Figure 3.24 



10 in 



3.18 A force P = 20 kips is applied to a rigid plate that is attached to a square bar, as shown in Figure P3.25. If the plate moves a dis- 
tance of 0.0125 in, determine the shear modulus of elasticity. Assume line AB remains straight. 

2 in 



Figure 3.25 




10 in 



V 
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3.19 Two rubber blocks of length L and cross section dimension a x b are bonded to rigid plates as shown in Figure P3.19. Point A was 
observed to move downwards by 0.02 in. when the weight W= 900 lb was hung from the middle plate. Determine the shear modulus of 
elasticity using small strain approximation. Use L= 12 in., a = 3 in., and b = 2 in. 






1 



Figure P3.19 



\<^J 
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l<hr^ 



w 



3.20 Two rubber blocks with a shear modulus of 1.0 MPa and length L and of cross section dimensions a x b are bonded to rigid plates as 
shown in Figure P3.19. Using the small-strain approximation, determine the displacement of points, if a weight of 500 N is hung from the 
middle plate. Use L = 200 mm, a = 45 mm, and b = 60 mm. 



3.21 Two rubber blocks with a shear modulus of 750 psi and length L and cross section dimension a x b are bonded to rigid plates as 
shown in Figure P3.19. If the allowable shear stress in the rubber is 15 psi, and allowable deflection is 0.03 in., determine the maximum 
weight W that can be hung from the middle plate using small strain approximation. Use L= 12 in., a = 2 in., and b = 3 in. 



3.22 Two rubber blocks with a shear modulus of G, length L and cross section of dimensions a x b are bonded to rigid plates as shown in 
Figure P3.19. Obtain the shear stress in the rubber block and the displacement of point ^4 in terms of Q L, W, a, and b. 



3.23 A circular bar of 200-mm length and 20-mm diameter is subjected to a tension test. Due to an axial force of 77 kN, the bar is seen to 
elongate by 4.5 mm and the diameter is seen to reduce by 0.162 mm. Determine the modulus of elasticity and the shear modulus of elastic- 
ity. 



3.24 A circular bar of 6-in. length and 1-in. diameter is made from a material with a modulus of elasticity E= 30,000 ksi and a Poisson's 
ratio v = - Determine the change in length and diameter of the bar when a force of 20 kips is applied to the bar. 



3.25 A circular bar of 400 mm length and 20 mm diameter is made from a material with a modulus of elasticity E = 1 80 GPa and a Pois- 
son's ratio v= 0.32. Due to a force the bar is seen to elongate by 0.5 mm. Determine the change in diameter and the applied force. 



3.26 A 25 mm x 25 mm square bar is 500 mm long and is made from a material that has a Poisson's ratio of -. In a tension test, the bar is 
seen to elongate by 0.75 mm. Determine the percentage change in volume of the bar. 



3.27 A circular bar of 50 in. length and 1 in. diameter is made from a material with a modulus of elasticity E = 
ratio v= 0.32. Determine the percentage change in volume of the bar when an axial force of 20 kips is applied. 



28,000 ksi and a Poisson's 



3.28 An aluminum rectangular bar has a cross section of 25 mm x 50 mm and a length of 500 mm. The modulus of elasticity E=70 GPa 
and the Poisson's ratio v= 0.25. Determine the percentage change in the volume of the bar when an axial force of 300 kN is applied. 



3.29 A circular bar of length L and diameter d is made from a material with a modulus of elasticity E and a Poisson's ratio v. Assuming 
small strain, show that the percentage change in the volume of the bar when an axial force P is applied and given as 400P(1 -2v)l(End 2 ). 
Note the percentage change is zero when v= 0.5. 
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3.30 A rectangular bar has a cross-sectional dimensions ax b and a length L. The bar material has a modulus of elasticity E and a Poisson's 
ratio v. Assuming small strain, show that the percentage change in the volume of the bar when an axial force P is applied given by 10&P(1 - 
2v)/Eab. Note the percentage change is zero when v= 0.5. 



Strain energy 

3.31 What is the strain energy in the bar of Problem 3.16.? 

3.32 What is the strain energy in the bar of Problem 3.17? 

3.33 What is the strain energy in the bar of Problem 3.18? 



3.34 A circular bar of length L and diameter of d is made from a material with a modulus of elasticity E and a Poisson's ratio v. In terms of 
the given variables, what is the linear strain energy in the bar when axial load P is applied to the bar? 



3.35 A rectangular bar has a cross-sectional dimensions a x b and a length L. The bar material has a modulus of elasticity E and a Pois- 
son's ratio v. In terms of the given variables, what is the linear strain energy in the bar when axial load P is applied to the bar? 



3.36 For the material having the stress-strain curve shown in Figure P3.3, determine (a) the modulus of resilience (using the proportional 
limit to approximate the yield point); (b) the strain energy density at a stress level of 420 MPa; (c) the complementary strain energy density 
at a stress level of 420 MPa; (d) the modulus of toughness. 



3.37 For the material having the stress-strain curve shown in Figure P3.6, determine (a) the modulus of resilience (using the proportional 
limit to approximate the yield point); (b) the strain energy density at a stress level of 72 ksi; (c) the complementary strain energy density at a 
stress level of 72 ksi; (d) the modulus of toughness. 



3.38 For the metal alloy given in Problem 3.12, determine (a) the modulus of resilience (using the proportional limit to approximate the 
yield point); (b) the strain energy density at a stress level of 1400 MPa; (c) the complementary strain energy density at a stress level of 
1400 MPa; (d) the modulus of toughness. 



3.39 For the mild steel given in Problem 3.13, determine (a) the modulus of resilience (using the proportional limit to approximate the 
yield point); (b) the strain energy density at a stress level of 50 ksi; (c) the complementary strain energy density at a stress level of 50 ksi; (d) 
the modulus of toughness. 



Logic in mechanics 

3.40 The roller at P slides in the slot by an amount Sp = 0.25 mm due to the force F, as shown in Figure P3.40. Member AP has a cross- 
sectional area A =100 mm 2 and a modulus of elasticity E = 200 GPa. Determine the force applied F. 

F 



Figure P3.40 




3.41 The roller at P slides in the slot by an amount Sp = 0.25 mm due to the force F, as shown in Figure P3.41 . Member AP has a cross- 
sectional area ^4 =100 mm 2 and a modulus of elasticity E = 200 GPa. Determine the applied force F. 
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Figure P3.41 




3.42 A roller slides in a slot by the amount Sp = 0.01 in. in the direction of the force F, as shown in Figure P3.42. Each bar has a cross- 
sectional area A = 0.2 in. 2 and a modulus of elasticity E = 30,000 ksi. Bars AP and BP have lengths L AP = 8 in. and L BP =10 in., respec- 
tively. Determine the applied force F. 



Figure P3.42 



£ 




3.43 A roller slides in a slot by the amount Sp = 0.25 mm in the direction of the force F, as shown in Figure P3.43. Each bar has a cross- 
sectional area A = 100 mm 2 and a modulus of elasticity E = 200 GPa. Bars AP and BP have lengths L AP = 200 mm and L BP = 250 mm, 
respectively. Determine the applied force F. 

Ib 



£ 



Figure P3.43 




3.44 A roller slides in a slot by the amount Sp = 0.25 mm in the direction of the force F as shown in Figure P3.44. Each bar has a cross- 
sectional area A = 100 mm 2 and a modulus of elasticity E = 200 GPa. Bars AP and BP have lengths L AP = 200 mm and L BP = 250 mm, 
respectively. Determine the applied force F. 



Figure P3.44 




3.45 A little boy shoots paper darts at his friends using a rubber band that has an unstretched length of 7 in. The piece of rubber band 
between points A and B is pulled to form the two sides AC and CB of a triangle, as shown in Figure P3.45. Assume the same normal strain 

1 2 

in AC and CB, and the rubber band around the thumb and forefinger is a total of 1 in. The cross-sectional area of the band is — in. , and 

the rubber has a modulus of elasticity E = 150 psi. Determine the approximate force F and the angle 6 at which the paper dart leaves the 
boy's hand. 
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Figure P3.45 





3.46 Three poles are pin connected to a ring at P and to the supports on the ground. The coordinates of the four points are given in Figure 



P3.46. All poles have cross-sectional areas A = 1 in. and a modulus of elasticity E - 
moves vertically by the distance S P = 2 in., determine the force F. 



10,000 ksi. If under the action of force F the ring at P 



(-2.0, 



Figure P3.46 




(5.0, 0.0, 0.0) ft 



3.47 A gap of 0.004 in. exists between a rigid bar and bar A before a force F is applied (Figure P3.47). The rigid bar is hinged at point C. 
Due to force F the strain in bar A was found to be -500 //in/in. The lengths of bars A and B are 30 in. and 50 in., respectively. Both bars have 
cross-sectional areas A = 1 in. and a modulus of elasticity E = 30,000 ksi. Determine the applied force F. 



Figure P3.47 



24 in 



^36i 



-60 in- 



3.48 The cable between two poles shown in Figure P3.48 is taut before the two traffic lights are hung on it. The lights are placed symmet- 
rically at 1/3 the distance between the poles. The cable has a diameter of 1/16 in. and a modulus of elasticity of 28,000 ksi. Determine the 
weight of the traffic lights if the cable sags as shown. Use the entire cable to calculate the average values. 

27 ft 




Figure P3.48 



3.49 A steel bolt (E s = 200 GPa) of 25 mm diameter passes through an aluminum (E al = 70 GPa) sleeve of thickness 4 mm and outside 
diameter of 48 mm as shown in Figure P3.49. Due to the tightening of the nut the rigid washers move towards each other by 0.75 mm. (a) 
Determine the average normal stress in the sleeve and the bolt, (b) What is the extension of the bolt? 
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Sleeve 



Rigid washers 



\\\\\\\\\\\ 



^olL 






■111 



Figure P3.49 



25 mm 



- 300 mm - 



25 mm 



3.50 The pins in the truss shown in Figure P3.50 are displaced by u and v in the x and;; directions, respectively, as shown in Table P3.50. 
All rods in the truss have cross-sectional areas A - 100 mm 2 and a modulus of elasticity E -200 GPa. Determine the external forces P x and 
P 2 in the truss. 

TABLE P3.50 



Figure P3.50 




\*-3 m-»+«-3 m >\< 3 m >|< 3 m-»-| 



-4.6765 mm 
-3.3775 mm 
-2.0785 mm 
-1.0392 mm 
0.0000 mm 
-3.2600 mm 
-2.5382 mm 
-1.5500 mm 





-8.8793 mm 
-9.7657 mm 
-8.4118 mm 
0.0000 mm 
-8.4118 mm 
-9.2461 mm 
-8.8793 mm 



3.51 The pins in the truss shown in Figure P3.50 are displaced by u and v in the x mdy directions, respectively, as shown in Table P3.50. All 
rods in the truss have cross-sectional areas A = 100 mm 2 and a modulus of elasticity E -200 GPa. Determine the external force P 3 in the truss. 



3.52 The pins in the truss shown in Figure P3.50 are displaced by u and v in the x and;; directions, respectively, as shown in Table P3.50. All rods 
in the truss have cross-sectional areas A - 100 mm 2 and a modulus of elasticity E -200 GPa. Determine the external forces P 4 and P 5 in the truss. 



Factor of safety 

3.53 A joint in a wooden structure shown in Figure P3.53 is to be designed for a factor of safety of 3. If the average failure stress in shear 
on the surface BCD is 1.5 ksi and the average failure bearing stress on the surface BEF is 6 ksi, determine the smallest dimensions h and d 

to the nearest — in. 

16 



10 kips 



Figure P3.53 
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3.54 A 125 kg light is hanging from a ceiling by a chain as shown in Figure P3.54. The links of the chain are loops made from a thick 
wire. Determine the minimum diameter of the wire to the nearest millimeter for a factor of safety of 3. The normal failure stress for the wire 
is 180 MPa. 



Figure P3.54 




3.55 A light is hanging from a ceiling by a chain as shown in Figure P3.54. The links of the chain are loops made from a thick wire with a 
diameter of - in. The normal failure stress for the wire is 25 ksi. For a factor of safety of 4, determine the maximum weight of the light to 

8 

the nearest pound. 



3.56 Determine the maximum weight W that can be suspended using cables, as shown in Figure P3.56, for a factor of safety of 1.2. The 
cable's fracture stress is 200 MPa, and its diameter is 10 mm. 



Figure P3.56 




3.57 The cable in Figure P3.56 has a fracture stress of 30 ksi and is used for suspending the weight W = 2500 lb. For a factor of safety of 

1.25, determine the minimum diameter of the cables to the nearest — in. that can be used. 

16 



3.58 An adhesively bonded joint in wood is fabricated as shown in Figure P3.58. For a factor of safety of 1.25, determine the minimum 
overlap length L and dimension h to the nearest i in. The shear strength of the adhesive [ s 400 psi and the wood strength is 6 ksi in tension. 



Figure P3.58 




3.59 A joint in a truss has the configuration shown in Figure P3.59. Determine the minimum diameter of the pin to the nearest millimeter 
for a factor of safety of 2.0. The pin's failure stress in shear is 300 MPa. 



Figure P3.59 









N c = 50 kN 










32.68 kN 




N n = 30 kN 


N A = 


9 r+ 


*^KN B = 67.32 kN 


307 


■\ ov 




^30° 
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3.60 The shear stress on the cross section of the wire of a helical spring (Figure P3.60) is given by r=K(8PC/7rd 2 ), where P is the force 
on the spring, d is the diameter of the wire from which the spring is constructed, C is called the spring index, given by the ratio C = Did, D 
is the diameter of the coiled spring, and K is called the Wahl factor, as given below. 

4C- 





K 



4C-4 



1 + 0.615 



C 



Figure P3.60 

The spring is to be designed to resist a maximum force of 1200 N and must have a factor of safety of 1 . 1 in yield. The shear stress in yield is 
350 MPa. Make a table listing admissible values of C and d for 4 mm <d <16 mm in steps of 2 mm. 



3.61 Two cast-iron pipes are held together by a steel bolt, as shown in Figure P3.61. The outer diameters of the two pipes are 2 in. and 
2 3/4 in., and the wall thickness of each pipe is 1/4 in. The diameter of the bolt is 1/2 in. The yield strength of cast iron is 25 ksi in tension 
and steel is 15 ksi in shear. What is the maximum force P to the nearest pound this assembly can transmit for a factor of safety of 1.2? 



Figure P3.61 






3.62 A coupling of diameter 250-mm is assembled using 6 bolts of diameter 12.5 mm as shown in Figure P3.62. The holes for the bolts are 
drilled with center on a circle of diameter 200 mm. A factor of safety of 1.5 for the assembly is desired. If the shear strength of the bolts is 
300 MPa, determine the maximum torque that can be transferred by the coupling. 



Figure P3.62 




Stretch yourself 



3.63 A circular rod of 15-mm diameter is acted upon by a distributed force p(x) that has the units of kN/m, as shown in Figure P3.63. The 
modulus of elasticity of the rod is 70 GPa. Determine the distributed force p(x) if the displacement u(x) in x direction is 

w(x) = 30(x-x)10 m with x is measured in meters. 



Figure P3.63 



P(x) 



3.64 A circular rod of 15-mm diameter is acted upon by a distributed force p(x) that has the units of kN/m, as shown in Figure P3.63. The 
modulus of elasticity of the rod is 70 GPa. Determine the distributed force p(x) if the displacement u(x) in x direction is 



u(x) = 50(x 



- 2x ) 10 m with x is measured in meters. 



August 2012 



M. Vable 



Mechanics of Materials: Mechanical Properties of Materials 



111 



3.65 Consider the beam shown in Figure P3.65. The displacement in the x direction due to the action of the forces, was found to be 

2 -3 

u = [(60x + 80xy-x j/)/ 180] 10 in. The modulus of elasticity of the beam is 30,000 ksi. Determine the statically equivalent internal 
normal force N and the internal bending moment M z acting at point O at a section at x = 20 in. Assume an unknown shear stress is acting on 
the cross-section. 



Figure P3.65 






P 9 lb 



-20in- 



- 20 in - 



Pi lb 




3 in 



2 in 
Cross section 



Computer problems 

3.66 Assume that the stress-strain curve after yield stress in Problem 3.12 is described by the quadratic equation <j= a + bs+ c£. (a) 
Determine the coefficients a, b, and c by the least-squares method, (b) Find the tangent modulus of elasticity at a stress level of 1400 MPa. 



3.67 Assume that the stress-strain curve after yield stress in Problem 3.13 is described by the quadratic equation cr= a + bs+ c£. (a) 
Determine the coefficients a, b, and c by the least-squares method, (b) Find the tangent modulus of elasticity at a stress level of 50 ksi. 



3.68 Marks were made on the cord used for tying the canoe on top of the car in Example 3.5. These marks were made every 2 in. to pro- 
duce a total of 20 segments. The stretch cord is symmetric with respect to the top of the canoe. The starting point of the first segment is on 
the carrier rail of the car and the end point of the tenth segment is on the top of the canoe. The measured length of each segment is as shown 
in Table 3.68. Determine (a) the tension in the cord of each segment; (b) the force exerted by the cord on the carrier of the car. Use the mod- 
ulus of elasticity E = 510 psi and the diameter of the stretch cord as 1/2 in. 

TABLE P3.68 



Segment 
Number 


Deformed Length 
(inches) 


1 


3.4 


2 


3.4 


3 


3.4 


4 


3.4 


5 


3.4 


6 


3.4 


7 


3.1 


8 


2.7 


9 


2.3 


10 


2.2 





3.69 Marks were made on the cord used for tying the canoe on top of the car in Example 3.5. These marks were made every 2 in. to pro- 
duce a total of 20 segments. The stretch cord is symmetric with respect to the top of the canoe. The starting point of the first segment is on 
the carrier rail of the car and the end point of the tenth segment is on the top of the canoe. The measured length of each segment is as shown 
in Table 3.68. Determine (a) the tension in the cord of each segment; (b) the force exerted by the cord on the carrier of the car. Use the diam- 
eter of the stretch cord as 1/2 in. and the following equation for the stress-strain curve: 

1020*- 1020 * 2 psi £<0.5 
255 psi <?>0.5 



3.70 Marks were made on the cord used for tying the canoe on top of the car in Example 3.5. These marks were made every 2 in. to pro- 
duce a total of 20 segments. The stretch cord is symmetric with respect to the top of the canoe. The starting point of the first segment is on 
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the carrier rail of the car and the end point of the tenth segment is on the top of the canoe. The measured length of each segment is as shown 
in Table 3.68. Determine: (a) the tension in the cord of each segment; (b) the force exerted by the cord on the carrier of the car. Use the Pois- 

son's ratio v= - and the initial diameter of 1/2 in. and calculate the diameter in the deformed position for each segment. Use the stress- 
strain relationship given in Problem 3.69. 

3.4 ISOTROPY AND HOMOGENEITY 

The description of a material as isotropic or homogeneous are acquiring greater significance with the development of new 
materials. In composites (See Section 3.12.3) two or more materials are combined together to produce a stronger or stiffer 
material. Both material descriptions are approximations influenced by several factors. As will be seen in this section four pos- 
sible descriptions are: Isotropic-homogeneous; anisotropic-homogeneous; isotropic-nonhomogeneous; and anisotropic-non- 
homogeneous. 

The number of material constants that need to be measured depends on the material model we want to incorporate into 
our analysis. Any material model is the relationship between stresses and strains — the simplest model, a linear relationship. 
With no additional assumptions, the linear relationship of the six strain components to six stress components can be written 



xx 11 xx 12 yy 13 zz 14 yz 15 zx 16 xy 

yy 21 xx 22 yy 23 zz 24 yz 25 zx 26 xy 

zz 31 xx 32 yy 33 zz 34 yz 35 zx 36 xy 

y = C A ^o +C A ~ t (j +C A ~>(j +C AA r +C az t +C AC r 
'yz 41 xx 42 yy 43 zz 44 yz 45 zx 46 xy 



(3.12) 



r. 



zx 



xy 



51 xx 52 yy 53 zz 54 yz 55 zx 56 xy 
61 xx 62 yy 63 zz 64 yz 65 zx 66 xy 



Equation (3.12) implies that we need 36 material constants to describe the most general linear relationship between stress and 
strain. However, it can be shown that the matrix formed by the constants C tj is symmetric (i.e., C tj = C Jf , where i andy can be 
any number from 1 to 6). This symmetry is due to the requirement that the strain energy always be positive, but the proof is 
beyond the scope of this book. The symmetry reduces the maximum number of independent constants to 21 for the most gen- 
eral linear relationship between stress and strain. (Section 3.12.1 describes the controversy over the number of independent 
constants required in a linear stress-strain relationship.) 

Equation (3.12) presupposes that the relation between stress and strain in the x direction is different from the relation in 
the y or z direction. Alternatively, Equation (3.12) implies that if we apply a force (stress) in the x direction and observe the 
deformation (strain), then this deformation will differ from the deformation produced if we apply the same force in the y 
direction. This phenomenon is not observable by the naked eye for most metals, but if we were to look at the metals at the 
crystal-size level, then the number of constants needed to describe the stress-strain relationship depends on the crystal struc- 
ture. Thus we need to ask at what level we are conducting the analysis — eye level or crystal size? If we average the impact of 
the crystal structure at the eye level, then we have defined the simplest material. An isotropic material has stress-strain rela- 
tionships that are independent of the orientation of the coordinate system at a point. 

An anisotropic material is a material that is not isotropic. The most general anisotropic material requires 21 independent 
material constants to describe a linear stress-strain relationships. An isotropic body requires only two independent material 
constants to describe a linear stress-strain relationships (See Example 9.8 and Problem 9.81). Between the isotropic material 
and the most general anisotropic material lie several types of materials, which are discussed briefly in Section 3.11.2. The 
degree of difference in material properties with orientation, the scale at which the analysis is being conducted, and the kind of 
information that is desired from the analysis are some of the factors that influence whether we treat a material as isotropic or 
anisotropic. 

There are many constants used to describe relate stresses and strains (see Problems 3.97 and 3.109), but for isotropic 
materials only two are independent. That is, all other constants can be found if any two constants are known. The three con- 
stants that we shall encounter most in this book are the modulus of elasticity E, the shear modulus of elasticity G, and the Pois- 
son's ratio v. In Example 9.8 we shall show that for isotropic materials 
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G = 



2(1 + v) 



(3.13) 



Homogeneity is another approximation that is often used to describe a material behavior. A homogeneous material has 
same the material properties at all points in the body. Alternatively, if the material constants C tj are functions of the coordi- 
nates x, y, or z, then the material is called nonhomogeneous. 

Most materials at the atomic level, the crystalline level, or the grain-size level are nonhomogeneous. The treatment of a 
material as homogeneous or nonhomogeneous depends once more on the type of information that is to be obtained from the 
analysis. Homogenization of material properties is a process of averaging different material properties by an overall material 
property. Any body can be treated as a homogeneous body if the scale at which the analysis is conducted is made sufficiently 
large. 

3.5 GENERALIZED HOOKE'S LAW FOR ISOTROPIC MATERIALS 



The equations relating stresses and strains at a point in three dimensions are called the generalized Hooke's law. The 
generalized Hooke's law can be developed from the definitions of the three material constants E, v, and G and the assumption 
of isotropy. No assumption of homogeneity needs to be made, as the generalized Hooke's law is a stress-strain relationship at 
a point. In Figure 3.26 normal stresses are applied one at a time. From the definition of the modulus of elasticity we can obtain 
the strain in the direction of the applied stress, which then is used to get the strains in the perpendicular direction by using the 
definition of Poisson's ratio. From Figure (3.26a), (3.266), and (3.26c) we obtain 



i 1 ) 



xx 
E 



yy 



V£ 



.(1) 



XX 

E 



i 1 ) 



-vs. 



.0) 



XX 

E 



i 2 ) 



(2) 
= —V€ = 

yy 



e J yy e zz yy 



E J 



i 3 ) 



-vs 



.(3) 



Due to s$ 



(3) (3) 

£ = -VS 

yy zz 



zz 
~E 



Due to sfj 




Due to s^}) ) 



- Due to 4? 



>Y 



i 3 ) 



(a) (b) 

Figure 3.26 Derivation of the generalized Hooke's law. 




I^r„ 



The use of the same E and v to relate stresses and strains in different directions implicitly assumes isotropy. Notice that no 
change occurs in the right angles from the application of normal stresses. Thus no shear strain is produced due to normal 
stresses in a fixed coordinate system for an isotropic material. 

Assuming the material is linearly elastic, we can use the principle of superposition to obtain the total strain 
s.. = s.. + s.. + s.. , as shown in Equations (3.14a) through (3.14c). From the definition of shear modulus given in Equa- 
tion (3.3), we obtain Equations (3.14d) through (3.14f). 
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Generalized Hooke's law: 




a - via + 
_ xx v yy 

XX £ 


G zz^ 


(3.14a) 


(J - via + 

r - yy y zz 

yy e 


°xx) 


(3.14b) 


(J - via + 

ZZ V XX 

8 zz E 


-yy) 


(3.14c) 


xy 

y = — £ 

'xy G 




(3.14d) 


T yz 
'yz Q 




(3.14e) 


zx 

YzX ~ Q 




(3.14f) 



The equations are valid for nonhomogeneous material. The nonhomogeneity will make the material constants E, v, and G 
functions of the spatial coordinates. The use of Poisson's ratio to relate strains in perpendicular directions is valid not only for 
Cartesian coordinates but for any orthogonal coordinate system. Thus the generalized Hooke's law may be written for any 
orthogonal coordinate system, such as spherical and polar coordinate systems. 

An alternative form 1 for Equations (3.14a) through (3.14c), which may be easier to remember, is the matrix form 



yy 



1 


-v 


-v 


V 


1 


-v 


V 


-v 


1 



yy 
a 



(3.15) 



3.6 PLANE STRESS AND PLANE STRAIN 



In Chapters 1 and 2 two-dimensional problems of plane stress and plane strain, respectively. Taking the two definitions and 
using Equations (3.14a), (3.14b), (3.14c), and (3.14f), we obtain the matrices shown in Figure 3.27. The difference between 
the two idealizations of material behavior is in the zero and nonzero values of the normal strain and normal stress in the z 
direction. In plane stress a zz = 0, which from Equation (3.14c) implies that the normal strain in the z direction is 



-via + a )/E. In plane strain s 
v xx yy J r zz 



0, which from Equation (3.14c) implies that the normal stress in the z direc- 



ion is a = 

ZZ 


via + a ). . 

v xx yy J 
























T xy 
G yy 






Generalized 
Hooke's law 


'yx 


x y 
£ yy 













► 














0_ 










£ zz = 


-|k* + V 






£ xx 


7 





Generalized 


G xx 


T xy 











Y 

' yx 

m.0 


x y 

£ yy 







Hooke's law 





°yy 



(7 -- 





Figure 3.27 


Stress and strain matrices in plane stress and plane stra 




= via + a ) 

v xx yy' 



Figure 3.28 shows two plates on which only compressive normal stresses in the x and jy directions are applied. The top 
and bottom surfaces on the plate in Figure 3.28a are free surfaces (plane stress), but because the plate is free to expand, the 
deformation (strain) in the z direction is not zero. The plate in Figure 3.28Z? is constrained from expanding in the z direction by 



Another alternative is S. 



u 



[(1 + v)a..- vL ]/E, where L = a + a + a . 

LV 7 u 1 J ' 1 xx yy zz 
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the rigid surfaces. As the material pushes on the plate, a reaction force develops, and this reaction force results in a nonzero 
value of normal stress in the z direction. Plane stress or plane strain are often approximations to simplify analysis. Plane stress 
approximation is often made for thin bodies, such as the metal skin of an aircraft. Plane strain approximation is often made for 
thick bodies, such as the hull of a submarine. 

I Reaction force (a # 0) 



Free surface (cr 7 , 



(e„ ± 0) 




Rigid surface (s Z2 



0) 




Free surface (a 



Rigid surface (* = 0) * Reaction force (cr zz ± 0) 



(a) (b) 

Figure 3.28 (a) Plane stress, (b) Plane strain. 

It should be recognized that in plane strain and plane stress conditions there are only three independent quantities, even 
though the nonzero quantities number more than 3. For example, if we know cr xx , cr yy , and r ,then we can calculate s xx , e , 
y , s zz , and o zz for plane stress and plane strain. Similarly, if we know s xx , £ yy , and r, then we can calculate <j xx , cr 9 r xy , <j zz , 
and s zz for plane stress and plane strain. Thus in both plane stress and plane strain the number of independent stress or strain 
components is 3, although the number of nonzero components is greater than 3. Examples 3.7 and 3.8 elaborate on the differ- 
ence between plane stress and plane strain conditions and the difference between nonzero and independent quantities. 



EXAMPLE 3.7 

The stresses at a point on steel were found to be <j xx = 15 ksi (T), <j = 30 ksi (C), and r xy = 25 ksi. Using E = 30,000 ksi and G = 12,000 
ksi, determine the strains s xx , s , y xy , £ zz and the stress cr zz assuming (a) the point is in a state of plane stress, (b) the point is in a state of 
plane strain. 



PLAN 

In both cases the shear strain is the same and can be calculated using Equation (3.14d). (a) For plane stress o zz = and the strains s xx , 
s yy , and s zz can be found from Equations (3.14a), (3.14b), and (3.14c), respectively, (b) For plane strain e zz = and Equation (3.14c) 
can be used to find a zz . The stresses <j xx , o ' and a zz can be substituted into Equations (3.14a) and (3.14b) to calculate the normal strains 
Sex and £ yy 



SOLUTION 

From Equation (3.14d) 



T 

n • 



'AT 



25 ksi 
12, 000 ksi 



0.002083 



ANS. 



(El) 



y xy = 2083 n 



The Poisson's ratio can be found from Equation (3.13) 

E 



12,000 ksi 



30,000 ksi 



v = 0.25 



2(1 +v) ' 2(1 +v) 

(a) Plane stress: The normal strains in the x, y, and z directions are found from Equations (3.14a), (3.14b), and (3.14c), respectively. 

= G x X - v ( G yy + G zz) = 15 ksi - 0.25(-30 ksi) 
Exx E 30,000 ksi 



(E2) 



750(10 6 ) 



G yy~ v ( G zz + G xx) -30 ksi - 0.25(15 ksi) in . Mn ^ 

£ yy = e = WoTs^ = " 1125(1 ° } 



(E3) 
(E4) 



G z Z - v ( G xx + G yy) _ - 0.25( 15 ksi - 30 ksi) 



-6, 



30,000 ksi 



125(10 ) 



ANS. 



e xx = 750 n e yy 



(E5) 
-1125 \x 8 ZZ = 125 \x 



(b) Plane strain: From Equation (3.14c), we have 
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e zz = ° zz V °* x + Gyy =0 or a zz = Ac xx + o yy ) = 0.25(15 ksi-30 ksi) = -3.75ksi (E6) 

ANS. g zz = 3.75 ksi (C) 
The normal strains in the x andy directions are found from Equations (3.14a) and (3.14b), 

= G xx- v ( G yy + G z Z ) = 15ksi-0.25(-30ksi-3.75ksi) onc>- 6 \ mi\ 

Exx E 30,000 ksi /8 ' iU } { /} 

= (5 yy - v ^zz JrG xx) = -30 ksi- 0.25(15 ksi -3.75 ksi) _ in(U / in -6x , Psn 

8 ^ £ 30,000 ksi 1Uy4UU j ^ 

ANS. s xx = 781.2 n s yy = -\094 M 



COMMENTS 

1. The three independent quantities in this problem were a xx , o • and t . Knowing these we were able to find all the strains in plane 
stress and plane strain. 

2. The difference in the values of the strains came from the zero value of a zz in plane stress and a value of -3.75 ksi in plane strain. 

EXAMPLE 3.8 

The strains at a point on aluminum (E = 70 GPa, G = 28 GPa, and v = 0.25) were found to be £ xx = 650 \i, e = 300 \i, and 
y = 750 \x. . Determine the stresses <r xx , <r yy , and r xy and the strain s zz assuming the point is in plane stress. 



PLAN 

The shear strain can be calculated using Equation (3.14d). If we note that <j zz = and the strains ^and s are given, the stresses a xx 
and CTyyCan be found by solving Equations (3.14a) and (3.14b) simultaneously. The strain s zz can then be found from Equation (3.14c). 



SOLUTION 

From Equation (3.14d), 



x xy = Gy xy = (28 x 10 9 N/m 2 )(750 x 10 6 ) = 21 (10 6 ) N/m 2 (El) 



Equations (3.14a) and (3.14b) can be rewritten with a zz - 0, 



ANS. t = 21 MPa 

xy 



a xx - va yy = Es xx = (70 x 10 9 N/m 2 )(650 x 10" 6 ) or (E2) 

°xx-™ y y = 45 - 5 MPa ( E3 ) 

a - V(J XX = Ee = (70 x 10 9 N/m 2 )(300 x 10" 6 ) or (E4) 

0^,-0.250^ = 21 MPa (E5) 
Solving Equations (E3) and (E5) we obtain cr xx and o^ 

ANS. g xx = 54.1 MPa(T) a = 34.5 MPa (T) 
From Equation (3.14c) we obtain 



S zz = 


_ °zz~ 


E 


_ 0- 0.25(54.13 + 34.53)10 6 
70 x 10 9 


= -317(10 6 ) 


ANS. 


£ zz - 


(E6) 
= -317 \x 



COMMENTS 

1. Equations (E3) and (E5) have a very distinct structure. If we multiply either equation by v and add the product to the other equation, 
the result will be to eliminate one of the unknowns. Equation (3.17) in Problem 3. 104 is developed in this manner and can be used for 
solving this problem. But this would imply remembering one more formula. We can avoid this by remembering the defined structure 
of Hooke's law, which is applicable to all types of problems and not just plane stress. 

2. Equation (3.18) in Problem 3.105 gives s zz = -[ v/(l - vj\(s xx + £ yy ). Substituting v= 0.25 and s xx = 650 //, s yy = 300 //, we obtain s zz = - 
(0.25/0.75)(650 + 300) = 3 16.7 //, as before. This formula is useful if we do not need to calculate stresses, and we will use it in Chapter 9. 
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QUICK TEST 3.2 Time: 15 minutes/Total: 20 points 



Grade yourself using the answers given in Appendix E. Each question is worth two points. 

1. What is the difference between an isotropic and a homogeneous material? 

2. What is the number of independent material constants needed in a linear stress-strain relationship for an iso- 
tropic material? 

3. What is the number of independent material constants needed in a linear stress-strain relationship for the most 
general anisotropic materials? 

4. What is the number of independent stress components in plane stress problems? 

5. What is the number of independent strain components in plane stress problems? 

6. How many nonzero strain components are there in plane stress problems? 

7. What is the number of independent strain components in plane strain problems? 

8. What is the number of independent stress components in plane strain problems? 

9. How many nonzero stress components are there in plane strain problems? 

10. Is the value of E always greater than G, less than G, or does it depend on the material? Justify your answer. 



PROBLEM SET 3.2 

3.71 Write the generalized Hooke's law for isotropic material in cylindrical coordinates (r, 0, z). 



3.72 Write the generalized Hooke's law for isotropic material in spherical coordinates (r, 6, (/)). 



In problems 3. 73 through 3. 78 two material constants and the stress components in the x, y plane are given. Calculate s xx , e , y , e zz , and o zz 
(a) assuming plane stress; (b) assuming plane strain. 



3.73 


E = 200 GPa 


v=0.32 


ff « 


= 100 MPa (T) 


o^ =150 MPa (T) 


^ = -125 MPa 


3.74 


E = 70 GPa 


G = 28 GPa 


^xx 


= 225 MPa (C) 


o- yy =125MPa(T) 


r xy =150MPa 


3.75 


E = 30,000 ksi 


v=0.3 


G xx 


= 22 ksi (C) 


^ = 25ksi(C) 


zl=-15 ksi 

xy 


3.76 


E= 10,000 ksi 


G = 3900 ksi 


G xx 


= 15 ksi (T) 


^=12ksi(C) 


r xj; = -10ksi 


3.77 


G=15GPa 


v=0.2 


G xx 


= 300 MPa (C) 


^ = 300 MPa (T) 


T = 150 MPa 

xy 


3.78 


E = 2000 psi 


G = 800 psi 


G xx 


= 100 psi (C) 


fl 5y =150psi(T) 


^=100 psi 

















In problems 3. 79 through 3.84 two material constants and the strain components in the x, y plane are given. Calculate <7 XX , a , r xy , cr zz , and s zz 
assuming the point is in plane stress. 



3.79 


E = 200 GPa 


v=0.32 


^=500// 


^ = 400// 


^ = -300// 


3.80 


E = 70 GPa 


G = 28 GPa 


6- x = 2000// 


8^ = -1000 ju 


r xy =\500v 


3.81 


E = 30,000 ksi 


v=0.3 


£ XX = -S00 M 


£yy = -1000 ju 


r xy = -500^1 


3.82 


E= 10,000 ksi 


G = 3900 ksi 


s xx = 1500 ju 


£yy = -1200 ju) 


7xy = -1000 ju 


3.83 


G=15GPa 


v=0.2 


^ = -2000// 


8^ = 2000 ju 


^=1200/i 


3.84 


E = 2000 psi 


G = 800 psi 


£„ = 50 ju 


8^ =15 ^ 


Yxy = ~ 25 M 















3.85 The cross section of the wooden piece that is visible in Figure P3. 8 5 is 40 mm x 25 mm. The clamped length of the wooden piece in 
the vice is 125 mm. The modulus of elasticity of wood is E = 14 GPa and the Poisson's ratio v= 0.3. The jaws of the vice exert a uniform 
pressure of 3.2 MPa on the wood. Determine the average change of length of the wood. 
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40 mm 



Figure P3.85 




3.86 A thin plate (E -30,000 ksi, v = 0.25) under the action of uniform forces deforms to the shaded position, as shown in Figure P3J 
Assuming plane stress, determine the average normal stresses in the x and y directions. 

0.005 in 



5 in 



Figure P3.86 
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3.87 A thin plate (E=30,000 ksi, v = 0.25) is subjected to a uniform stress a = 10 ksi as shown in Figure P3.87. Assuming plane stress, 
determine (a) the average normal stress in;/ direction; (b) the contraction of the plate in x direction. 



I\y 



i\ 



n n n n 



5 in. 






Figure P3.87 
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3.88 A rubber (E R =300 psi and v R = 0.5) rod of diameter d R =4 in. is placed in a steel (rigid) tube d s =4.1 in. as shown in Figure P3.8 
What is the smallest value of P that can be applied so that the space between the rubber rod and the steel tube would close. 



Figure P3.88 




3.89 A rubber (E R = 2.1GPa and v R = 0.5) rod of diameter d R = 200 mm is placed in a steel (rigid) tube d s = 204 mm as shown in Figure 
P3.88. If the applied force is P = 10 kN, determine the average normal stress in the y and z direction. 



3.90 A 2 in. x 2 in. square with a circle inscribed is stressed as shown Figure P3.90. The plate material has a modulus of elasticity 
E = 10,000 ksi and a Poisson's ratio v= 0.25. Assuming plane stress, determine the major and minor axes of the ellipse formed due to defor- 
mation. 



August 2012 



M. Vable 



Mechanics of Materials: Mechanical Properties of Materials 



119 



Figure P3.90 
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20 ksi 



3.91 A 2 in. x 2 in. square with a circle inscribed is stressed as shown Figure P3.91 . The plate material has a modulus of elasticity E = 10,000 ksi 
and a Poisson's ratio v= 0.25. Assuming plane stress, determine the major and minor axes of the ellipse formed due to deformation. 

10 ksi 



Figure P3.91 
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■ 20 ksi 



3.92 A 50 mm x 50 mm square with a circle inscribed is stressed as shown Figure P3.92. The plate material has a modulus of elasticity 
E = 70 GPa and a Poisson's ratio v= 0.25. Assuming plane stress, determine the major and minor axes of the ellipse formed due to deformation. 

280 MPa 



Figure P3.92 





AAA 












, \ \ \ 





154 MPa 



3.93 A rectangle inscribed on an aluminum (10,000 ksi, v = 0.25) plate is observed to deform into the colored shape shown in Figure 
P3.93. Determine the average stress components o xx , a , and x . 



Figure P3.93 



0.0035 in, 



Ay 

|<l_ 0.0042 in. 




kh 0.0036 in. 



3.94 A rectangle inscribed on an steel (E = 210 GPa, v = 0.28) plate is observed to deform into the colored shape shown in Figure P3.94. 
Determine the average stress components g xx , a , and x . 



Figure P3.94 



A^ 



0.06 mm 



-0.09 mm 




250 mm 
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3.95 A 5 ft mean diameter spherical steel (E = 30,000 ksi, v = 0.28) tank has a wall thickness of 3/4 in. Determine the increase in the mean 
diameter when the gas pressure inside the tank is 600 psi. 



3.96 A steel (E = 210 GPa v = 0.28) cylinder of mean diameter of 1 m and wall thickness of 10 mm has gas at 250 kPa. Determine the 
increase in the mean diameter due to gas pressure. 



3.97 Derive the following relations of normal stresses in terms of normal strain from the generalized Hooke's law: 

^„ = [(1 - v)e xx + ™ yy + w «] ( i_2vKl + v) 

°„ = [(1 - ^yy + -.+ ^J (1 _ 2 ^ (1 + r) (3-16) 

a zz = [(1 - v)s zz + vs xx+ ve yy \ {l _ 2 * ){l + y) 

An alternative form that is easier to remember is <j {i =2Gs^ +M^i), where i can be x, y, or z; I\ - s xx + s^ + s zz \ G is the shear modulus; and 
A = 2Gv/(l -2 v) is called Lames constant, after G. Lame (1795-1870). 



3.98 For a point in plane stress show that 



E E (3 17) 

°xx = ( £ xx + V£ yy"> 2 a yy = ^yy + V£ xx) ~ 2 V ' ' 

1 - V 1 - V 



3.99 For a point in plane stress show that 



v 



] _ vJ (^ + ^yy) (3-18) 



3.100 Using Equations (3.17) and (3.18), solve for a xx , <r and s zz in Problem 3.79. 



3.101 Using Equations (3.17) and (3.18), solve for a xx , a and s zz in Problem 3.80. 



3.102 Using Equations (3.17) and (3.18), solve for a xx , <jy, and s zz in Problem 3.81. 



3.103 Using Equations (3.17) and (3.18), solve for cr xx , <j and s zz in Problem 3.82. 



3.104 Using Equations (3.17) and (3.18), solve for a xx , o • and s zz in Problem 3.83 



3.105 Using Equations (3.17) and (3.18), solve for a xx , <j w and s zz in Problem 3.84 



3.106 For a point in plane strain show that 



r/1 \ i 1 + v r/1 \ n l + V 

£ xx = [( 1 " V )^x- V ^]-^- £ yy = [( 1 " V )^- V ^x]-^- 



3.107 For a point in plane strain show that 

<*** = [( ] - V K X + ve „] (i_2v)(l+v) V = [( 1 " V)8y, + vs„] 



E 



(l-2v)(l+v) 



(3.19) 



(3.20) 
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3.108 A differential element subjected to only normal strains is shown in Figure P3.108. The ratio of change in a volume AFto the origi- 



Figure P3.108 



(1 + s yy ) Ay 




(1 + s^Az 



For small strain prove 



=8 +8 +8 

y xx yy zz 



(3.21) 



3.109 Prove 



-Kb* 



_>z_ 



K 



3(1 -2v) 



(3.22) 



where K is the bulk modulus mdp is the hydrostatic pressure because at a point in a fluid the normal stresses in all directions are equal to - 
p. Note that at v- - there is no change in volume, regardless of the value of the stresses. Such materials are called incompressible materials. 



Stretch yourself 

An orthotropic material (Section 3.12.3) has the following stress-strain relationship at a point in plane stress: 



52 



v 

Ey ^ 



5z_ 



Jil 



^ 

£ 



(3.23) 



Use Equations (3.23) to solve Problems 3. 110 through 3.117 . 

The stresses at a point on a free surface of an orthotropic material are given in Problems 3.110 through 3.113 

constants. Using Equations (3.23) solve for the strains £ xx , £ y and y xy 



, Also given are the material 



Problem 



3.110 5ksi(C) 8ksi(T) 6 ksi 

3.111 25 ksi (C) 5ksi(C) -8 ksi 

3.112 200MPa(C) 80 MPa (C) -54 MPa 

3.113 300 MPa (T) 50 MPa (T) 60 MPa 



7500 ksi 


2500 ksi 


0.3 


1250 ksi 


25,000 ksi 


2000 ksi 


0.32 


1500 ksi 


53GPa 


18 GPa 


0.25 


9 GPa 


180 GPa 


15 GPa 


0.28 


11 GPa 



The strains at a point on a free surface of an orthotropic material are given in Problems 3. 114 through 3.117 . Also given are the material 
constants. Using Equation (3.23) solve for the stresses <J XX , G y and T xy 

Problem £xx s yy y xy E x E y v xy G^ 

3.114 -1000// 500 ju -250 ju 7500 ksi 2500 ksi 03 1250 ksi 

3.115 -750// -250// 400// 25,000 ksi 2000 ksi 0.32 1500 ksi 

3.116 1500// 800// 600// 53 GPa 18 GPa 0.25 9 GPa 

3.117 1500// -750// -450// 180GPa 15 GPa 0.28 11 GPa 

3.118 Using Equation (3.23), show that on a free surface of an orthotropic material 



E (e 

X^ X. 



V £ ) 



V V 

yx xy 



°yy- 



E (£ + V £ 

y y yy xy x. 

1 — V V 

yx xy 



(3.24) 
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3.7* STRESS CONCENTRATION 



Large stress gradients in a small region are called stress concentration. These large gradients could be due to sudden 
changes in geometry, material properties, or loading. We can use our theoretical models to calculate stress away from the 
regions of large stress concentration according to Saint- Venant's principle, which will be discussed in the next section. These 
stress values predicted by the theoretical models away from regions of stress concentration are called nominal stresses. Fig- 
ure 3.29 shows photoelastic pictures (see Section 8.4.1) of two structural members under uniaxial tension. Large stress gradi- 
ents near the circular cutout boundaries cause fringes to be formed. Each color boundary represents a fringe order that can be 
used in the calculation of the stresses. 



Nominal 




Nominal 



Nominal 




Nominal 



Figure 3.29 Photoelastic pictures showing stress concentration. (Courtesy Professor I. Miskioglu.) 

Stress concentration factor is an engineering concept that permits us to extrapolate the results of our elementary theory 
into the region of large stress concentration where the assumptions on which the theory is based are violated. The stress con- 



centration factor K conc is defined as 



K 



maximum stress 
cone nominal stress 



(3.25) 



The stress concentration factor K conc is found from charts, tables, or formulas that have been determined experimentally, 
numerically, analytically, or from a combination of the three. Section C.4 in Appendix shows several graphs that can be used 
in the calculation of stress concentration factors for problems in this book. Additional graphs can be found in handbooks 
describing different situations. Knowing the nominal stress and the stress concentration factor, the maximum stress can be 
estimated and used in design or to estimate the factor of safety. Example 3.9 demonstrates the use of the stress concentration 
factor. 

3.8* SAINT-VENANT'S PRINCIPLE 



Theories in mechanics of materials are constructed by making assumptions regarding load, geometry, and material varia- 
tions. These assumptions are usually not valid near concentrated forces or moments, near supports, near corners or holes, near 
interfaces of two materials, and in flaws such as cracks. Fortunately, however, disturbance in the stress and displacement 
fields dissipates rapidly as one moves away from the regions where the assumptions of the theory are violated. Saint- Venant's 
principle states 



Two statically equivalent load systems produce nearly the same stress in regions at a distance that is at 
least equal to the largest dimension in the loaded region. 





o"«^- atx> W 

Figure 3.30 Stress due to two statically equivalent load systems. 

(a) (b) 

Consider the two statically equivalent load systems shown in Figure 3.30. By Saint- Venant's principle the stress at a distance W 
away from the loads will be nearly uniform. In the region at a distance less than Wt\\Q stress distribution will be different, and 
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it is possible that there are also shear stress components present. In a similar manner, changes in geometry and materials have 
local effects that can be ignored at distances. We have considered the effect of changes in geometry and an engineering solu- 
tion to the problem in Section 3.7 on stress concentration. 

The importance of Saint- Venant's principle is that we can develop our theories with reasonable confidence away from the 
regions of stress concentration. These theories provide us with formulas for the calculation of nominal stress. We can then use 
the stress concentration factor to obtain maximum stress in regions of stress concentration where our theories are not valid. 



EXAMPLE 3.9 

Finite-element analysis (see Section 4.8) shows that a long structural component in Figure 3.31 carries a uniform axial stress of 
G nominai = 35 MPa CO- A hole in the center needs to be drilled for passing cables through the structural component. The yield stress of the 
material is <j yield = 200 MPa. If failure due to yielding is to be avoided, determine the maximum diameter of the hole that can be drilled 
using a factor of safety of ^ sa f ety =1.6. 



Figure 3.31 Component geometry in Example 3.9. 



PLAN 




We can compute the allowable (maximum) stress for factor of safety of 1.6 from Equation (3.10). From Equation (3.25) we can find the 
permissible stress concentration factor. From the plot of ^ gross in Figi 
that H= 100 mm, we can find the maximum diameter d of the hole. 



permissible stress concentration factor. From the plot of ^ gross in Figure A. 13 of Appendix C we can estimate the ratio of d/H. Knowing 



SOLUTION 

From Equation (3.10) we obtain the allowable stress: 



^ = |H- = ^|La = 125 Mpa (m) 

K safety 1 '° 

From Equation (3.25) we calculate the permissible stress concentration factor: 

v . fallow 125 MPa - __ _ . 

^conc * " = 35M p a = 3 ' 57 ( E2 ) 

^nominal J!> iWa 

From Figure A. 13 of Appendix C we estimate the ratio of d/H as 0.367. Substituting H = 100 mm we obtain 

— - — < 0.367 or d < 36.7 mm (E3) 

100 mm 

For the maximum permissible diameter to the nearest millimeter we round downward. 

ANS. d max = 36 mm 



COMMENTS 

1. The value of d/H = 0.367 was found from linear interpolation between the value of d/H = 0.34, where the stress concentration fac- 
tor is 0.35, and the value of d/H = 0.4, where the stress concentration factor is 0.375. These points were used as they are easily read 
from the graph. Because we are rounding downward in Equation (E3), any value between 0.36 and 0.37 is acceptable. In other words, 
the third place of the decimal value is immaterial. 

2. As we used the maximum diameter of 36 mm instead of 36.7 mm, the effective factor of safety will be slightly higher than the speci- 
fied value of 1.6, which makes this design a conservative design. 

3. Creating the hole will change the stress around its. By per Saint- Venant's principle, the stress field far from the hole will not be signif- 
icantly affected. This justifies the use of nominal stress without the hole in our calculation. 
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3.9* THE EFFECT OF TEMPERATURE 



A material expands with an increase in temperature and contracts with a decrease in temperature. If the change in temperature 
is uniform, and if the material is isotropic and homogeneous, then all lines on the material will change dimensions by equal 
amounts. This will result in a normal strain, but there will be no change in the angles between any two lines, and hence there 
will be no shear strain produced. Experimental observations confirm this deduction. Experiments also show that the change in 
temperature AT is related to the thermal normal strain £ T , 



s T = a AT 



(3.26) 



where the Greek letter alpha a is the linear coefficient of thermal expansion. The linear relationship given by Equation (3.26) 
is valid for metals at temperatures well below the melting point. In this linear region the strains for most metals are small and 
the usual units for a are ///F or //C, where ju = 10" 6 . Throughout the discussion in this section it is assumed that the material 
is in the linear region. 

The tension test described in Section 3.1 is conducted at some ambient temperature. We expect the stress-strain curve to 
have the same character at two different ambient temperatures. If we raise the temperature by a small amount before we start 
the tension test then the expansion of specimen will result in a thermal strain, but there will be no stresses shifting the stress- 
strain curve from point O to point O l9 as shown in Figure 3.32. The total strain at any point is the sum of mechanical strain and 
thermal strains: 



s = - + a AT 
E 



(3.27) 



Figure 3.32 Effect of temperature on stress-strain curve. 




Normal strain s 



a AT 



Equation (3.27) and Figure 3.32 are valid only for small temperature changes well below the melting point. Material non- 
homogeneity, material anisotropy, nonuniform temperature distribution, or reaction forces from body constraints are the rea- 
sons for the generation of stresses from temperature changes. Alternatively, no thermal stresses are produced in a 
homogeneous, isotropic, unconstrained body due to uniform temperature changes. 

The generalized Hooke's law relates mechanical strains to stresses. The total normal strain, as seen from Equation (3.27), 
is the sum of mechanical and thermal strains. For isotropic materials undergoing small changes in temperature, the general- 
ized Hooke's law is written as shown in Equations (3.28a) through (3.28f). 





Mechanical Strain Thermal Strain 




1 JL 




1 1 ' ' 


XX 


<j -via + cr ) 

xx v yy zz> A ^ 

•£* v a AT 

E 


£ yy = 


<j -via + a ) 

yy zz xx + aAT 
E 


£ = 

ZZ 


cr — via + a ) 

zz xx yy +aAT 
E 


xy 


V G 


y z 


V G 


'zx 


W G 



(3.28a) 

(3.28b) 

(3.28c) 
(3.28d) 
(3.28e) 
(3.28f) 



Homogeneity of the material or the uniformity of the temperature change are irrelevant as Hooke's law is written for a point 
and not for the whole body. 
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EXAMPLE 3.10 

A circular bar (E = 200 GPa, v= 0.32, and a = 1 1 .7 jul°C) has a diameter of 100 mm. The bar is built into a rigid wall on the left, and a 
gap of 0.5 mm exists between the right wall and the bar prior to an increase in temperature, as shown in Figure 3. 33. The temperature of 
the bar is increased uniformly by 80 C. Determine the average axial stress and the change in the diameter of the bar. 



Figure 3.33 Bar in Example 3.10. J* 2 m 



% 



0.5 mm' 



METHOD 1: PLAN 

A reaction force in the axial direction will be generated to prevent an expansion greater than the gap. This would generate <j xx . As there 
are no forces in the y or z direction, the other normal stresses <j yy and <j zz can be approximated to zero in Equation (3.28a). The total 
deformation is the gap, from which the total average axial strain for the bar can be found. The thermal strain can be calculated from the 
change in the given temperature. Thus in Equation (3.28a) the only unknown is cr xx . Once cr xx has been calculated, the strain s can be 
found from Equation (3.28b) and the change in diameter calculated. 



SOLUTION 

The total axial strain is the total deformation (gap) divided by the length of the bar, 

_3 
0.5 x 10 m OCA 1A -6 /Trl . 

e xx = = 250 x 10 (El) 

xx 2 m 

a AT = 11.7 x 10" 6 x 80 = 936 x 10" 6 (E2) 

Because <r in , and cr are zero, Equation (3.28a) can be written as r = o v JE + a AT, from which we can obtain <r v 

\ \ ZZ -i \ / XX XX XX, 

N/m 2 
ANS. a = 137.2 MPa(C) 



E(E-aAT) = (200 x 10 9 N/m 2 )(250-936)10 6 = -137.2 x 10 6 N/m 2 (E3) 



From Equation (3.28b) we can obtain s yy and calculate the change in diameter, 

+ 936x 10" u = 1.107 x 10" J (E4) 



G xx , .. A m n ^ J -131 2 x 10 6 N/m 2 ! , /v _ (/V 6 , ,_ 1/k 3 



*yy = -vy + (xAr= -0.25 



200 x 10 9 N/m 2 



AD = e D = 1.107 x 10 3 x 100 mm (E5) 

ANS. AD = 0.1107 mm increase 



COMMENTS 

1. If a AT were less than s xx , then cr xx would come out as tension and our assumption that the gap closes would be invalid. In such a case 
there would be no stress a xx generated. 

2. The increase in diameter is due partly to Poisson's effect and partly to thermal strain in the y direction. 



METHOD 2: PLAN 

We can think of the problem in two steps: (i) Find the thermal expansion S T initially ignoring the restraining effect of the right wall, (ii) 
Apply the force P to bring the bar back to the restraint position due to the right wall and compute the corresponding stress. 



SOLUTION 



8 T , 

r 



:2m- -+h\ 



Figure 3.34 Approximate deformed shape of the bar in Example 3.10. q 5 mm J \ j 

We draw an approximate deformed shape of the bar, assuming there is no right wall to restrain the deformation as shown in Figure 
3.34.The thermal expansion S T is the thermal strain multiplied by the length of the bar, 
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3 T = (a AT)L = 11.7 x 10 6 x 80 x 2 m = 1.872 x 10 3 m (E6) 

We obtain the contraction S P to satisfy the restraint imposed by the right wall by subtracting the gap from the thermal expansion. 

5^ = 8 T - 0.5 x 10" 3 m = 1.372 x 10" 3 m (E7) 

We can then find the mechanical strain and compute the corresponding stress: 

Sp = 1.372 x 10 ~ 3 m _ A £0£ .. 1A -3 
L 2 m 



e p = -f = *_ = 0.686 x 10 (E8) 



o p = Ezp = (200 x 10 9 N/m 2 ) x 0.686 x 10 3 = 137.2 x 10 6 N/m 2 (E9) 

ANS. Op = 137.2 MPa (C) 
The change in diameter can be found as in Method 1 . 



COMMENT 

In Method 1 we ignored the intermediate steps and conducted the analysis at equilibrium. We implicitly recognized that for a linear sys- 
tem the process of reaching equilibrium is immaterial. In Method 2 we conducted the thermal and mechanical strain calculations sepa- 
rately. Method 1 is more procedural. Method 2 is more intuitive. 



EXAMPLE 3.11 

Solve Example 3.8 with a temperature increase of 20 C. Use a- 23 jul C. 



PLAN 

Shear stress is unaffected by temperature change and its value is the same as in Example 3.8. Hence r xy = 21 MPa. In Equations 3.28a 
and 3.28b o zz = 0, s xx = 650 //, and s = 300 ju are known and a AT can be found and substituted to generate two equations in the two 
unknown stresses cr xx and cr, which are found by solving the equations simultaneously. Then from Equation (3.28c), the normal strain s zz 
can be found. 



SOLUTION 

We can find the thermal strain as AT= 20 and aAT= 460 x 10~ 6 . Equations 3.28a and 3.28b and can be rewritten with <j zz = 0, 
G xx- VG yy = E (z xx - aAr > = ( 70x 10 9 N/m 2 )(650-460)10" 6 or 

o xx -025o yy = 13.3 MPa (El) 

c yy -vo xx = E(s yy -aAT) = (70 x 10 9 N/m 2 )(300-460)10" 6 or 

o yy -025o xx = -11.2 MPa (E2) 

By solving Equations (El) and (E2) we obtain <r xx and <x_ 

ANS. o xx =11.2 MPa(T) o yy = 8.4 MPa(C) 

From Equation (3.28c) with cr zz = we obtain 

= -v(^ + V) + aAr= -0.25(11.2-8.4) ( 10 6 )N/m 2 + 460xl0 -6 (£3) 

E (70 x 10 N/m ) 

ANS. s zz = 460 \x 



COMMENT 

1. Equations (El) and (E2) once more have the same structure as in Example 3.8. The only difference is that in Example 3.8 we were 
given the mechanical strain and in this example we obtained the mechanical strain by subtracting the thermal strain from the total 
strain. 
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PROBLEM SET 3.3 



Stress concentration 

3.119 A steel bar is axially loaded, as shown in Figure P3.1 19. Determine the factor of safety for the bar if yielding is to be avoided. The 
normal yield stress for steel is 30 ksi. Use the stress concentration factor chart in Section C.4 in Appendix. 

0.5 in 



10 kips 



Figure P3.119 




10 kips 



3.120 The stress concentration factor for a stepped flat tension bar with shoulder fillets shown in Figure P3.120 was determined as given 
by the equation below. The equation is valid only ifH/d> 1 + 2rld mdL/H> 5.784 - 1.89r/ d. The nominal stress is Pldt. Make a chart 
for the stress concentration factor versus Hid for the following values of rid: 0.2, 0.4, 0.6, 0.8, 1.0. (Use of a spreadsheet is 
recommended.) 



Figure P3.120 



T 

H 



JX 



K„ 



1.970 



-0.384(| 



1.018(g) 2 + 0.430(g) 3 



3.121 Determine the maximum normal stress in the stepped flat tension bar shown in Figure P3.120 for the following data: P = 9 kips, 
H=$in,d=3m,t = 0.125 in, and r = 0.625 in. 



3.122 An aluminum stepped tension bar is to carry a load P = 56 kN. The normal yield stress of aluminum is 160 MPa. The bar in Figure 
P3.120 has H= 300 mm, d- 100 mm, and t = 10 mm. For a factor of safety of 1.6, determine the minimum value r of the fillet radius if 
yielding is to be avoided. 



3.123 The stress concentration factor for a flat tension bar with U-shaped notches shown in Figure P3. 123 was determined as given by the 
equation below. The nominal stress is P I Ht. Make a chart for the stress concentration factor vs. rid for the following values of Hid: 1.25, 
1.50, 1.75, 2.0. (Use of a spreadsheet is recommended.) 

7 
P 





JJM 


A / 


/ 




p 


t 

H 

I 


J7l 


2r 


Figure P3.123 






^ 







K 



3.857-5.066 



,4<r-o, 58 (f) j 



3.124 Determine the maximum normal stress in the flat tension bar shown in Figure P3.123 for the following data: P - 
H- 300 mm, r = 15 mm, and t = 5 mm. 



150 kN, 



3.125 A steel tension bar with U-shaped notches of the type shown in Figure P3 . 1 23 is to carry a load P = 1 8 kips. The normal yield stress 
of steel is 30 ksi. The bar has H= 9 in., d = 6 in. and t = 0.25 in. For a factor of safety of 1.4, determine the value of r if yielding is to be 
avoided. 



Temperature effects 

3.126 An iron rim (a = 6.5 ///°F) of 35.98-in diameter is to be placed on a wooden cask of 36-in. diameter. Determine the minimum tem- 
perature increase needed to slip the rim onto the cask. 
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3.127 The temperature is increased by 60 C in both steel (E s = 200 GPa, a s = 12.0 jul C) and aluminum (E = 72 GPa, a- 23.0 jul C). 
Determine the angle by which the pointer rotates from the vertical position (Figure P3. 127). 



Aluminum 



Figure P3.127 



Steel 
- 450 mm- 



:i»» 



3.128 Solve Problem 3.73 if the temperature decrease is 25°C. Use a- 11.7 jul°C 



3.129 Solve Problem 3.74 if the temperature increase is 50°C. Use a = 23.6 jul°C. 



3.130 Solve Problem 3.81 if the temperature increase is 40°F. Use a- 6.5 ///°F. 



3.131 Solve Problem 3.82 if the temperature decrease is 100°F. Use a- 12.8 ///°F. 



3.132 Solve Problem 3.83 if the temperature decrease is 75°C. Use a = 26.0 jul°C. 



3.133 A plate (£=30,000 ksi, v- 0.25, a- 6.5 x 10" /°F) cannot expand in the y direction and can expand at most by 0.005 in. in the x 
direction, as shown in Figure P3.133. Assuming plane stress, determine the average normal stresses in the x and;; directions due to a uni- 
form temperature increase of 1 00°F. 
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5 in 
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,J 
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Figure P3.133 



-10 in >H 

0.005 in 



3.134 Derive the following relations of normal stresses in terms of normal strains from Equations (3.28a), (3.28b), and (3.28c): 

r/i \ i E Ea AT 

G xx = [( 1_v ) s xx + vs vv + V8 zz]71 — TTTTT— [-1 — T~ 

xx xx yy zz (l_2v)(l+v) 1 - 2v 

r/i \ . , i K Ea AT 

°yy = [d-v)e ;;;; + ve zz + ve J(1 _ 2v)(1+v) - T -^ 



[(l-v)e z +ve x +vel 



Ea AT 



xx ^ J (l-2v)(l+v) l-2v 



(3.29) 



3.135 For a point in plane stress show that 



, , N E Ea AT , , , E Ea AT 

*xx = ^xx + VZyy)- ~ 2 ~ -J^ V = (8^ + VE XX )- - T -^ 

1 - v 1 -v 



(3.30) 



3.136 For a point in plane stress show that 



r^K+vKB^ 



(3.31) 
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3.10* FATIGUE 



Try to break a piece of wire (such as a paper clip) by pulling on it by hand. You will not be able to break because you would 
need to exceed the ultimate stress of the material. Next take the same piece of wire and bend it one way and then the other a 
few times, and you will find that it breaks easily. The difference is the phenomena of fatigue. 

All materials are assumed to have microcracks. These small crack length are not critical and are averaged as ultimate 
strength for the bulk material in a tension test. However, if the material is subjected to cyclic loading, these microcracks can 
grow until a crack reaches some critical length, at which time the remaining material breaks. The stress value at rupture in a 
cyclic loading is significantly lower than the ultimate stress of the material. Failure due to cyclic loading at stress levels sig- 
nificantly lower than the static ultimate stress is called fatigue. 

Failure due to fatigue is like a brittle failure, irrespective of whether the material is brittle or ductile. There are two phases 
of failure. In the first phase the microcracks grow. These regions of crack growth can be identified by striation marks, also 
called beach marks, as shown in Figure 3.35. On examination of a fractured surface, this region of microcrack growth shows 
only small deformation. In phase 2, which is after the critical crack length has been reached, the failure surface of the region 
shows significant deformation. 



Striation Marks 



Figure 3.35 Failure of lead solder due to fatigue. (Courtesy Professor I. Miskioglu.) 




The following strategy is used in design to account for fatigue failure. Experiments are conducted at different magnitude 
levels of cyclic stress, and the number of cycles at which the material fails is recorded. There is always significant scatter in 
the data. At low level of stress the failure may occur in millions and, at times, billions of cycles. To accommodate this large 
scale, a log scale is used for the number of cycles. A plot is made of stress versus the number of cycles to failure called the S- 
N curve as shown in Figure 3.36. Notice that the curve approaches a stress level asymtotically, implying that if stresses are 
kept below this level, then the material would not fail under cyclic loading. The highest stress level for which the material 
would not fail under cyclic loading is called endurance limit or fatigue strength. 
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Figure 3.36 S-N curves. 10 4 10 5 10 6 10 7 10 8 

Number of cycles (log scale) 

It should be emphasized that a particular S-N curve for a material depends on many factors, such as manufacturing pro- 
cess, machining process, surface preparation, and operating environment. Thus two specimens made from the same steel 
alloys, but with a different history, will result in different S-N curves. Care must be taken to use an S-N curve that corre- 
sponds as closely as possible to the actual situation. 

In a typical preliminary design, static stress analysis would be conducted using the peak load of the cyclic loading. Using 
an appropriate S-N curve, the number of cycles to failure for the peak stress value is calculated. This number of cycles to fail- 
ure is the predicted life of the structural component. If the predicted life is unacceptable, then the component will be rede- 
signed to lower the peak stress level and hence increase the number of cycles to failure. 
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EXAMPLE 3.12 

The steel plate shown in Figure 3.37 has the S-N curve given in Figure 3.36. (a) Determine the maximum diameter of the hole to the 
nearest millimeter if the predicted life of one-half million cycles is desired for a uniform far- field stress <j= 75 MPa. (b) For the hole 
radius in part (a), what percentage reduction in far- field stress must occur if the predicted life is to increase to 1 million cycles? 



Figure 3.37 Uniaxially loaded plate with a hole in Example 3.12. 




PLAN 

(a) From Figure 3.36 we can find the maximum stress that the material can carry for one-half million cycles. From Equation (3.25) the 
gross stress concentration factor^ s can be found. From the plot of K s in Figure A. 13 of Appendix C we can estimate the ratio d/H 
and find the diameter d of the hole, (b) The percentage reduction in the gross nominal stress cr is the same as that in the maximum stress 
values in Figure 3.36, from one million cycles to one-half million cycles. 



SOLUTION 

(a) From Figure 3.36 the maximum allowable stress for one-half million cycles is estimated as 273 MPa. From Equation (3.25) the gross 
stress concentration factor is 

„ G max 273 MPa _, m .. 

K gross = ~ = 75M p a = 3 ' 64 ( E1 ) 

^nominal n 1Wa 

From Figure A. 13 of Appendix C the value of the ratio d/H corresponding to ^ gross = 3.64 is 0.374. 

d = 0.374 x H = 0.374 x 170 mm = 63.58 mm (E2) 

The maximum permissible diameter to the nearest millimeter can be obtained by rounding downward. 

ANS. d max = 63 mm 

(b) From Figure 3.36 the maximum allowable stress for one million cycles is estimated as 259 MPa. Thus the percentage reduction in 
maximum allowable stress is [(273MPa - 259 MPa)/273 MPa](100) = 5.13%. As the geometry is the same as in part (a), the percentage 
reduction in far-field stress should be the same as in the maximum allowable stress. 

ANS. The percentage reduction required is 5.13%. 



COMMENT 

1. A 5.13% reduction in peak stress value causes the predicted life cycle to double. Many factors can cause small changes in stress val- 
ues, resulting in a very wide range of predictive life cycles. Examples include our estimates of the allowable stress in Figure 3.36, of 
the ratio d/H from Figure A. 13 of Appendix C, of the far- field stress <x, and the tolerances of drilling the hole. Each is factor that can 
significantly affect our life prediction of the component. This emphasizes that the data used in predicting life cycles and failure due to 
fatigue must be of much higher accuracy than in traditional engineering analysis. 
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MoM in Action: The Comet / High Speed Train Accident 



On January 10, 1954, the de Havilland Comet failed in midair near the Italian island Elba, killing all 35 people on 
board. On June 3, 1998, near the village of Eschede in Germany, a high-speed train traveling at nearly 200 km/h derailed, 
killing 101 people and injuring another 88. The events are a cautionary tale about the inherent dangers of new technologies 
and the high price of knowledge. 

The Comet represented state-of-the-art technology. Passengers had a pressurized air cabin and slightly rounded 
square windows (Figure 1.39a) to look outside. The world's first commercial jet airliner flew 50% faster than the piston- 
engine aircrafts of that time, reducing flight times. It also flew higher, above adverse weather, for greater fuel efficiency 
and fewer vibrations. Its advanced aluminum alloy was postcard thin, to reduce weight, and adhesively bonded, lowering 
the risk of cracks spreading from rivets. Stress cycling due to pressurizing and depressurizing on plane that flies to 36,000 
feet and returns to ground was simulated on a design prototype using a water tank. The plane was deemed safe for at least 
16,000 flights. 

On January 22, 1952, the Comet received a certificate of airworthiness. It crashed less than two years later after 
only 1290 flights, and the initial investigation failed to determine why. Flights resumed March 23, 1954, but on April 8, a 
second Comet crashed near Naples on its way from Rome to Cairo - after only 900 flights. Once more flights were 
grounded, while pressurizing and depressurizing testing was conducted on a plane that had gone through 1221 flights. It 
failed the tests after 1836 additional simulations. 

Why did the initial testing on the prototype give such misleading results? Stresses near the window corners were 
far in excess of expectations, resulting in shorter fatigue life. Unlike static, fatigue test results should be used with great 
caution in extrapolating to field conditions. Passenger windows were made elliptical in shape, for a lower stress concentra- 
tion. With this and other design improvements, Comets were used by many airlines for the next 30 years. 



(a) 




(b) 



Figure 3.38 (a) de Havilland Comet 1 (b) Cross-section of high speed train wheel. 




rubber 
strip 



The high-speed intercity express (ICE) was the pride of the German railways. The first generation of these trains 
had single-cast wheels. At cruising speed, wheels deformation was causing vibrations. The wheels were redesigned with a 
rubber damping strip with a metal rim, as shown in Figure 1.39b. This design, already in use in streetcars, resolved the 
vibrations. However, the metal rims were failing earlier then predicted by design. The railway authority had noticed the 
problem long before the accident, but decided to merely replace the wheels more often. The decision proved disastrous. 

Six kilometers from Eschede, the wheel rim from one axle peeled and punctured the floor. The train derailed in 
minutes. And investigation established that the rims become thinner owing to wear, and fatigue-induced cracks can cause 
failure earlier than the design prediction. The wheel design is now once more single cast, and alternative solutions to the 
vibration problems were found. Today the high-speed ICE is used for much of Germany. 

No laboratory test can accurately predict fatigue life cycles under field conditions. Regular inspection of planes and 
high-speed train wheels for fatigue cracks is now standard practice. 
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3.11* NONLINEAR MATERIAL MODELS 



Rubber, plastics, muscles, and other organic tissues exhibit nonlinearity in the stress-strain relationship, even at small strains. 
Metals also exhibit nonlinearity after yield stress. In this section we consider various nonlinear material models — the equa- 
tions that represent the stress-strain nonlinear relationship. The material constants in the equations are found by least-squares 
fit of the stress-strain equation to the experimental data. For the sake of simplicity we shall assume that the material behavior 
is the same in tension and in compression. 

We will consider three material models that are used in analytical and numerical analysis: 

1. The elastic-perfectly plastic model, in which the nonlinearity is approximated by a constant. 

2. The linear strain-hardening (or bilinear) model, in which the nonlinearity is approximated by a linear function. 

3. The power law model, in which the nonlinearity is approximated by a one-term nonlinear function. 

Other material models are described in the problems. The choice of material model depends not only on the material 
stress-strain curve, but also on the need for accuracy and the resulting complexity of analysis. 



3.11.1 Elastic-Perfectly Plastic Material Model 



Figure 3.39 shows the stress-strain curves describing an elastic-perfectly plastic behavior of a material. It is assumed that the 
material has the same behavior in tension and in compression. Similarly, for shear stress-strain, the material behavior is the 
same for positive and negative stresses and strains. 
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Figure 3.39 Elastic-perfectly plastic material behavior. 

Before yield stress the stress-strain relationship is given by Hooke's law. After yield stress the stress is a constant. The 
elastic-perfectly plastic material behavior is a simplifying approximation 2 used to conduct an elastic-plastic analysis. The 
approximation is conservative in that it ignores the material capacity to carry higher stresses than the yield stress. The stress- 
strain curve are given by 



<r 



yield' 



Es, 



e > tyield 
"tyield"*- tyield 



(3.32) 
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yield 



r yield' 
Gy, 
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/ viplH ' 'yield 



'yield " 



(3.33) 



r <-y 



yield 



The set of points forming the boundary between the elastic and plastic regions on a body is called elastic-plastic bound- 
ary. Determining the location of the elastic-plastic boundary is one of the critical issues in elastic-plastic analysis. The exam- 
ples will show, the location of the elastic-plastic boundary is determined using two observations: 



2 Limit analysis is a technique based on elastic-plastic material behavior. It can be used to predict the maximum load a complex structure like a truss can support. 
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1. On the elastic-plastic boundary, the strain must be equal to the yield strain, and stress equal to yield stress. Deformations 
and strains are continuous at all points, including points at the elastic-plastic boundary. 

2. If deformation is not continuous, then it is implied that holes or cracks are being formed in the material. If strains, 
which are derivative displacements, are not continuous, then corners are being formed during deformation. 

3.11.2 Linear Strain-Hardening Material Model 



Figure 3.40 shows the stress-strain curve for a linear strain-hardening model, also referred to as bilinear material 3 model. It is 
assumed that the material has the same behavior in tension and in compression. Similarly, for shear stress and strain, the mate- 
rial behavior is the same for positive and negative stresses and strains. 



<r = o- yi eid + E 2 (s - s yMd ) 



yield + G 2 (y - y yield ) 





O" = -O-yield + E 2^ + Yyield) T = Yyield + G 2^ + Yyield) 

Figure 3.40 Linear strain-hardening model. 

This is another conservative, simplifying approximation of material behavior: we once more ignore the material ability to 
carry higher stresses than shown by straight lines. The location of the elastic-plastic boundary is once more a critical issue in 
the analysis, and it is determined as in the previous section. 



The stress-strain curves are given by 
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(3.34) 



(3.35) 



3.11.3 Power-Law Model 



Figure 3.41 shows a power-law representation of a nonlinear stress-strain curve. It is assumed that the material has the same 
behavior in tension and in compression. Similarly for shear stress and strain; the material behavior is the same for positive and 
negative stresses and strains. The stress-strain curve are given by 



(7 



Es", s>0 

-E{-s) n , e<0 



Gy n , 

-G(-yf, 






(3.36) 



incremental plasticity is a numerical technique that approximated the non-linear stress-strain curve by series of straight lines over small intervals. 
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The constants E and G are the strength coefficients, and n is the strain-hardening coefficient. They are determined by least- 
squares fit to the experimental stress-strain curve. Materials such as most metals in plastic region or most plastics are repre- 
sented by the solid curve with the strain-hardening coefficient less than one. Materials like soft rubber, muscles and other 
organic materials are represented by the dashed line with a strain-hardening coefficient greater than one. 

From Equation (3.36) we note that when strain is negative, the term in parentheses becomes positive, permitting evalua- 
tion of the number to fractional powers. Furthermore with negative strain we obtain negative stress, as we should. 

In Section 3.11.2 we saw that the stress-strain relationship could be written using different equations for different stress 
levels. We could, in a similar manner, combine a linear equation for the linear part and a nonlinear equation for the nonlinear 
part, or we could combine two nonlinear equations, thus creating additional material models. Other material models are con- 
sidered in the problems. 




0<n< 1 
Figure 3.41 Nonlinear stress-strain curves. 



0<n< 1 



EXAMPLE 3.13 

Aluminum has a yield stress a yield = 40 ksi in tension, a yield strain s - Xd = 0.004, an ultimate stress <r ult = 45 ksi, and the corresponding 
ultimate strain s uXt = 0.17. Determine the material constants and plot the corresponding stress-strain curves for the following models: (a) 
the elastic-perfectly plastic model, (b) the linear strain-hardening model, (c) the nonlinear power-law model. 



PLAN 

We have coordinates of three points on the curve: P (<r = 0.00, s = 0.000), P x (a x = 40.0, e x = 0.004), and P 2 (<r 2 = 45.0, s 2 = 0.017). 
Using these data we can find the various constants in the material models. 



SOLUTION 

(a) The modulus of elasticity E is the slope between points P and P x . After yield stress, the stress is a constant. The stress-strain behav- 
ior can be written as 



a i~ a = 40 ksi 
0.004 



M~ & 



ANS. 



10,000s ksi, 
40 ksi, 



10,000 ksi 

|s| < 0.004 

Is I > 0.004 



(El) 



(E2) 



(b) In the linear strain-hardening model the slope of the straight line before yield stress is as calculated in part (a). After the yield stress, 
the slope of the line can be found from the coordinates of points P x and P 2 The stress-strain behavior can be written as 



h = 5 ksi 
;i 0.013 



384.6 ksi 



ANS. 



10,000s ksi, 



lei < 0.004 



[40 + 384.6(s - 0.004) ksi, |s| > 0.004 

(c) The two constants E and n in a = Ez can be found by substituting the coordinates of the two point Y x and P 2 , to generate 



(E3) 
(E4) 
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40 = £(0.004) 

45 = E(0.0\7) n 
Dividing Equation (E6) by Equation (E5) and taking the logarithm of both sides, we solve for n: 



In 



0.01 



'■# 



or n ln(4.25) = ln(1.125) 



V0.004 
Substituting Equation (E7) into Equation (E5), we obtain the value of E: 

E = (40 ksi)/(0.004) 00814 = 62.7 ksi 
We can now write the stress-strain equations for the power law model. 



n = 0.0814 



ANS. 



62.7e - 0814 ksi e>0 

-62.7(-e) 00814 ksi s <° 



Stresses at different strains can be found using Equations (E2), (E4), and (E9) and plotted as shown in Figure 3.42. 
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Figure 3.42 Stress-strain curves for different models in Example 3.13. 
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EXAMPLE 3.14 

On a cross-section of a hollow circular shaft shown in Figure 3.43, the shear strain in polar coordinates was found to be 

_3 
j x q = 3p x 10 , where p is the radial coordinate measured in inches. Write expressions for r x0 as a function of/?, and plot the shear 

strain y and shear stress r distributions across the cross section. Assume the shaft is made from elastic-perfectly plastic material that 
has a yield stress r ield = 24 ksi and a shear modulus G = 6000 ksi. 



Figure 3.43 Hollow shaft in Example 3.14. 




PLAN 

The yield strain in shear y yield can be found from the yield stress r yield and the shear modulus G. The location of the elastic-plastic bound- 
ary p y can be determined at which the given shear strain reaches the value of x yield . The shear stress at points before p y can be found 
from Hooke's law, and after p it will be the yield stress. 
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SOLUTION 

The location of the elastic-plastic boundary can be found as 



'yield 



r yield _ 24 x 10 3 ksi 



6000 x 10 ksi 



0.004 = 0.003/? or p A 



0.004 



y 0.003 



1.33 in. 



Up to p stress and strain are related by Hooke's law, and hence 



T xe = Gy x6 = (6 x 10 psi) x 3px 10 = 18/? x 10 psi 



After p the stress is equal to r , and the shear stress can be written as 



ANS. 



18/? ksi, 0.5 in. <p< 1.333 in. 

24 ksi, 1.333 in. </?<2.0 in. 

The shear strain and shear stress distributions across the cross section are shown in Figure 3.44. 
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Figure 3.44 Strain and stress distributions. 




0.5 1.333 2.0 p(in) 
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COMMENT 



1. In this problem we knew the strain distribution and hence could locate the elastic-plastic boundary easily. In most problems we do 
not know the strains due to a load, and finding the elastic-plastic boundary is significantly more difficult. 

EXAMPLE 3.15 

Resolve Example 3.14 assuming the shaft material has a stress-strain relationship given by r= 450/ 075 ksi. 



PLAN 

Substituting the strain expression into the stress-strain equation we can obtain stress as a function of p and plot it. 



SOLUTION 

Substituting the strain distribution into the stress-strain relation we obtain 

a en nnn? - 75 °- 75 

t x q = 450 x 0.003 p 



The shear stress can be found at several points and plotted as shown in Figure 3.45 

' > 7x6 (AO 



(El) 



0.75 . 



ANS. x xQ = 5.768 p ksi 



nT xQ (ksi) 



T xd = 5.768p°- 75 (ksi) 
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Figure 3.45 Strain and stress distributions in Example 3.15 
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COMMENT 

1. We see that although the strain distribution is linear across the cross section, the stress distribution is nonlinear due to material nonlin- 
earity. Deducing the stress distribution across the cross section would be difficult, but deducing a linear strain distribution is possible 
from geometric considerations, as will be seen in Chapter 5 for the torsion of circular shafts. 



EXAMPLE 3.16 

At a cross section of a beam shown in Figure 3.46, the normal strain due to bending about the z axis was found to vary as s xx = -0.0125;/, 
with y measured in meters. Write the expressions for normal stress a xx as a function of j; and plot the a xx distribution across the cross 
section. Assume the beam is made from elastic-perfectly plastic material that has a yield stress <r yield = 250 MPa and a modulus of elas- 
ticity E = 200 GPa. 



50 mm 



250 mm 



Figure 3.46 Beam cross section in Example 3.16. 



50 mm 




50 mm 



250 mm 



PLAN 

Points furthest from the origin will be the most strained, and the plastic zone will start from the top and bottom and move inward sym- 
metrically. We can determine the yield strain £- yield from the given yield stress <r yield and the modulus of elasticity E. We can then find the 
location of the elastic-plastic boundary by finding j^ at which the normal strain reaches the value of s yield . The normal stress before y can 
be found from Hooke's law, and after y it will be the yield stress. 



SOLUTION 

The location of the elastic-plastic boundary is given by 



b yield 



^eld = ( ± 250xlQ 6 )N/m 2 = ^ x 1Q -3 = _ Q 



200 x 10 9 N/m 2 



y v 



:1.25x 10 



+0.1 m 



'y -0.0125 

Up to the elastic-plastic boundary, i.e., y r the material is in the linear range and Hooke's law applies. Thus, 



g xx = (200 x 10 9 N/m 2 )(-0.0125j) = -2500;/ MPa \y\ < 0.1 m 



The normal stress as a function ofy can be written as 

ANS. „ = 



-250 MPa, 
-2500J MPa, 
250 MPa, 



0.1 m<y<03 m 
-0.1 m<y<0.\ m 
-0.3 m<j;<-0.1 m 



(El) 



(E2) 



(E3) 
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The normal strain and stress as a function of y can be plotted as shown in Figure 3.47 

j(m)> 



3750 1250 



1250 3750 




Figure 3.47 Strain and stress distributions in Example 3.16 
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COMMENTS 

1. To better appreciate the stress distribution we can plot it across the entire cross section, as shown in Figure 3.48. 




Figure 3.48 Stress distribution across cross section in Example 3.16 

2. Once more we see that the stress distribution across the cross section will be difficult to deduce, but as will be seen in Chapter 6 for 
the symmetric bending of beams, we can deduce the approximate strain distribution from geometric considerations. 



EXAMPLE 3.17 

Resolve Example 3.16 assuming that the stress-strain relationship is given by a- 9000£° 6 MPa in tension and in compression. 



PLAN 

We substitute the strain value in Equations (3.36) and obtain the equation for stress in terms of y. 



SOLUTION 

Substituting the strains in the stress-strain relation in Equations (3.36), we obtain 



9000 s°J MPa 

,0.6 



6 >0 



9000(-£) MPa z xx < 



f9000(-0.0125^) uo MPa 

G xx = 1 

l(-9000(0.0125^) 06 ) MPa 

f649.2(-y)°- 6 MPa y<0 



y<0 
y>0 



ANS. <x . 



-6492(y) MPa J 7 ^ 



(E4) 
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The strains and stresses can be found at different values of j; and plotted as shown in Figure 3.49. 
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Figure 3.49 Strain and stress distributions in Example 3.17. 
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COMMENT 

1. To better appreciate the stress distribution we can plot it across the entire cross section, as shown in Figure 3.50. 



Figure 3.50 Stress distribution across cross section in Example 3.17. 




PROBLEM SET 3.4 



Fatigue 

3.137 A machine component is made from a steel alloy that has an S-N curve as shown in Figure 3.36. Estimate the service life of the 
component if the peak stress is reversed at the rates shown, (a) 40 ksi at 200 cycles per minute, (b) 36 ksi at 250 cycles per minute, (c) 32 ksi 
at 300 cycles per minute. 



3.138 A machine component is made from an aluminum alloy that has an S-N curve as shown in Figure 3.36. What should be the maxi- 
mum permissible peak stress in MPa for the following situations: (a) 17 hours of service at 100 cycles per minute, (b) 40 hours of service at 
50 cycles per minute, (c) 80 hours of service at 20 cycles per minute. 



3.139 A uniaxial stress acts on an aluminum plate with a hole is shown in Figure P3.139. The aluminum has an S-N curve as shown in 
Figure 3.36. Predict the number of cycles the plate could be used if d = 3.2 in. and the far-field stress cr= 6 ksi. 



Figure P3.139 
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3.140 A uniaxial stress acts on an aluminum plate with a hole is shown in Figure P3.139. The aluminum has an S-N curve as shown in 
Figure 3.36. Determine the maximum diameter of the hole to the nearest - in., if the predicted service life of one-half million cycles is 

8 

desired for a uniform far- field stress a- 6 ksi. 



3.141 A uniaxial stress acts on an aluminum plate with a hole is shown in Figure P3.139. The aluminum has an S-N curve as shown in 
Figure 3.36. Determine the maximum far- field stress crif the diameter of the hole is 2.4 in. and a predicted service life of three-quarters of a 
million cycles is desired. 



Nonlinear material models 



3.142 Bronze has a yield stress <r yield = 18 ksi in tension, a yield strain £- yield = 0.0012, ultimate stress <r ult = 50 ksi, and the corresponding 
ultimate strain s ult = 0.50. Determine the material constants and plot the resulting stress-strain curve for (a) the elastic-perfectly plastic 
model, (b) the linear strain-hardening model, (c) the nonlinear power-law model. 



3.143 Cast iron has a yield stress a yield = 220 MPa in tension, a yield strain £- ield = 0.00125, ultimate stress <r ult = 340 MPa, and the corre- 
sponding ultimate strain s ult = 0.20. Determine the material constants and plot the resulting stress-strain curve for: (a) the elastic-perfectly 
plastic model, (b) the linear strain-hardening model, (c) the nonlinear power-law model. 



3.144 A solid circular shaft of 3-in. diameter has a shear strain at a section in polar coordinates of y x6 =2/7x10", where p is the radial 
coordinate measured in inches. The shaft is made from an elastic-perfectly plastic material, which has a yield stress r yield =18 ksi and a 
shear modulus G = 12,000 ksi. Write the expressions for r^as a function of p and plot the shear strain y x0 and shear stress redistributions 
across the cross section. 



3.145 A solid circular shaft of 3-in. diameter has a shear strain at a section in polar coordinates of y x6 = 2p x 10" 3 , where p is the radial 
coordinate measured in inches.The shaft is made form a bilinear material as shown in Figure 3.40. The material has a yield stress r ield = 18 
ksi and shear moduli G x = 12,000 ksi and G 2 = 4800 ksi. Write the expressions for r x6 as a function of p and plot the shear strain y x0 and 
shear stress r x0 distributions across the cross section. 



3.146 A solid circular shaft of 3-in. diameter has a shear strain at a section in polar coordinates of y x6 = 2p x 10" 3 , where p is the radial 
coordinate measured in inches.The shaft material has a stress-strain relationship given by r = 243 y 0A ksi. Write the expressions for r^as a 
function ofp and plot the shear strain y x0 and shear stress redistributions across the cross section. 



3.147 A solid circular shaft of 3-in diameter has a shear strain at a section in polar coordinates of y xQ = 2p x 10" 3 , where p is the radial 

coordinate measured in inches. The shaft material has a stress-strain relationship given by r= 12,000/ - 120,000^ ksi. Write the expres- 
sions for r^as a function of p and plot the shear strain ^and shear stress r distributions across the cross section. 



3.148 A hollow circular shaft has an inner diameter of 50 mm and an outside diameter of 100 mm. The shear strain at a section in polar 
coordinates was found to be y xd = 0.2p, where p is the radial coordinate measured in meters.The shaft is made from an elastic-perfectly plas- 
tic material that has a shear yield stress r ield = 175 MPa and a shear modulus G =26 GPa. Write the expressions for r as a function ofp and 
plot the shear strain y and shear stress r distributions across the cross section. 



3.149 A hollow circular shaft has an inner diameter of 50 mm and an outside diameter of 100 mm. The shear strain at a section in polar 
coordinates was found to be y x6 = 0.2/}, where p is the radial coordinate measured in meters. The shaft is made from a bilinear material as 
shown in Figure 3.40. The material has a shear yield stress r yield = 175 MPa and shear moduli G { = 26 GPa and G 2 = 14 GPa. Write the 
expressions for r as a function ofp and plot the shear strain y and shear stress r distributions across the cross section. 
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3.150 A hollow circular shaft has an inner diameter of 50 mm and an outside diameter of 100 mm. The shear strain at a section in polar 
coordinates was found to be y x0 = O.2p, where p is the radial coordinate measured in meters. The shaft material has a stress-strain relationship 

given by r = 3435 f 06 MPa. Write the expressions for r as a function of/? and plot the shear strain y and shear stress r distributions across 
the cross section. 



3.151 A hollow circular shaft has an inner diameter of 50 mm and an outside diameter of 100 mm. The shear strain at a section in polar 
coordinates was found to be y x0 = O.2p, where p is the radial coordinate measured in meters. The shaft material has a stress-strain relationship 

given by r = 26,000/ - 208,000^ MPa. Write the expressions for r as a function of p and plot the shear strain y and shear stress r distri- 
butions across the cross section. 



3.152 A rectangular beam has the dimensions shown in Figure P3.152. The normal strain due to bending about the z axis was found to 
vary as s^ = -0.0 ly, with y measured in meters. The beam is made from an elastic-perfectly plastic material that has a yield stress 
°yieid = ^50 MPa and a modulus of elasticity E = 200 GPa. Write the expressions for normal stress <r xx as a function of y and plot the <r xx dis- 
tribution across the cross section. Assume similar material behavior in tension and compression 

100 mm 100 mm 



Figure P3.152 



150 mm 
150 mm 



3.153 A rectangular beam has the dimensions shown in Figure P3.152. The normal strain due to bending about the z axis was found to 
vary as s xx = -O.Oly, with y measured in meters. The beam is made from a bilinear material as shown in Figure 3.40. The material has a 
yield stress a yield = 250 MPa and moduli of elasticity E x - 200 GPa and E 2 = 80 GPa. Write the expressions for normal stress <r xx as a func- 
tion of y and plot the <r xx distribution across the cross section. Assume similar material behavior in tension and compression. 



3.154 A rectangular beam has the dimensions shown in Figure P3.152. The normal strain due to bending about the z axis was found to 
vary as s xx --O.Oly, with y measured in meters. The beam material has a stress-strain relationship given by <j= 952^° 2 MPa. Write the 
expressions for normal stress <r xx as a function of y and plot the <r xx distribution across the cross section. Assume similar material behavior 
in tension and compression. 



3.155 A rectangular beam has the dimensions shown in Figure P3.152. The normal strain due to bending about the z axis was found to 
vary as s xx = -O.Oly, with y measured in meters. The beam material has a stress-strain relationship given by <r= 200^- 20006 2 MPa. Write 
the expressions for normal stress <r xx as a function of y and plot the <r xx distribution across the cross section. Assume similar material behav- 
ior in tension and compression. 

3.12* CONCEPT CONNECTOR 

Several pioneers concluded that formulas in the mechanics of materials depend on quantities that must be measured experi- 
mentally yet Thomas Young is given credit for discovering the modulus of elasticity. History also shows that there was a great 
controversy over the minimum number of independent constants needed to describe the linear relationship between stress and 
strain. The controversy took 80 years to resolve. Experimental data were repeatedly explained away when they did not sup- 
port the prevalent theories at that time. Section 3.12.1 describes the vagaries of history in giving credit and the controversy 
over material constants. 

Composite structural members are a growing area of application of mechanics of materials. Fishing rods, bicycle frames, 
the wings and control surfaces of aircrafts, tennis racquets, boat hulls, storage tanks, reinforced concrete bars, wooden beams 
stiffened with steel, laminated shafts, and fiberglass automobile bodies are just some examples. Section 3.12.2 discusses 
material grouping as a prelude to the discussion of composites in Section 3.12.3 
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3.12.1 History: Material Constants 



Even as a child, Robert Hooke (1635-1703) took an interest in mechanical toys and drawings. In 1662 he was appointed 
curator of experiments for the Royal Society in England, thanks to his inventive abilities and his willingness to design 
apparatus in pursuit of ideas from other Society fellow as well as his own. A skilled architect and surveyor, he assisted 
Christopher Wren on the city that rose up again after the Great Fire of London. He left his mark as well in optics, astronomy, 
and biology, and indeed he coined the word cell. Among his many works are experiments on springs and elastic bodies. In 
1678 he published his results, including the linear relationship between force and deformation now known as Hooke's law. In 
his words, "Ut tensio sic vis": as the extension, so is the force. (In 1680 in France, while conducting experiments with beams, 
Edme Mariotte arrived at the same linear relationship independently.) In acknowledgment of his work on elastic bodies, the 
stress-strain relation of Equation (3.1) is also called Hooke's law. 

Leonard Euler (1707-1783), in his mathematical studies on beam buckling published in 1757, also used Hooke's law and 
introduced what he called the moment of stiffness. He suggested that this moment of stiffness could be determined experimen- 
tally. This moment of stiffness is the bending rigidity, which we will study in Chapter 6 on beam bending. It was Giordano 
Ricardi who proposed the idea that material constant must be determined experimentally. In 1782 he described the first six 
modes of vibration for chimes of brass and steel, giving values for the modulus of elasticity. Credit for defining and measur- 
ing the modulus of elasticity, however, is given to Thomas Young (1773-1829), and is often referred to as Young's modulus. 

After Young resigned in 1803 from the Royal Institute in England, where he had been professor of natural philosophy, he 
published his course material. Here he defines the modulus of elasticity in terms of the pressure produced at the base of a col- 
umn of given cross-sectional area due to its own weight. This definition includes the area of cross section, which is like the 
axial rigidity we will study in chapter 4 on axial members. The definition of the modulus of elasticity as purely a material 
property — independent of geometry — is a later development. 





Figure 3.51 Constants named for these pioneers. Thomas Young Simeon Poisson 

Poisson's ratio is part of a controversy that raged over most of the 19th century. The molecular theory of stress, initiated 
by the French engineer and physicist Claude-Louis Navier (1785-1836), is based on the central-force concept described in the 
Section 1.5. Navier himself derived the equilibrium equations, in terms of displacement, using this theory, but with only one 
independent material constant for isotropic bodies. In 1839 George Green started from the alternative viewpoint that at 
equilibrium the potential energy must be minimum. Green came to the conclusion that there must be two independent 
constants for the isotropic stress-strain relationship. From his own independent analysis, also using Navier' s molecular theory 
of stress, Poisson had concluded that the Poisson's ratio must be 1/4. With this value of Poisson's ratio, the equilibrium 
equations of Green and Navier become identical. While Guillaume Wertheim's experiments on glass and brass in 1848 did 
not support this value, Wertheim continued to believe that only one independent material constant was needed. 

Believers in the existence of one independent material constant dismissed experimental results on the basis that the mate- 
rials on which the experiment was conducted were not truly isotropic. In the case of anisotropic material, Cauchy and Poisson 
(using Navier' s molecular theory of stress) concluded that there were fifteen independent material constants, whereas Green's 
analysis showed that twenty-one independent material constants relate stress to strain. The two viewpoints could be resolved 
if there were six relationships between the material constants. Woldemar Voigt's experiments between 1887 and 1889 on sin- 
gle crystals with known anisotropic properties showed that the six relationships between the material constants were untena- 
ble. Nearly half a century after the deaths of Navier, Poisson, Cauchy, and Green, his experimental results finally resolved the 
controversy. Today we accept that isotropic materials have two independent constants in the general linear stress-strain rela- 
tionship, whereas anisotropic materials have twenty-one. 
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3.12.2 Material Groups 



There are thirty-one types of crystals. Bodies made up of these crystals can be grouped into classes, based on the independent 
material constants in the linear stress-strain relationship. The most general anisotropic material, which requires twenty-one 
independent constants, is also called triclinic material. Three other important nonisotropic material groups are monoclinic, 
orthotropic, and transversely isotropic materials. 

• Monoclinic materials require thirteen independent material constants. Here the z plane is the plane of symmetry. This 
implies that the stress-strain relationships are the same in the positive and negative z directions. 

• Orthotropic materials require nine independent constants. Orthotropic materials have two orthogonal planes of symmetry. 
In other words, if we rotate the material by 90° about the x or the y axis, we obtain the same stress-strain relationships. 

• Transversely isotropic materials require five independent material constants. Transversely isotropic materials are isotro- 
pic in a plane. In other words, rotation by an arbitrary angle about the z axis does not change the stress-strain relationship, 
and the material is isotropic in the xy plane. 

• Isotropic materials require only two independent material constants. Rotation about the x, y, or z axis by any arbitrary 
angle results in the same stress-strain relationship. 

3.12.3 Composite Materials 



A body made from more than one material can be called a composite. The ancient Egyptians made composite bricks for build- 
ing the pyramids by mixing straw and mud. The resulting brick was stronger than the brick made from mud alone. Modern 
polymer composites rely on the same phenomenological effect in mixing fibers and epoxies to get high strength and high stiff- 
ness per unit weight. 

Fibers are inherently stiffer and stronger than bulk material. Bulk glass such as in window panes has a breaking strength 
of a few thousand psi. Glass fibers, however, have a breaking strength on the order of one-half million psi. The increase in 
strength and stiffness is due to a reduction of defects and the alignment of crystals along the fiber axis. The plastic epoxy 
holds these high-strength and high- stiffness fibers together. 

In long or continuous-fiber composites, a lamina is constructed by laying the fibers in a given direction and pouring 
epoxy on top. Clearly each lamina will have different mechanical properties in the direction of the fibers and in the direction 
perpendicular to the fibers. If the properties of the fibers and the epoxies are averaged (or homogenized), then each lamina can 
be regarded as an orthotropic material. Laminae with different fiber orientations are then put together to create a laminate, as 
shown in Figure 3.52. The overall properties of the laminate can be controlled by the orientation of the fibers and the stacking 
sequence of the laminae. The designer thus has additional design variables, and material properties can thus be tailored to the 
design requirements. Continuous-fiber composite technology is still very expensive compared to that of metals, but a signifi- 
cant weight reduction justifies its use in the aerospace industry and in specialty sports equipment. 



Lamina 



Figure 3.52 Laminate construction. 

One way of producing short-fiber composites is to spray fibers onto epoxy and cure the mixture. The random orientation 
of the fibers results in an overall transversely isotropic material whose properties depend on the ratio of the volume of fibers 
to the volume of epoxy. Chopped fibers are cheaper to produce than the continuous-fiber composites and are finding increas- 
ing use in automobile and marine industries for designing secondary structures, such as body panels. 
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3.13 CHAPTER CONNECTOR 



In this chapter we studied the many ways to describe material behavior and established the empirical relationships between 
stress and strain. We saw that the number of material constants needed depends on the material model we wish to incorporate 
into our analysis. The simplest material model is the linear, elastic, isotropic material that requires only two material 
constants. 

We also studied how material models can be integrated into a logic by which we can relate displacements to external 
forces. A more complex material model changes the stress distribution across the cross section, but not the key equations — the 
relationships between displacements and strains or between stresses and internal forces and moments. Similarly, we can add 
complexity to the relationship between displacements and strains without changing the material model. Thus the modular 
structure of the logic permits us to add complexities at several points, then carry the complexity forward into the equations 
that are otherwise unchanged. 

Chapters 4 through 7 will extend the logic shown in Figure 3.15 to axial members, torsion of circular shafts, and 
symmetric bending of beams. The idea is to develop the simplest possible theories for these structural members. To do so, we 
shall impose limitations and make assumptions regarding loading, material behavior, and geometry. The difference between 
limitations and assumptions is in the degree to which the theory must be modified when a limitation or assumption is not 
valid. An entire theory must be redeveloped if a limitation is to be overcome. In contrast, assumptions are points where 
complexities can be added, and the derivation path that was established for the simplified theory can then be repeated. 
Examples, problems, and optional sections will demonstrate the addition of complexities to the simplified theories. 

All these theories will have certain limitations in common: 

1. The length of the member is significantly (approximately 10 times) greater than the greatest dimension in the cross sec- 
tion. Approximations across the cross section are now possible, as the region of approximation is small. We will deduce 
constant or linear approximations of deformation across the cross section and confirm the validity of an approximation 
from photographs of deformed shapes. 

2. We are away from regions of stress concentration, where displacements and stresses can be three-dimensional. The 
results from the simplified theories can be extrapolated into the region of stress concentration, as described in Section 
3.7. 

3. The variation of external loads or change in cross-sectional area is gradual, except in regions of stress concentration. 
The theory of elasticity shows that this limitation is necessary; otherwise the approximations across the cross section 
would be untenable. 

4. The external loads are such that axial, torsion, and bending can be studied individually. This requires not only that the 
applied loads be in a given direction, but also that the loads pass through a specific point on the cross section. 

Often reality is more complex than even the most sophisticated theory can explain, and the relationship between variables 
must be modified empirically. These empirically modified formulas of mechanics of materials form the basis of most struc- 
tural and machine design. 
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POINTS AND FORMULAS TO REMEMBER 

The point up to which stress and strain are linearly related is called proportional limit. 

The largest stress in the stress-strain curve is called ultimate stress. 

The sudden decrease in the cross-sectional area after ultimate stress is called necking. 

The stress at the point of rupture is called fracture or rupture stress. 

The region of the stress-strain curve in which the material returns to the undeformed state when applied forces are 
removed is called elastic region. 

The region in which the material deforms permanently is called plastic region. 

The point demarcating the elastic from the plastic region is called yield point. 

The stress at yield point is called yield stress. 

The permanent strain when stresses are zero is called plastic strain. 

The offset yield stress is a stress that would produce a plastic strain corresponding to the specified offset strain. 

A material that can undergo large plastic deformation before fracture is called ductile material. 

A material that exhibits little or no plastic deformation at failure is called brittle material. 

Hardness is the resistance to indentation. 

Raising the yield point with increasing strain is called strain hardening. 

A ductile material usually yields when the maximum shear stress exceeds the yield shear stress of the material. 

A brittle material usually ruptures when the maximum tensile normal stress exceeds the ultimate tensile stress of the 
material. 



a=Es (3.1) 



^lateral 
V longitudinal^ 



(3.2) z=Gy (3.3) 



where E is the modulus of elasticity, vis Poisson's ratio, and G is the shear modulus of elasticity. 
The slope of the tangent to the stress-strain curve at a given stress value is called tangent modulus. 
The slope of the line that joins the origin to the given stress value is called secant modulus. 
Failure implies that a component or a structure does not perform the function for which it was designed. 
Failure could be due to too little or too much deformation or strength. 

„ + r ~ . v failure-producing value , n t m 

Factor of safety: K a r, = 77—- 77— — - — (3.10) 

sarety computed (allowable) value 

The factor of safety must always be greater than 1 . 

The failure-producing value could be the value of deformation, yield stress, ultimate stress, or loads on a structure. 

An isotropic material has a stress-strain relation that is independent of the orientation of the coordinate system. 

In a homogeneous material the material constants do not change with the coordinates x, y, or z of a point. 

There are only two independent material constants in a linear stress-strain relationship for an isotropic material, but there 
can be 21 independent material constants in an anisotropic material. 

Generalized Hooke's law for isotropic materials: 

£ =\<J -v(cr + a )]/E y =t /G 

xx L xx v yy zz } J *xy xy 

s =[cr -v(a +<j )]/E y =t /G G = — ^ - (3.14a) through (3.1 4f) 

yy yy zz ** y z y z 2(1 +v) 

£ =[<j -v(a + a )]/E y = t /G 

zz L zz v xx yy JI r zx zx 
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CHAPTER FOUR 

AXIAL MEMBERS 



Learning objectives 

1. Understand the theory, its limitations, and its applications for the design and analysis of axial members. 

2. Develop the discipline to draw free-body diagrams and approximate deformed shapes in the design and analysis of struc- 
tures. 



The tensile forces supporting the weight of the Mackinaw bridge (Figure 4.1a) act along the longitudinal axis of each cable. The 
compressive forces raising the weight of the dump on a truck act along the axis of the hydraulic cylinders. The cables and 
hydraulic cylinders are axial members, long straight bodies on which the forces are applied along the longitudinal axis. 
Connecting rods in an engine, struts in aircraft engine mounts, members of a truss representing a bridge or a building, spokes 
in bicycle wheels, columns in a building — all are examples of axial members 




Figure 4.1 Axial members: (a) Cables of Mackinaw bridge, (b) Hydraulic cylinders in a dump truck. 

This chapter develops the simplest theory for axial members, following the logic shown in Figure 3.15 but subject to the 
limitations described in Section 3,13. We can then apply the formulas to statically determinate and indeterminate structures. 
The two most important tools in our analysis will be free-body diagrams and approximate deformed shapes. 

4.1 PRELUDE TO THEORY 

As a prelude to theory, we consider two numerical examples solved using the logic discussed in Section 3.2. Their solution 
will highlight conclusions and observations that will be formalized in the development of the theory in Section 4.2. 
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EXAMPLE 4.1 

Two thin bars are securely attached to a rigid plate, as shown in Figure 4.2. The cross-sectional area of each bar is 20 mm 2 . The force F 
is to be placed such that the rigid plate moves only horizontally by 0.05 mm without rotating. Determine the force F and its location h for 
the following two cases: (a) Both bars are made from steel with a modulus of elasticity E = 200 GPa. (b) Bar 1 is made of steel 
(E = 200 GPa) and bar 2 is made of aluminum (E = 70 GPa). 

A Bar 1 B 



Figure 4.2 Axial bars in Example 4. 1 . 



Bar 2 



- 200 mm - 



1 



-►F 



20 mm 



PLAN 

The relative displacement of point B with respect to A is 0.05 mm, from which we can find the axial strain. By multiplying the axial 
strain by the modulus of elasticity, we can obtain the axial stress. By multiplying the axial stress by the cross-sectional area, we can 
obtain the internal axial force in each bar. We can draw the free-body diagram of the rigid plate and by equilibrium obtain the force F and 
its location h. 



SOLUTION 

1. Strain calculations: The displacement of B is u B = 0.05 mm. Points is built into the wall and hence has zero displacement. The normal 
strain is the same in both rods: 



0.05 mm 
200 mm 



250 |umm/mm 



2. Stress calculations: From Hooke's law a- Es, we can find the normal stress in each bar for the two cases. 
Case (a): Because E and s 1 are the same for both bars, the stress is the same in both bars. We obtain 



'l 



(200 x 10 9 N/m 2 )x250x 10 6 



50 x 10 6 N/m 2 (T) 



Case (b): Because E is different for the two bars, the stress is different in each bar 

-6 



'1 



E \H 






(200 x 10 9 N/m 2 )x250: 
70 x 10 9 x250x 10" 6 



10 w = 50 x 10 6 N/m 2 (T) 
17.5xl0 6 N/m 2 (T) 



(El) 



(E2) 



(E3) 



3. Internal forces : Assuming that the normal stress is uniform in each bar, we can find the internal normal force from N = oA, where 

,4 = 20mm 2 = 20x 10 6 m 2 . 
Case (a): Both bars have the same internal force since stress and cross-sectional area are the same, 



Ni = N, 



(50 x 10 6 N/m 2 )(20x 10 6 m 2 ) 



1000 N (T) 



Case (b): The equivalent internal force is different for each bar as stresses are different. 



Ni 



N, 



Mi 



o 2 A 2 



(50 x 10 6 N/m 2 )(20 x 10 6 m 2 ) = 
(17.5 x 10 6 N/m 2 )(20 x 10" 6 m 2 ) 



1000 N (T) 



(E5) 



(E6) 



y 2 ~ ^2^2 — v 17 -- 7 * LKJ i,N/i11 )\ z ' yj * Lyj xi1 ) ~ 350 N (T) (E7) 

4. External force: We make an imaginary cut through the bars, show the internal axial forces as tensile, and obtain free-body diagram 
shown in Figure 4.3. By equilibrium of forces inx direction we obtain 

F = N x +N 2 
By equilibrium of moment point O in Figure 4.3, we obtain 

N x (20-h)-N 2 h = 

20AT, 



h = 



'l 



N x +N 2 



Figure 4.3 Free-body diagram in Example 4. 1 . 

Case (a): Substituting Equation (E5) into Equations (E8) and (E10), we obtain F and h: 

20mmx 1000 N 



1000 N+ 1000 N = 2000 N 



h 



(1000 N+ 1000 N) 
Case (b): Substituting Equations (E6) and (E7) into Equations (E8) and (E10), we obtain F and h: 











(E8) 






(E9) 






(E10) 










-< 


| 







*1 




O 


Til 


20 mm 


-< 


| 






N 2 








10 mm 






ANS. 


F = 


:200 


ON h = 


= 10 mm 
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1000 N + 350 N = 1350 N 



20mmx 1000 N 
(1000 N + 350 N) 



14.81 mm 
ANS. F-- 



1350 N h= 14.81 mm 



COMMENTS 

1. Both bars, irrespective of the material, were subjected to the same axial strain. This is the fundamental kinematic assumption in the 
development of the theory for axial members, discussed in Section 4.2. 

n—2 

2. The sum on the right in Equation (E8) can be written > a- AA ,-, where <x is the normal stress in the zth bar, A/4 is the cross-sec- 

tional area of the zth bar, and n = 2 reflects that we have two bars in this problem. If we had n bars attached to the rigid plate, then the 
total axial force would be given by summation over n bars. As we increase the number of bars n to infinity, the cross-sectional area 
AA i tends to zero (or infinitesimal area dA) as we try to fit an infinite number of bars on the same plate, resulting in a continuous 
body. The sum then becomes an integral, as discussed in Section 4.1.1. 

3. If the external force were located at any point other than that given by the value of h, then the plate would rotate. Thus, for pure axial 
problems with no bending, a point on the cross section must be found such that the internal moment from the axial stress distribution 

is zero. To emphasize this, consider the left side of Equation (E9), which can be written as V\_ yp . AA t , where y t is the coordinate 

of the zth rod's centroid. The summation is an expression of the internal moment that is needed for static equivalency. This internal 
moment must equal zero if the problem is of pure axial deformation, as discussed in Section 4.1.1. 

4. Even though the strains in both bars were the same in both cases, the stresses were different when E changed. Case (a) corresponds to 
a homogeneous cross section, whereas case (b) is analogous to a laminated bar in which the non-homogeneity affects the stress distri- 
bution. 



4.1.1 Internal Axial Force 



In this section we formalize the key observation made in Example 4.1: the normal stress <j xx can be replaced by an equiva- 
lent internal axial force using an integral over the cross-sectional area. Figure 4.4 shows the statically equivalent systems. The 
axial force on a differential area cr xx dA can be integrated over the entire cross section to obtain 



"~l 


a xx 


dA 








z 


1 i 


z 


dN -- 


= cr xx dA 




y 


\ 










C 


n 


^*" X 



(4.1) 




Figure 4.4 Statically equivalent internal axial force. 

If the normal stress distribution o xx is to be replaced by only an axial force at the origin, then the internal moments M and 
M z must be zero at the origin, and from Figure 4.4 we obtain 



J/** 



dA = 



j z ° xx dA = 



(4.2a) 
(4.2b) 



Equations (4.1), (4.2a), and (4.2b) are independent of the material models because they represent static equivalency 
between the normal stress on the cross section and internal axial force. If we were to consider a laminated cross section or nonlin- 
ear material, then it would affect the value and distribution of <j xx across the cross section, but Equation (4.1) relating a xx and TV 
would remain unchanged, and so would the zero moment condition of Equations (4.2a) and (4.2b). Equations (4.2a) and (4.2b) are 
used to determine the location at which the internal and external forces have to act for pure axial problem without bending, as dis- 
cussed in Section 4.2.6. 
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EXAMPLE 4.2 

Figure 4.5 shows a homogeneous wooden cross section and a cross section in which the wood is reinforced with steel. The normal strain 
for both cross sections is uniform, s xx = -200 ju. The moduli of elasticity for steel and wood are E steel = 30,000 ksi and E wood = 8000 ksi. 

(a) Plot the cr xx distribution for each of the two cross sections shown, (b) Calculate the equivalent internal axial force N for each cross 
section using Equation (4.1). 

(a) 



1/4 in. 



1/4 in. 




Figure 4.5 Cross sections in Example 4.2. (a) Homogeneous, (b) Laminated. 



PLAN 

(a) Using Hooke's law we can find the stress values in each material. Noting that the stress is uniform in each material, we can plot it 
across the cross section, (b) For the homogeneous cross section we can perform the integration in Equation (4.1) directly. For the nonhomo- 
geneous cross section we can write the integral in Equation (4.1) as the sum of the integrals over steel and wood and then perform the integra- 
tion to find N. 



SOLUTION 

(a) From Hooke's law we can write 



( CT «)wood = ( 8000ksi X- 20 °) 10 " 



-1.6 ksi 



( °ix) s teel 



-6 ksi 



(El) 

(E2) 

For the homogeneous cross section the stress distribution is as given in Equation (El), but for the laminated case it switches to Equation 
(E2), depending on the location of the point where the stress is being evaluated, as shown in Figure 4.6. 

1 .D KSI 



(30000 ksi)(-200) 10 



6 ksi 



1.6 ksi 







6 ksi 



(b) 



Figure 4.6 Stress distributions in Example 4.2. (a) Homogeneous cross section, (b) Laminated cross section. 



(b) Homogeneous cross section: Substituting the stress distribution for the homogeneous cross section in Equation (4.1) and integrat- 
ing, we obtain the equivalent internal axial force, 



" = J (<*„>■ 



wood 



dA 



Kx) W00d ^ = (- L6ksi )( 2in -)( L5in -) 



-4.8 kips 



ANS. 



(E3) 

N = 4.8 kips (C) 

Laminated cross section: The stress value changes as we move across the cross section. Let A sh and A st represent the cross-sectional 
areas of steel at the bottom and the top. Let^4 w represent the cross-sectional area of wood. We can write the integral in Equation (4.1) as 
the sum of three integrals, substitute the stress values of Equations (El) and (E2), and perform the integration: 

N = I °~ M + L CT « dA + L °« dA = L Esteel dA + J, (^) w ood dA + J, ^xWl M ° T (E4) 

^sb A w ^st ^sb A w ^st 

(E5) 



N= KAteel^sb + ( G xx)wonH^w + (0«f~i^ ()1 " 



^ y wood w 



xx s steel st 



N 



(-6 ksi)(2 in.)Q in) + (-1.6 ksi)(l in.) (2 in.) + (-6 ksi)(2 in.)Q in 



-9.2 kips 

ANS. 



(E6) 
N= 9.2 kips (C) 
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COMMENTS 

1. Writing the integral in the internal axial force as the sum of integrals over each material, as in Equation (E4), is equivalent to calculat- 
ing the internal force carried by each material and then summing, as shown in Figure 4.7. 

6ksi 

I N, t = J(r xx dA = 6X2X1/4 





: fo- xx dA = 1.6 X 2 X 1 — 



Ja xx dA = 6 X 2 : 




N = AL + N + N ( 



sb 



6ksi 



Figure 4.7 Statically equivalent internal force in Example 4.2 for laminated cross section. 

2. The cross section is geometrically as well as materially symmetric. Thus we can locate the origin on the line of symmetry. If the lower 
steel strip is not present, then we will have to determine the location of the equivalent force. 

3. The example demonstrates that although the strain is uniform across the cross section, the stress is not. We considered material non- 
homogeneity in this example. In a similar manner we can consider other models, such as elastic-perfectly plastic or material models 
that have nonlinear stress-strain curves. 



PROBLEM SET 4.1 



4.1 Aluminum bars (E = 30,000 ksi) are welded to rigid plates, as shown in Figure P4.1. All bars have a cross-sectional area of 0.5 in 2 . Due 
to the applied forces the rigid plates at A, B, C, and D are displaced in x direction without rotating by the following amounts: u A = -0.0100 in., u B 
= 0.0080 in., u c = -0.0045 in., and u D = 0.0075 in. Determine the applied forces F l9 F 2 , F 3 , and F 4 . 
Fl F 7 F 3 F A 



i _r 


2 


r 3 


1_ 








1 A 


B 


c 


d\ 








J ►* 









Figure P4.1 



Fx \ \ F 2 F 3 

1^36 in Hh 50 in — 



- 36 in -H 



4.2 Brass bars between sections A and B, aluminum bars between sections B and C, and steel bars between sections C and D are welded to 
rigid plates, as shown in Figure P4.2. The rigid plates are displaced in the x direction without rotating by the following amounts: u B = -1.8 mm, 
u c = 0.7 mm, and u D = ?>.l mm. Determine the external forces F { , F 2 and F 3 using the properties given in Table P4.2 

TABLE P4.2 





-►* 


* Fi 


1 F 2 




Brass 


Aluminum 








■^ L l 


Steel 




A 


B 


C D 


' ''3 










F ? 


U-f 3 


Modulus of elasticity 
Diameter 


70 GPa 
30 mm 


100 GPa 

25 mm 


200 GPa 


Figure P4.2 


-1.5m- 


< F x 
< 2.5m 


- — 2m — H 


20 mm 













4.3 The ends of four circular steel bars {E = 200 GPa) are welded to a rigid plate, as shown in Figure P4.3. The other ends of the bars are 
built into walls. Owing to the action of the external force F, the rigid plate moves to the right by 0.1 mm without rotating. If the bars have a 
diameter of 10 mm, determine the applied force F. 

p r Rigid plate 



Figure P4.3 



I 



-2.5m Hh—1.5] 



1 



4.4 Rigid plates are securely fastened to bars A and B, as shown in Figure P4.4. A gap of 0.02 in. exists between the rigid plates before the 
forces are applied. After application of the forces the normal strain in bar^4 was found to be 500 ju. The cross-sectional area and the modulus of 
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elasticity for each bar are as follows: A A —\ in. 2 , E A = 10,000 ksi, A B = 0.5 in. 2 , and E B = 30,000 ksi. Determine the applied forces F, assuming 
that the rigid plates do not rotate. 



Figure P4.4 



Bar A 



Bar A 



Rigid plates 
Bar B 



Bar B 



-60 in H h-K24inH 

0.02 in 



4.5 The strain at a cross section shown in Figure P4.5 of an axial rod is assumed to have the uniform value s xx = 200 ju. (a) Plot the stress dis- 
tribution across the laminated cross section, (b) Determine the equivalent internal axial force N and its location from the bottom of the cross 



Figure P4.5 



Aluminum 



I y 



- 80 mm - 



Wood 



!10mm 



100 mm 



Steel 



!10mm 



4.6 A reinforced concrete bar shown in Figure P4.6 is constructed by embedding 2-in. x 2-in. square iron rods. Assuming a uniform strain 
e xx = -1500 /j in the cross section, (a) plot the stress distribution across the cross section; (b) determine the equivalent internal axial force N. Use 



,<y 4inl 



Figure P4.6 



4 in 





— 24 in — 


JL 
T 


■ yO' ^s ^ '. ' o 
o i' o ■ ' . • • © . < 




H H 



T 

>4ir 

n 



4 in 



4 in 



4.2 THEORY OF AXIAL MEMBERS 



In this section we will follow the procedure in Section 4. 1 with variables in place of numbers to develop formulas for axial 
deformation and stress. The theory will be developed subject to the following limitations: 

1. The length of the member is significantly greater than the greatest dimension in the cross section. 

2. We are away from the regions of stress concentration. 

3. The variation of external loads or changes in the cross-sectional areas is gradual, except in regions of stress concentra- 
tion. 

4. The axial load is applied such that there is no bending. 

5. The external forces are not functions of time that is, we have a static problem. (See Problems 4.37, 4.38, and 4.39 for 
dynamic problems.) 

Figure 4.8 shows an externally distributed force per unit length p(x) and external forces F 1 and F 2 acting at each end of an 
axial bar. The cross-sectional area^4(x) can be of any shape and could be a function of x. 

Sign convention: The displacement u is considered positive in the positive x direction. The internal axial 
force N is considered positive in tension negative in compression. 
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The theory has two objectives: 

1. To obtain a formula for the relative displacements u 2 - u x in terms of the internal axial force TV. 

2. To obtain a formula for the axial stress <x v in terms of the internal axial force N. 




Figure 4.8 Segment of an axial bar. 

We will take Ax = x 2 - x x as an infinitesimal distance so that the gradually varying distributed load/>(x) and the cross-sec- 
tional area A(x) can be treated as constants. We then approximate the deformation across the cross section and apply the logic 
shown in Figure 4.9. The assumptions identified as we move from each step are also points at which complexities can later be 
added, as discussed in examples and "Stretch Yourself problems. 




Figure 4.9 Logic in mechanics of materials. 

4.2.1 Kinematics 



(a) 




(h) 
















| 








^ 
















































i 









(c) 


m 


X 

1 — ^ 


^ 




► 




^ 



Figure 4.10 Axial deformation: (a) original grid; (b) deformed grid, (c) u is constant in y direction. 

Figure 4.10 shows a grid on an elastic band that is pulled in the axial direction. The vertical lines remain approximately vertical, but 
the horizontal distance between the vertical lines changes. Thus all points on a vertical line are displaced by equal amounts. If this 
surface observation is also true in the interior of an axial member, then all points on a cross-section displace by equal amounts, but 
each cross-section can displace in the x direction by a different amount, leading to Assumption 1. 
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Assumption 1 Plane sections remain plane and parallel. 



Assumption 1 implies that u cannot be a function of y but can be a function of x 

u = u(x) (4.3) 

As an alternative perspective, because the cross section is significantly smaller than the length, we can approximate a function 
such as u by a constant treating it as uniform over a cross section. In Chapter 6, on beam bending, we shall approximate wasa linear 
function of y. 



4.2.2 Strain Distribution 



Assumption 2 Strains are small. 1 



If points x 2 and x l are close in Figure 4.8, then the strain at any point x can be calculated as 

f u 2 -u^ / Ai a 

e xx = hm = lim — or 

XX Ax^0^X 2 -X l S Ax^O^AxS 

(4.4) 



du , . 



Equation (4.4) emphasizes that the axial strain is uniform across the cross section and is only a function of x. In deriving Equa- 
tion (4.4) we made no statement regarding material behavior. In other words, Equation (4.4) does not depend on the material 
model if Assumptions 1 and 2 are valid. But clearly if the material or loading is such that Assumptions 1 and 2 are not tenable, 
then Equation (4.4) will not be valid. 

4.2.3 Material Model 



Our motivation is to develop a simple theory for axial deformation. Thus we make assumptions regarding material behavior that 
will permit us to use the simplest material model given by Hooke's law. 
Assumption 3 Material is isotropic. 
Assumption 4 Material is linearly elastic. 2 
Assumption 5 There are no inelastic strains. 3 

Substituting Equation (4.4) into Hooke's law, that is, <j xx = E s xx , we obtain 

"» = Zf x (4-5) 

Though the strain does not depend on y or z, we cannot say the same for the stress in Equation (4.5) since E could change across the 
cross section, as in laminated or composite bars. 

4.2.4 Formulas for Axial Members 



Substituting <j xx from Equation (4.5) into Equation (4.1) and noting that duldx is a function of x only, whereas the integration 
is with respect to y and z (dA = dy dz), we obtain 



N 



f E^-dA = t* f EdA (4.6) 

j a dx dx j a 



<? a ax ax •> a 



! See Problem 4.40 for large strains. 
2 See Problem 4.36 for nonlinear material behavior. 

3 Inelastic strains could be due to temperature, humidity, plasticity, viscoelasticity, and so on. We shall consider inelastic strains due to tem- 
perature in Section 4.5. 
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Consistent with the motivation for the simplest possible formulas, E should not change across the cross section as implied in 
Assumption 6. We can take E outside the integral. 
Assumption 6 Material is homogeneous across the cross section. 



With material homogeneity, we then obtain 



N = E 



dw r , A „ . du 
— dA = EA — or 
dx) A 



dx 



dx 



EA 



(4.7) 



The higher the value of EA, the smaller will be the deformation for a given value of the internal force. Thus the rigidity of 
the bar increases with the increase in EA. This implies that an axial bar can be made more rigid by either choosing a stiff er mate- 
rial (a higher value of E) or increasing the cross-sectional area, or both. Example 4.5 brings out the importance of axial rigidity 
in design. The quantity EA is called axial rigidity. 

Substituting Equation (4.7) into Equation (4.5), we obtain 



TV 
A 



(4.8) 



In Equation (4.8), TV and A do not change across the cross section and hence axial stress is uniform across the cross section. 
We have used Equation (4.8) in Chapters 1 and 3, but this equation is valid only if all the limitations are imposed, and if Assump- 
tions 1 through 6 are valid. 

We can integrate Equation (4.7) to obtain the deformation between two points: 



? ? 71 J 

du = — dx 
•L J. EA 



(4.9) 

where u x and u 2 are the displacements of sections at x x and x 2 , respectively. To obtain a simple formula we would like to take the 

three quantities TV, E, and A outside the integral, which means these quantities should not change withx. To achieve this simplicity, 

we make the following assumptions: 

Assumption 7 The material is homogeneous between x 1 andx 2 . (E is constant) 

Assumption 8 The bar is not tapered between x x and x 2 . (A is constant) 

Assumption 9 The external (hence internal) axial force does not change with x between x x and x 2 . (TV is constant) 

If Assumptions 7 through 9 are valid, then TV, E, and A are constant between x 1 and x 2 , and we obtain 



N(x 2 -x 1 ) 
EA 



(4.10) 



In Equation (4.10), points x x andx 2 must be chosen such that neither TV, E, nor A changes between these points. 

4.2.5 Sign Convention for Internal Axial Force 

The axial stress <r xx was replaced by a statically equivalent internal axial force TV. Figure 4.11 shows the sign convention for 
the positive axial force as tension. 
Figure 4.11 Sign convention for positive internal axial force. -< — 



+N 



TV is an internal axial force that has to be determined by making an imaginary cut and drawing a free-body diagram. In what 
direction should TV be drawn on the free-body diagram? There are two possibilities: 

1. TV is always drawn in tension on the imaginary cut as per our sign convention. The equilibrium equation then gives a 
positive or a negative value for TV. A positive value of <r xx obtained from Equation (4.8) is tensile and a negative value is 
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compressive. Similarly, the relative deformation obtained from Equation (4.10) is extension for positive values and con- 
traction for negative values. The displacement u will be positive in the positive x direction. 
2. TV is drawn on the imaginary cut in a direction to equilibrate the external forces. Since inspection is being used in 
determining the direction of N, tensile and compressive <r xx and extension or contraction for the relative deformation 
must also be determined by inspection. 

4.2.6 Location of Axial Force on the Cross Section 



For pure axial deformation the internal bending moments must be zero. Equations (4.2a) and (4.2b) can then be used to deter- 
mine the location of the point where the internal axial force and hence the external forces must pass for pure axial problems. 
Substituting Equation (4.5) into Equations (4.2a) and (4.2b) and noting that duldx is a function of x only, whereas the integration 
is with respect to y and z (dA = dy dz), we obtain 

,du 7 A du i 
^ A 



\ y<J^ dA = \ yE — - dA = — -\ yE dA = or 
J A xx j A dx dxJ A 



J yE dA 



(4.11a) 



[ zcr xx dA = \ zE— dA = —\ zE dA = or 

J A J A UX UX <J A 

\ zE dA = (4.11b) 

Equations (4.11a) and (4.11b) can be used to determine the location of internal axial force for composite materials. If the 
cross section is homogenous (Assumption 6), then E is constant across the cross section and can be taken out side the integral: 

f ydA = (4.12a) 

zdA = (4.12b) 



I; 



Equations (4.12a) and (4.12b) are satisfied ify and z are measured from the centroid. (See Appendix A.4.) We will have pure 
axial deformation if the external and internal forces are colinear and passing through the centroid of a homogenous cross sec- 
tion. This assumes implicitly that the centroids of all cross sections must lie on a straight line. This eliminates curved but not 
tapered bars. 

4.2.7 Axial Stresses and Strains 



In the Cartesian coordinate system all stress components except a xx are assumed zero. From the generalized Hooke's law for iso- 
tropic materials, given by Equations (3.14a) through (3.14c), we obtain the normal strains for axial members: 



v 



(4.13) 



where vis the Poisson's ratio. In Equation (4.13), the normal strains in v and z directions are due to Poisson's effect. Assumption 1, 
that plane sections remain plane and parallel implies that no right angle would change during deformation, and hence the assumed 
deformation implies that shear strains in axial members are zero. Alternatively, if shear stresses are zero, then by Hooke's law shear 
strains are zero. 
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EXAMPLE 4.3 



Solid circular bars of brass (E hr = 100 GPa, v br = 0.34) and aluminum (E al = 70 GPa, v al = 0.33) having 200 mm diameter are attached to 
a steel tube (E st = 210 GPa, v st = 0.3) of the same outer diameter, as shown in Figure 4.12. For the loading shown determine: (a) The 
movement of the plate at C with respect to the plate at^4. (b) The change in diameter of the brass cylinder, (c) The maximum inner diam- 
eter to the nearest millimeter in the steel tube if the factor of safety with respect to failure due to yielding is to be at least 1.2. The yield 
stress for steel is 250 MPa in tension. 

750 kN 1500 kN 2750 kN 2000 kN 



Figure 4.12 Axial member in Example 4.3. 



-4 




► -< 




► 




Brass 
B 


Aluminum 

C 


Steel 




A 




750 kN 


^0.5m^ 


1500 kN 2750 kN 
* 1.5 m ^ 


^0.6m + 


2000 kN 



PLAN 

(a) We make imaginary cuts in each segment and determine the internal axial forces by equilibrium. Using Equation (4.10) we can find 
the relative movements of the cross sections at B with respect to A and at C with respect to B and add these two relative displacements to 
obtain the relative movement of the cross section at C with respect to the section at ^4. (b) The normal stress <j xx in AB can be obtained 
from Equation (4.8) and the strain s found using Equation (4.13). Multiplying the strain by the diameter we obtain the change in diam- 
eter, (c) We can calculate the allowable axial stress in steel from the given failure values and factor of safety. Knowing the internal force in 
CD we can find the cross-sectional area from which we can calculate the internal diameter. 



SOLUTION 

(a) The cross-sectional areas of segment AB and BC are 



BC = j(0.2 m) 2 = 31.41 x 10 3 m 2 



(El) 



We make imaginary cuts in segments AB, BC, and CD and draw the free-body diagrams as shown in Figure 4.13. By equilibrium of 
forces we obtain the internal axial forces 



N AB = 1500 kN 



N BC = 1500 kN - 3000 kN 



(a) 750 kN 



Figure 4.13 Free body diagrams in Example 4.3. 



750 kN 



A^4 



= -1500 kN 
(b) 750 kN 



750 kN 



N CD = = 4000 kN 



1500 kN 





> 



(c) 



N R 



N r 



1500 kN 



We can find the relative movement of point B with respect to points, and C with respect to B using Equation (4.10): 



(E2) 

2000 kN 



2000 kN 



Aq U B 



n ab( x b~ x a) = (1500 x 10 3 N)(0.5m) 

e ab A ab (100 x 10 9 N/m 2 )(31.41 x 10" 3 m 2 ) 

N BC (x c -x B ) = (-1500 x 10 3 N)(1.5m) . 

e bc A bc (70 x 10 9 N/m 2 )(31.41 x 10" 3 m 2 ) 



0.2388 x 10 m 



-1.0233 x 10 m 



Adding Equations (E3) and (E4) we obtain the relative movement of point C with respect to A: 
u r — u 



(u c -u B ) + (u B -u A ) = (0.2388 m- 1.0233 m)10 3 = -0.7845x10 3 m 



ANS. 



(E3) 
(E4) 

(E5) 



u c - u A = 0.7845 mm contraction 



(b) We can find the axial stress <j xx in AB using Equation (4.8): 



N 



AB 



1500 x 10 N 



A ab (31.41 x 10 3 m 2 ) 



47.8 x 10 6 N/m 2 



(E6) 



Substituting <j xx , E hr =100 GPa, v br = 0.34 in Equation (4.13), we can find a '. Multiplying s yy by the diameter of 200 mm, we then obtain 
the change in diameter Ad, 



yy 



%r^xx = 0.34(47.8 x 10° N/m) = _ Q J62 x 1Q - 



Ad 



"br 



100 x 10 9 N/m 



200 mm 



ANS. 



(E7) 
Ad = -0.032 mm 



(c) The axial stress in segment CD is 
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N t 



CD 



4000 x 10 N 



16,000 x 10 XT/ 2 

N/m 



A cd (>/4)[(0.2m) 2 -Z)f] [tt(02 2 -D^)] 



Using the given factor of safety, we determine the value of D t 

a, 



K 



vicld 250xl0 6 x[7i(0.2 2 -Z)f)] 2 2 

^^ = — — = 49.09(0.2 -ZQ> 1.2 or 



J C£> 



Z) 2 <0.2 2 - 24.45 x 10 



16,000 x 10 

3 



or £>•< 124.7 x 10 m 

To the nearest millimeter, the diameter that satisfies the inequality in Equation (E9) is 124 mm. 



(E8) 



(E9) 
ANS. A =124 mm 



COMMENTS 

1. On a free-body diagram some may prefer to show N in a direction that counterbalances the external forces, as shown in Figure 4.14. 

In such cases the sign convention is not being followed. 
We note that u B — u A = 0.2388 (10~ 3 ) m is extension and u c -u B = 1.0233 (10~ 3 ) m is contraction. To calculate u c - u A we must now manu- 
ally subtract u c - u B from u B - u A . 

750 kN_ _1500kN 

N AR N R 



750 kN 

-< 



Figure 4.14 Alternative free body diagrams in Example 4.3. 
2. An alternative way of calculating of u c - u A is 

Xc N 



750 kN 






u c -u A = J 



EA 



dx 



, X B N 



AB 



E AB A AB 



dx + 



N, 



BC 



; E BC A BC 



dx 



750 kN 



* 



1500 kN 



(b) 



or, written more compactly, 



Au 



Z 

i=l 






(4.14) 



where n is the number of segments on which the summation is performed, which in our case is 2. Equation (4.14) can be used only if the 
sign convention for the internal force N is followed. 

3. Note that N BC - N AB = -3000 kN and the magnitude of the applied external force at the section at B is 3000 kN. Similarly, N CD - N BC 
= 5500 kN, which is the magnitude of the applied external force at the section at C. In other words, the internal axial force jumps by 
the value of the external force as one crosses the external force from left to right. We will make use of this observation in the next sec- 
tion, when we develop a graphical technique for finding the internal axial force. 



4.2.8 Axial Force Diagram 



In Example 4.3 we constructed several free-body diagrams to determine the internal axial force in different segments of the axial 
member. An axial force diagram is a graphical technique for determining internal axial forces, which avoids the repetition of 
drawing free-body diagrams. 

An axial force diagram is a plot of the internal axial force A^ versus x. To construct an axial force diagram we create a small 
template to guide us in which direction the internal axial force will jump, as shown in Figure 4.15a and Figure 4.15Z?. An axial 
template is a free-body diagram of a small segment of an axial bar created by making an imaginary cut just before and just after 
the section where the external force is applied. 

(a) f^ (b) 

? ^^1 , 



Figure 4.15 Axial bar templates. Template Equations 
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The external force F ext on the template can be drawn either to the left or to the right. The ends represent the imaginary cut 
just to the left and just to the right of the applied external force. On these cuts the internal axial forces are drawn in tension. An 
equilibrium equation — that is, the template equation — is written as shown in Figure 4.15 If the external force on the axial bar is 
in the direction of the assumed external force on the template, then the value of N 2 is calculated according to the template equa- 
tion. If the external force on the axial bar is opposite to the direction shown on the template, then N 2 is calculated by changing 
the sign of F ext in the template equation. Example 4.4 demonstrates the use of templates in constructing axial force diagrams. 



EXAMPLE 4.4 

Draw the axial force diagram for the axial member shown in Example 4.3 and calculate the movement of the section at C with respect to 
the section at^4. 



PLAN 

We can start the process by considering an imaginary extension on the left. In the imaginary extension the internal axial force is zero. 
Using the template in Figure 4.15a to guide us, we can draw the axial force diagram. Using Equation (4.14), we can find the relative dis- 
placement of the section at C with respect to the section at A. 



SOLUTION 

Let LA be an imaginary extension on the left of the shaft, as shown in Figure 4.16a. Clearly the internal axial force in the imaginary segment 
LA is zero. As one crosses the section at A, the internal force must jump by the applied axial force of 1500 kN. Because the forces at^4 are in the 
opposite direction to the force F ext shown on the template in Figure 4.15a, we must use opposite signs in the template equation. The internal 
force just after the section at^4 will be +1500 kN. This is the starting value in the internal axial force diagram. 



(a) 



750 kN 



1500 kN 



2750 kN 



__A 
750 kN 



Brass 
B 



Aluminum 



Steel 



2000 kN (b) 



h0.5m^ 



1500 kN 2750 kN 
1.5 m * 



2000 kN 



H0.6mH 



4000 

1500 

A 

-1500 



W(kN) 



D 



Figure 4.16 (a) Extending the axial bar for an axial force diagram, (b) Axial force diagram. 

We approach the section at B with an internal force value of +1500 kN. The force at B is in the same direction as the force shown on the 
template in Figure 4.15a. Hence we subtract 3000 as per the template equation, to obtain a value of -1500 kN, as shown in Figure 4. 166. 

We now approach the section at C with an internal force value of -1500 kN and note that the forces at C are opposite to those on the tem- 
plate in Figure 4.15a. Hence we add 5500 to obtain +4000 kN. 

The force at D is in the same direction as that on the template in Figure 4.15a, and after subtracting we obtain a zero value in the imagi- 
nary extended bar DR. The return to zero value must always occur because the bar is in equilibrium. 

From Figure 4.166 the internal axial forces in segments AB and BC are N AB = 1500 kN and N BC = -1500 kN. The crosssectional areas as calcu- 

-3 2 

lated in Example 4.3 are A AB = v4 5C = 31.41 x 10 m and modulas of elasticity for the two sections are E AB =100 GPa and E BC = 70 
GPa. Substituting these values into Equation (4.14) we obtain the relative deformation of the section at C with respect to the section at A, 



Aw 



^ab( x b x a) , N BC (x c x B ) 

L A rA 



E BC^BC 



(1500 x 10 3 N)(0.5m) 



AB^AB 

(-1500 x 10 3 N)(1.5m) 

-3 



(100 x 10 9 N/m )(3 1.41 x 10 m ) (70 x 10 9 N/m )(3 1.41 x 10 m ) 

ANS. 



-0.7845 x 10 3 m or 



(El) 



(E2) 



= 0.7845 mm contraction 



COMMENT 

1. We could have used the template in Figure 4.156 to create the axial force diagram. We approach the section at^4 and note that the +1500 
kN is in the same direction as that shown on the template of Figure 4.15Z?. As per the template equation we add. Thus our starting value 
is +1500 kN, as shown in Figure 4.16. As we approach the section at B, the internal force N { is +1500 kN, and the applied force of 3000 
kN is in the opposite direction to the template of Figure 4.15Z?, so we subtract to obtain N 2 as -1500 kN. We approach the section at C 
and note that the applied force is in the same direction as the applied force on the template of Figure 4.15Z?. Hence we add 5500 kN to 
obtain +4000 kN. The force at section D is opposite to that shown on the template of Figure 4.15Z?, so we subtract 4000 to get a zero 
value in the extended portion DR. The example shows that the direction of the external force F ext on the template is immaterial. 
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EXAMPLE 4.5 

A 1-m-long hollow rod is to transmit an axial force of 60 kN. Figure 4.17 shows that the inner diameter of the rod must be 15 mm to fit 
existing attachments. The elongation of the rod is limited to 2.0 mm. The shaft can be made of titanium alloy or aluminum. The modulus 
of elasticity E, the allowable normal stress cr allow , and the density y for the two materials is given in Table 4. 1 . Determine the minimum 
outer diameter to the nearest millimeter of the lightest rod that can be used for transmitting the axial force. 
TABLE 4. 1 Material properties in Example 4.4 



Material 


E 
(GPa) 




^allow 

(MPa) 


r 

(mg/m 3 ) 


Titanium alloy 
Aluminum 


96 

70 




400 
200 


4.4 
2.8 


Figure 4.17 Cylindrical 


rod in Example 


4.5. 








PLAN 

The change in radius affects only the cross-sectional area^4 and no other quantity in Equations (4.8) and (4.10). For each material we can 
find the minimum cross-sectional area A needed to satisfy the stiffness and strength requirements. Knowing the minimum A for each 
material, we can find the minimum outer radius. We can then find the volume and hence the mass of each material and make our decision 
on the lighter bar. 



SOLUTION 



1 m. From Equations (4.8) and (4.10) we obtain for titanium alloy the following limits on v4 Ti : 

, K N (60x10 N)(lm) ., 1A -3 A . A<31 « 1A -3 2 /Trl . 

(Au) Ti = - '-\ -<2xl0 m or A Ti > 0.313 x 10 m (El) 

(96 x 10 N/m )An 



( a max) n = (60x10 N) < 400 x 10 6 N/m 2 or A Ti > 0.150 x 10 3 m 2 



l Ti'- 



Using similar calculations for the aluminum shaft, we obtain the following limits on A A 



(An) 



(60x10 N)xl ^ -3 A ^ 1/V71 in -3 2 

Al - — — <2xl0 m or ^^ 1.071 x 10 m 

(28x10 N/m )A A i 



( a max)^/ = (60xl ° N) < 200 x 10 6 N/m 2 or A Al > 0.300 x 10 3 m 2 



(E2) 

(E3) 
(E4) 



-3 2 -3 2 

Thus if A Ti > 0.313 x 10 m , it will meet both conditions in Equations (El) and (E2). Similarly if A Al > 1.071 x 10 m , it will 
meet both conditions in Equations (E3) and (E4). The external diameters D Ti and D Al are then 



A Ti = ^(D 2 .-0.015 2 )>0.313x 10 3 D Ti < 24.97 x 10 3 m 



*Al 



^(D 2 Al -0M5 2 )> 1.071 x 10 3 D Al < 39.86 x 10 3 m 



Rounding upward to the closest millimeter, we obtain 



-3, 



D Ti = 25(10 ) m 



D 



Al 



40(10 3 ) m 



We can find the mass of each material by taking the product of the material density and the volume of a hollow cylinder, 

(1 m) = 1382 g 



(4A >< 10 6 g/m 3 )^ ^(0.025 2 -0.015 2 ) m 2 



(E5) 
(E6) 

(E7) 
(E8) 



:i Al 



(2.8 x 10 6 g/m 3 )^ ^(0.040 2 - 0.015 2 ) m 2 



(1 m) = 3024 g 



(E9) 



From Equations (E8) and (E9) we see that the titanium alloy shaft is lighter. 

ANS. A titanium alloy shaft with an outside diameter of 25 mm should be used. 



COMMENTS 

1. For both materials the stiffness limitation dictated the calculation of the external diameter, as can be seen from Equations (El) and 
(E3). 
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2. Even though the density of aluminum is lower than that of titanium alloy, the mass of titanium is less. Because of the higher modulus 
of elasticity of titanium alloy, we can meet the stiffness requirement using less material than with aluminum. 

3. The answer may change if cost is a consideration. The cost of titanium per kilogram is significantly higher than that of aluminum. 
Thus based on material cost we may choose aluminum. However, if the weight affects the running cost, then economic analysis is 
needed to determine whether the material cost or the running cost is higher. 

4. If in Equation (E5) we had 24.05 x \0 3 m on the right-hand side, our answer for D Ti would still be 25 mm because we have to round 
upward to ensure meeting the greater- than sign requirement in Equation (E5). 

EXAMPLE 4.6 

A rectangular aluminum bar (E al = 10,000 ksi, v= 0.25) of - -in. thickness consists of a uniform and tapered cross section, as shown in 

Figure 4.18. The depth in the tapered section varies as h(x) = (2 - 0.02x) in. Determine: (a) The elongation of the bar under the applied 
loads, (b) The change in dimension in the;; direction in section BC. 



Figure 4.18 Axial member in Example 4.6. 




PLAN 

(a) We can use Equation (4.10) to find u c - u B . Noting that cross-sectional area is changing withx in segment AB, we integrate Equation 
(4.7) to obtain u B -u A . We add the two relative displacements to obtain u c - u A and noting that u A = we obtain the extension as u c . (b) 
Once the axial stress in BC is found, the normal strain in the y direction can be found using Equation (4.13). Multiplying by 2 in., the 
original length in the y direction, we then find the change in depth. 



SOLUTION 

The cross-sectional areas of AB and BC are 

± BC 



in. 1(2 in.) = 1.5 in. 



MS 



|in.)(2Ain.) = 1.5(2 -0.02x) in. 2 



(El) 



N A 



Figure 4.19 Free-body diagrams in Example 4.6. 



10 kips 



N R 



10 kips 

► 



(a) We can make an imaginary cuts in segment AB and BC, to obtain the free-body diagrams in Figure 4.19. By force equilibrium we 
obtain the internal forces, 



N BC = 10 kips 



N AB = 10 kips 
The relative movement of point C with respect to point B is 

_ n bc( x c~ x b) = (10kips)(20in.) 



E BC A BC 



Equation (4.7) for segment AB can be written as 



dx) AB 



N A 



(10,000 ksi)(1.5 in. ) 
_ 10 kips 



13.33 x 10 3 in. 



e ab a ab (10,000 ksi)[1.5(2-0.02x) in. 2 ] 



Integrating Equation (E4), we obtain the relative displacement of B with respect to A: 



U B 

\ du = \ 



.*fi= 50 



10 



J x - 1.5(2-0.02*) 



dx 



(E2) 



(E3) 



(E4) 



10 



1 



1.5 (-0.02) 



ln(2-0.02x) 



50 



-^[ln(l)-ln(2)]in. = 23.1x10 3 in. 



We obtain the relative displacement of C with respect to A by adding Equations (E3) and (E5): 



13.33x10 3 + 23.1 x 10 3 



36.43 x 10 in. 



We note that point A is fixed to the wall, and thus u A =0. 



(E5) 



(E6) 



ANS. u c = 0.036 in. elongation 
(b) The axial stress in BC is <j ab = N BC /A BC = 10/1.5 = 6.667 ksi. From Equation (4.13) the normal strain in y direction can be found, 
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yy 



V AB U AB 



0.25 x (6.667 ksi) 
(10,000 ksi) 



-0.1667 x 10 



The change in dimension in the y direction Av can be found as 



Av 



^(2 in.) 



-0.3333 x 10 in 



ANS. 



(E7) 



(E8) 
Av = 0.3333 x 10~ 3 in. contraction 



COMMENT 

1. An alternative approach is to integrate Equation (E4): 

u(x) 



10 
0.03 



ln(2-0.02x) + c 



(E9) 



To find constant of integration c, we note that at x = the displacement u = 0. Hence, c = (10 3 /0.03) In (2). Substituting the value, we 
obtain 



u(x) 



10 3 , ( 2 - 0.0 2jc 



(E10) 



Knowing u at all x, we can obtain the extension by substituting x = 50 to get the displacement at C. 



EXAMPLE 4.7 

The radius of a circular truncated cone in Figure 4.20 varies with x as R(x) = (r/L)(5L - Ax). Determine the extension of the truncated cone 
due to its own weight in terms of E, L, r, and y, where E and y are the modulus of elasticity and the specific weight of the material, 
respectively. 

h 5 'i 



Figure 4.20 Truncated cone in Example 4.7. 




PLAN 

We make an imaginary cut at location x and take the lower part of the truncated cone as the free-body diagram. In the free-body diagram 
we can find the volume of the truncated cone as a function of x. Multiplying the volume by the specific weight, we can obtain the weight 
of the truncated cone and equate it to the internal axial force, thus obtaining the internal force as a function of x. We then integrate Equa- 
tion (4.7) to obtain the relative displacement of B with respect to A. 



SOLUTION 



(L-x) 




Figure 4.21 Free-body diagram of truncated cone in Example 4.7. 

Figure 4.21 shows the free-body diagram after making a cut at some location x. We can find the volume V of the truncated cone by sub- 
tracting the volumes of two complete cones between C and D and between B and D. We obtain the location of point D, 



R(x = L + h) = j[5L-4(L + h)] = 



h = L/A 



The volume of the truncated cone is 

By equilibrium of forces in Figure 4.21 we obtain the internal axial force: 



(El) 



(E2) 



August 2012 



M. Vable 



Mechanics of Materials: Axial Members 



162 



N= W= yV = Z ^[(5L-4x) 3 -L 3 ] 



The cross-sectional area at location x (point C) is 

A 
Equation (4.7) can be written as 



kR = 7r—(5L-Ax) 2 
L 2 



^-[(5L-4x) -L 3 ] 
du = N_ = \2L 2 

dx EA r 2 2 

En—J5L-Ax) 
L 2 

Integrating Equation (E5) from point A to point B, we obtain the relative movement of point B with respect to point A: 



f> - Cife 



r =n 12ii 



(5L-4x)- 



L 3 



(5L-4jc) 



Jx or 



o 



12£V 4 2a 



7 Y L 2 
30£ 



Point v4 is built into the wall, hence u A = 0. We obtain the extension of the bar as displacement of point B. 

ANS. 



(E3) 



(E4) 



(E5) 



(E6) 



Ub = 1 30£ J downward 



COMMENTS 

1. Dimension check: We write 0( ) to represent the dimension of a quantity. F has dimensions of force andL of length. Thus, the modu- 
lus of elasticity E, which has dimensions of force per unit area, is represented as 0(F/L 2 ). The dimensional consistency of our answer 
is then checked as 



-<5 



L -> O(L) E -> o( 41 « -> O(L) y -^r -> O (jP/L ^ -> O(L) -> checks 

v r y ^ I f/l 2 y 

2. An alternative approach to determining the volume of the truncated cone in Figure 4.21 is to find first the volume of the infinitesimal 
disc shown in Figure 4.22. We then integrate from point C to point B: 

L 



V = I dV = I KR2dX = I K— 2 ( 5L - Ax ) 2 dx = -K— 2 ^ 5 \(-A\ 



L 2 3 (-4) 



(E7) 



R(x) 




3. On substituting the limits we obtain the volume given by (E2), as before! 



Figure 4.22 Alternative approach to finding volume of truncated cone. 

4. The advantage of the approach in comment 2 is that it can be used for any complex function representation of R(x), such as given in 
Problems 4.27 and 4.28, whereas the approach used in solving the example problem is only valid for a linear representation of R(x). 

4.2.9* General Approach to Distributed Axial Forces 

Distributed axial forces are usually due to inertial forces, gravitational forces, or frictional forces acting on the surface of the axial bar. 
The internal axial force TV becomes a function of x when an axial bar is subjected to a distributed axial force p(x), as seen in Example 
4.7. If p(x) is a simple function, then we can find TV as a function of x by drawing a free-body diagram, as we did in Example 4.7. 
However, if the distributed force p(x) is a complex function, it may be easier to use the alternative described in this section. 



n 



Figure 4.23 Equilibrium of an axial element. 



p(x) dx 



-dx- 



N + dN 



Consider an infinitesimal axial element created by making two imaginary cuts at a distance dx from each other, as shown in 
Figure 4.23. By equilibrium of forces in the x direction we obtain: (N+dN) + p(x)dx - TV = or 



dN 
dx 



+p(x) = 



(4.15) 
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Equation (4.15) assumes thatp(x) is positive in the positive x direction. lfp(x) is zero in a segment of the axial bar, then the internal 
force TV is a constant in that segment. 



;v A 


P^ A )f 


^ext 








H Ax ^ 





Figure 4.24 Boundary condition on internal axial force. 

Equation (4.15) can be integrated to obtain the internal force TV. The integration constant can be found by knowing the value 
of the internal force TV at either end of the bar. To obtain the value of TV at the end of the shaft (say, points), a free-body diagram 
is constructed after making an imaginary cut at an infinitesimal distance Ax from the end as shown in Figure 4.24) and writing 
the equilibrium equation as 



ton\F est -N A -p(x A )Ax] = 

Ax^O 



*A = ^ext 



This equation shows that the distributed axial force does not affect the boundary condition on the internal axial force. The 
value of the internal axial force TV at the end of an axial bar is equal to the concentrated external axial force applied at the end. 

Suppose the weight per unit volume, or, the specific weight of a bar, is y. By multiplying the specific weight by the cross- 
sectional area A, we would obtain the weight per unit length. Thus;?(x) is equal to yA in magnitude. If x coordinate is chosen in 
the direction of gravity, then p{x) is positive: [p(x) = +yA\. If it is opposite to the direction of gravity, then p(x) is 
negative: [p(x) = -yA]. 

EXAMPLE 4.8 

Determine the internal force TV in Example 4.7 using the approach outlined in Section 4.2.9. 



PLAN 

The distributed force p(x) per unit length is the product of the specific weight times the area of cross section. We can integrate Equation 
(4.15) and use the condition that the value of the internal force at the free end is zero to obtain the internal force as a function of x. 



SOLUTION 

The distributed force p(x) is the weight per unit length and is equal to the specific weight times the area of cross section A = 7rR 2 = ^r 2 / 
L 2 )(5L-4xf: 

2 

(El) 



r 2 

p(x) = yA = yn — (5L-4x) 

L 



We note that point B (x = L) is on a free surface and hence the internal force at B is zero. We integrate Equation (4.15) from L to x after 
substituting p(x) from Equation (El) and obtain TV as a function of x, 

x3^ 



dN ^ 



J N R =0 



-[ p(x) dx = -[ 

J x R =L J L 



n-(5L-4xf 
L 



dx 



yn— 



2 ^r (5L-4xY 
-4x3 



(E2) 



ANS. TV = I ^-[(5L-4x) 3 -L 3 ] 
12Z 



COMMENT 

1. An alternative approach is to substitute (El) into Equation (4.15) and integrate to obtain 



N(x) = m -A5L-4xf + c 
12L 



To determine the integration constant, we use the boundary condition that at TV (x = L) = 0, which yields c x 
tuting this value into Equation (E3), we obtain TV as before. 



(E3) 



-(y7rr 2 /\2L 2 )L . Substi- 



Consolidate your knowledge 

1. Identity five examples of axial members from your daily life. 

2. With the book closed, derive Equation (4.10), listing all the assumptions as you go along. 
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QUICK TEST 4.1 Time: 20 minutes/Total: 20 points 



Answer true or false and justify each answer in one sentence. Grade yourself with the answers given in Appendix E. 

1. Axial strain is uniform across a nonhomogeneous cross section. 

2. Axial stress is uniform across a nonhomogeneous cross section. 

3. The formula o xx = N/A can be used for finding the stress on a cross section of a tapered axial member. 

4. The formula u 2 -u l = N(x 2 -x l )/EA can be used for finding the deformation of a segment of a tapered axial 
member. 

5. The formula o xx = N/A can be used for finding the stress on a cross section of an axial member subjected to 
distributed forces. 

6. The formula u 2 -u l = N(x 2 - x x )/EA can be used for finding the deformation of a segment of an axial member sub- 
jected to distributed forces. 

7. The equation N = f o xx dA cannot be used for nonlinear materials. 

8. The equation N = [ o xx dA can be used for a nonhomogeneous cross section. 

9. External axial forces must be collinear and pass through the centroid of a homogeneous cross section for no 
bending to occur. 

10. Internal axial forces jump by the value of the concentrated external axial force at a section. 



PROBLEM SET 4.2 

4.7 A crane is lifting a mass of 1000-kg, as shown in Figure P4.7. The weight of the iron ball at B is 25 kg. A single cable having a diameter of 
25 mm runs between A and B. Two cables run between B and C, each having a diameter of 10 mm. Determine the axial stresses in the cables. 
J? A 



Figure P4.7 




4.8 The counterweight in a lift bridge has 12 cables on the left and 12 cables on the right, as shown in Figure P4.8. Each cable has an effec- 
tive diameter of 0.75 in, a length of 50 ft, a modulus of elasticity of 30,000 ksi, and an ultimate strength of 60 ksi. (a) If the counterweight is 
100 kips, determine the factor of safety for the cable, (b) What is the extension of each cable when the bridge is being lifted? 
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Figure P4.8 




Set of 12 Cables 
Counter-weight 



4.9 (a) Draw the axial force diagram for the axial member shown in Figure P4.9. (b) Check your results for part a by finding the internal 
forces in segments AB, BC, and CD by making imaginary cuts and drawing free-body diagrams, (c) The axial rigidity of the bar is EA = 8000 
kips. Determine the movement of the section at D with respect to the section at A 







25 kips 


30 kips f 


n 


10 kips 


A 


B 


C 


D 






► 


-< 


. 



20 kips 



Figure P4.9 



! 25 kips 30 kips \ 



20 in 



-50 in- 



20 in 



4.10 (a) Draw the axial force diagram for the axial member shown in Figure P4.10. (b) Check your results for part a by finding the internal 
forces in segments AB, BC, and CD by making imaginary cuts and drawing free-body diagrams, (c) The axial rigidity of the bar is 
EA = 80,000 kN. Determine the movement of the section at C. 



75 kN 45 kN 



;75kN 



45 kN: 



70 kN 



Figure P4.10 



0.25 m 



-0.5 m- 



0.25 m 



4.11 (a) Draw the axial force diagram for the axial member shown in Figure P4.ll. (b) Check your results for part a by finding the internal 
forces in segments AB, BC, and CD by making imaginary cuts and drawing free-body diagrams, (c) The axial rigidity of the bar is EA = 2000 
kips. Determine the movement of the section at B. 

2 kips 4 kips 

1.5 kips 



B 



! 2 kips 



4 kips ; 



D 



Figure P4.ll 



25 in 



- 60 in - 



20 in 



4.12 (a) Draw the axial force diagram for the axial member shown in Figure P4.12. (b) Check your results for part a by finding the internal 
forces in segments AB, BC, and CD by making imaginary cuts and drawing free-body diagrams, (c) The axial rigidity of the bar is 
EA = 50,000 kN. Determine the movement of the section at D with respect to the section at A. 



60 kN 90 kN 



100 kN 



] 


H — ~* — 1 


r 


A 


B C 


D 


J 


r< •< 1 


L 



200 kN 



Figure P4.12 



0.4 m 



60 kN 90 kN 



0.4 m 
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4.13 Three segments of 4-in. x 2-in. rectangular wooden bars (E = 1600 ksi) are secured together with rigid plates and subjected to axial 
forces, as shown in Figure P4. 13. Determine: (a) the movement of the rigid plate at D with respect to the plate at A; (b) the maximum axial stress. 

22.5 kips 27.5 kips 
15 kips |P \ 1 1 25 kips 



B 4in C 

i 



D 



Figure P4.13 



h 



22.5 kips 27.5 kips 



30 in 



-50 in- 



+ 



30 in 



H 



4.14 Aluminum bars (E = 30,000 ksi) are welded to rigid plates, as shown in Figure P4. 1 . All bars have a cross-sectional area of 0.5 in 2 . The 
applied forces are F l = S kips, F 2 = 12 kips, and F 3 = 9 kips. Determine (a) the displacement of the rigid plate at D with respect to the rigid plate 
at A. (b) the maximum axial stress in the assembly. 



4.15 Brass bars between sections A and B, aluminum bars between sections B and C, and steel bars between sections C and D are welded to 
rigid plates, as shown in Figure P4.2. The properties of the bars are given in Table 4.2 The applied forces are F 1 = 90 kN, F 2 = 40 kN, and 
F 3 = 70 kN. Determine (a) the displacement of the rigid plate at D.(b) the maximum axial stress in the assembly. 



4.16 A solid circular steel (E s = 30,000 ksi) rod BC is securely attached to two hollow steel rods AB and CD as shown. Determine (a) the 
angle of displacement of section at D with respect to section at A; (b) the maximum axial stress in the axial member. 

210 kips 



60 kips 



Figure P4.16 



60 kips 



100 kips 



50 kips 



4 in. 



h H 

1 24 in. ! 



210 kips 

<] — 



100 kips 



_D_ ~[2i, 



36 in. 



I SU kips 1 

I 24 in. 1 



4.17 Two circular steel bars (E s = 30,000 ksi, v s = 0.3) of 2-in. diameter are securely connected to an aluminum bar (E al = 10,000 ksi, v al = 
0.33) of 1.5-in. diameter, as shown in Figure P4.17. Determine (a) the displacement of the section at C with respect to the wall; (b) the maxi- 
mum change in the diameter of the bars. 

Aluminum 



25 kips 



Figure P4.17 



E 


5 kips / 17.5 kips 




A B 
Steel 




C D 

Steel 


J_ 
E 
E 








E 


5k 


ips 17 


5 kips 



- 40 in - 



+15hT^ 25in " 



4.18 Two cast-iron pipes {E = 100 GPa) are adhesively bonded together, as shown in Figure P4.18. The outer diameters of the two pipes are 
50 mm and 70 mm and the wall thickness of each pipe is 10 mm. Determine the displacement of end B with respect to end A. 

150 mm 

- 500 mm > | < > | < 400 mm H 



20 kN; J! 



Figure P4.18 




20 kN 



Tapered axial members 



4.19 The tapered bar shown in Figure P4. 19 has a cross-sectional area that varies as A = K(2L - 0.25 x) 2 . Determine the elongation of the bar 
in terms ofP, L, E, and K. 



Figure P4.19 
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4.20 The tapered bar shown in Figure P4.19 has a cross-sectional area that varies as A = K(4L - 3x) . Determine the elongation of the bar 
in terms of P, L, E, and K. 



4.21 A tapered and an untapered solid circular steel bar (E = 30,000 ksi) are securely fastened to a solid circular aluminum bar (E = 10,000 
ksi), as shown in Figure P4.21. The untapered steel bar has a diameter of 2 in. The aluminum bar has a diameter of 1.5 in. The diameter of the 
tapered bars varies from 1.5 in to 2 in. Determine (a) the displacement of the section at C with respect to the section at A; (b) the maximum 
axial stress in the bar. 

Aluminum 
10 ^s I 20 kips 

40 kips 



B 



Steel 



C 



Steel 



D 



60 kips 



Figure P4.21 



10 kips : 
- 40 in — — A* 



j 20 kips 



15 in 



-60 in- 



Distributed axial force 

4.22 The column shown in Figure P4.22 has a length L, modulus of elasticity E, and specific weight y. The cross section is a circle of radius 
a. Determine the contraction of each column in terms of L, E, y, and a. 



Figure P4.22 



4.23 The column shown in Figure P4.23 has a length L, modulus of elasticity E, and specific weight y. The cross section is an equilateral tri- 
angle of side a. Determine the contraction of each column in terms of L, E, y and a. 

1^71 



Figure P4.23 



N^ 



4.24 The column shown in Figure P4.24 has a length L, modulus of elasticity E, and specific weight y. The cross-sectional area is A. Deter- 
mine the contraction of each column in terms of L, E, y and A. 



Figure P4.24 



4.25 On the truncated cone of Example 4.7 a force P = y7rr 2 L/5 is also applied, as shown in Figure P4.25. Determine the total elongation of 
the cone due to its weight and the applied force. (Hint: Use superposition.) 



Figure P4.25 
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4.26 A 20-ft-tall thin, hollow tapered tube of a uniform wall thickness of- in. is used for a light pole in a parking lot, as shown in Figure P4.26. The 

mean diameter at the bottom is 8 in., and at the top it is 2 in. The weight of the lights on top of the pole is 80 lb. The pole is made of aluminum alloy with 
a specific weight of 0.1 lb/in 3 , a modulus of elasticity E = 11,000 ksi, and a shear modulus of rigidity G = 4000 ksi. Determine (a) the maximum axial 
stress; (b) the contraction of the pole. (Hint: Approximate the cross-sectional area of the thin-walled tube by the product of circumference and thickness.) 



Tapered pole 



Figure P4.26 



w 



4.27 Determine the contraction of a column shown in Figure P4.27 due to its own weight. The specific weight is y = 0.28 lb/in. 3 , the modu- 



lus of elasticity is E = 3600 ksi, the length is L = 120 in., and the radius is R = V240-X, where R and x are in inches. 



Figure P4.27 




4.28 Determine the contraction of a column shown in Figure P4.27 due to its own weight. The specific weight is y= 24 kN/m 3 the modulus 
of elasticity is E = 25 GPa, the length is L = 10 m and the radius is R = 0.5e"° 07x , where R and x are in meters. 



4.29 The frictional force per unit length on a cast-iron pipe being pulled from the ground varies as a quadratic function, as shown in Figure 
P4.29. Determine the force F needed to pull the pipe out of the ground and the elongation of the pipe before the pipe slips, in terms of the mod- 
ulus of elasticity E, the cross-sectional area A, the length L, and the maximum value of the frictional force^^ 



Figure P4.29 




J /mi 



Design problems 

4.30 The spare wheel in an automobile is stored under the vehicle and raised and lowered by a cable, as shown in Figure P4.30. The wheel 
has a mass of 25 kg. The ultimate strength of the cable is 300 MPa, and it has an effective modulus of elasticity E = 180 GPa. At maximum 
extension the cable length is 36 cm. (a) For a factor of safety of 4, determine to the nearest millimeter the minimum diameter of the cable if fail- 
ure due to rupture is to be avoided, (b) What is the maximum extension of the cable for the answer in part (a)? 



Figure P4.30 



— '■•■.- -*-J« 
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4.31 An adhesively bonded joint in wood (E = 1 800 ksi) is fabricated as shown in Figure P4.3 1 . If the total elongation of the joint between A 
and D is to be limited to 0.05 in., determine the maximum axial force F that can be applied. 



Figure P4.31 



ft lin-pgl' 



■ ., yT1 in 



lin-l 

36in- 



5 in 



-36 in 



4.32 A 5-ft-long hollow rod is to transmit an axial force of 30 kips. The outer diameter of the rod must be 6 in. to fit existing attachments. 
The relative displacement of the two ends of the shaft is limited to 0.027 in. The axial rod can be made of steel or aluminum. The modulus of 
elasticity E, the allowable axial stress <r allow , and the specific weight ^are given in Table 4.32. Determine the maximum inner diameter in incre- 
ments of - in. of the lightest rod that can be used for transmitting the axial force and the corresponding weight. 

TABLE P4.32 Material properties 



Material 



E 
(ksi) 



(ksi) 



r 

(lb/in. 3 ) 



Steel 
Aluminum 



30,000 
10,000 



24 
14 



0.285 
0.100 



4.33 A hitch for an automobile is to be designed for pulling a maximum load of 3600 lb. A solid square bar fits into a square tube and is held 
in place by a pin, as shown in Figure P4.33. The allowable axial stress in the bar is 6 ksi, the allowable shear stress in the pin is 10 ksi, and the 

allowable axial stress in the steel tube is 12 ksi. To the nearest — in., determine the minimum cross-sectional dimensions of the pin, the bar, and 

the tube. (Hint: The pin is in double shear.) 



Figure P4.33 




Square 
Bar 



Stretch yourself 

4.34 An axial rod has a constant axial rigidity EA and is acted upon by a distributed axial force p(x). If at the section at A the internal axial 
force is zero, show that the relative displacement of the section at B with respect to the displacement of the section at A is given by 



J_ 
EA 



f B 

(x-x B )p(x) dx 



(4.16) 



4.35 A composite laminated bar made from n materials is shown in Figure P4.35. E { and A { are the modulus of elasticity and cross sectional 
area of the i th material, (a) If Assumptions from 1 through 5 are valid, show that the stress (cr XJC ). in the i th material is given Equation (4.17a), 

where N is the total internal force at a cross section, (b) If Assumptions 7 through 9 are valid, show that relative deformation Ury — u^ is given 
by Equation (4.17b). (c) Show that for E 1 =E 2 =E 3 ....=E n =E Equations (4.17a) and (4.17b) give the same results as Equations (4.8) and (4.10). 

NE, 



Figure P4.35 




(*xx)t 



N(x 2 -x{) 

n 



(4.17a) 



(4.17b) 
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4.36 The stress-strain relationship for a nonlinear material is given by the power law a= Es n . If all assumptions except Hooke's law are 
valid, show that 



(N\ lln , . 



(4.17) 



and the axial stress a xx is given by (4.1 



4.37 Determine the elongation of a rotating bar in terms of the rotating speed co, density y, length L, modulus of elasticity E, and cross-sec- 
tional area A (Figure P4.37). (Hint: The body force per unit volume is pa?x) 



Figure P4.37 



H 



4.38 Consider the dynamic equilibrium of the differential elements shown in Figure P4.38, where N is the internal force, y is the density, A 

is the cross-sectional area, and ou/dt is acceleration. By substituting for N from Equation (4.7) into the dynamic equilibrium equation, 
derive the wave equation: 



ou 2 (fu . 

— - = c — - where 

dt dx 

The material constant c is the velocity of propagation of sound in the material. 



(4.18) 



4.39 Show by substitution that the functions fix - ct) and g(x + ct) satisfy the wave equation, Equation (4. 18). 



4.40 The strain displacement relationship for large axial strain is given by 



_ du \fdu 
S]CX ~ dx 2Wx 



(4.19) 



where we recognize that as u is only a function of x, the strain from (4.19) is uniform across the cross section. For a linear, elastic, homoge- 
neous material show that 



du = L + ^V_i 
dx A/ EA 



(4.20) 



The axial stress o xx is given by (4.< 



Computer problems 

4.41 Table P4.41 gives the measured radii at several points along the axis of the solid tapered rod shown in Figure P4.41 . The rod is made of 
aluminum (E = 100 GPa) and has a length of 1.5 m. Determine (a) the elongation of the rod using numerical integration; (b) the maximum axial 
stress in the rod. 

TABLE P4.41 




Figure P4.41 



X 


R(x) 


X 


R(x) 


(m) 


(mm) 


(m) 


(mm) 


0.0 


100.6 


0.8 


60.1 


0.1 


92.7 


0.9 


60.3 


0.2 


82.6 


1.0 


59.1 


0.3 


79.6 


1.1 


54.0 


0.4 


75.9 


1.2 


54.8 


0.5 


68.8 


1.3 


54.1 


0.6 


68.0 


1.4 


49.4 


0.7 


65.9 


1.5 


50.6 
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4.42 Let the radius of the tapered rod in Problem 4.41 be represented by the equation R(x) = a + bx. Using the data in Table P4.41 determine 
constants a and b by the least-squares method and then find the elongation of the rod by analytical integration. 



4.43 Table 4.43 shows the values of the distributed axial force at several points along the axis of the hollow steel rod (E = 30,000 ksi) shown in 
Figure P4.43. The rod has a length of 36 in., an outside diameter of 1 in., and an inside diameter of 0.875 in. Determine (a) the displacement of 
end A using numerical integration; (b) the maximum axial stress in the rod. 

TABLE P4.43 



p(x) (lb/in) 



Figure P4.43 



X 

(inches) 


Pix) 
(lb/in.) 


X 

(in.) 


Pix) 
(lb/in.) 





260 


21 


-471 


3 


106 


24 


-598 


6 


32 


27 


-645 


9 


40 


30 


-880 


12 


-142 


33 


-1035 


15 


-243 


36 


-1108 


18 


-262 







2 

4.44 Let the distributed force p(x) in Problem 4.43 be represented by the equation p(x) = ex + bx + a. Using the data in Table P4.43 
determine constants a, b, and c by the least-squares method and then find the displacement of the section at A by analytical integration. 

4.3 STRUCTURAL ANALYSIS 

Structures are usually an assembly of axial bars in different orientations. Equation (4.10) assumes that the bar lies in x direction, 
and hence in structural analysis the form of Equation (4.21) is preferred over Equation (4.10). 



NL 
EA 



(4.21) 



where L= x 2 - x x and S=u 2 - u x in Equation (4. 10). L represents the original length of the bar and £ represents deformation of the bar 
in the original direction irrespective of the movement of points on the bar. It should also be recognized that L, E, and v4 are positive. 
Hence the sign of Sis the same as that of TV: 

• If TV is a tensile force, then Sis elongation. 

• If TV is a compressive force, then Sis contraction. 

4.3.1 Statically Indeterminate Structures 



Statically indeterminate structures arise when there are more supports than needed to hold a structure in place. These extra sup- 
ports are included for safety or to increase the stiffness of the structures. Each extra support introduces additional unknown reac- 
tions, and hence the total number of unknown reactions exceeds the number of static equilibrium equations. The degree of static 
redundancy is the number of unknown reactions minus the number of equilibrium equations. If the degree of static redundancy 
is zero, then we have a statically determinate structure and all unknowns can be found from equilibrium equations. If the degree 
of static redundancy is not zero, then we need additional equations to determine the unknown reactions. These additional equa- 
tions are the relationships between the deformations of bars. Compatibility equations are geometric relationships between the 
deformations of bars that are derived from the deformed shapes of the structure. The number of compatibility equations needed is 
always equal to the degree of static redundancy. 

Drawing the approximate deformed shape of a structure for obtaining compatibility equations is as important as drawing a 
free-body diagram for writing equilibrium equations. The deformations shown in the deformed shape of the structure must be 
consistent with the direction of forces drawn on the free-body diagram. Tensile (compressive) force on a bar on free body dia- 
gram must correspond to extension (contraction) of the bar shown in deformed shape. 

August 2012 



M. Vable Mechanics of Materials: Axial Members 



172 



In many structures there are gaps between structural members. These gaps may be by design to permit expansion due to temper- 
ature changes, or they may be inadvertent due to improper accounting for manufacturing tolerances. We shall make use of the obser- 
vation that for a linear system it does not matter how we reach the final equilibrium state. We therefore shall start by assuming that 
at the final equilibrium state the gap is closed. At the end of analysis we will check if our assumption of gap closure is correct or incor- 
rect and make corrections as needed. 

Displacement, strain, stress, and internal force are all related as depicted by the logic shown in Figure 4.9 and incorporated 
in the formulas developed in Section 4.2. If one of these quantities is found, then the rest could be found for an axial member. 
Thus theoretically, in structural analysis, any of the four quantities could be treated as an unknown variable. Analysis however, 
is traditionally conducted using either forces (internal or reaction) or displacements as the unknown variables, as described in the 
two methods that follow. 

4.3.2 Force Method, or Flexibility Method 



In this method internal forces or reaction forces are treated as the unknowns. The coefficient L/EA, multiplying the internal 
unknown force in Equation (4.21), is called the flexibility coefficient. If the unknowns are internal forces (rather than reaction 
forces), as is usually the case in large structures, then the matrix in the simultaneous equations is called the flexibility matrix. 
Reaction forces are often preferred in hand calculations because the number of unknown reactions (degree of static redundancy) 
is either equal to or less than the total number of unknown internal forces. 

4.3.3 Displacement Method, or Stiffness Method 



In this method the displacements of points are treated as the unknowns. The minimum number of displacements that are neces- 
sary to describe the deformed geometry is called degree of freedom. The coefficient multiplying the deformation EAIL is called 
the stiffness coefficient. Using small-strain approximation, the relationship between the displacement of points and the defor- 
mation of the bars is found from the deformed shape and substituted in the compatibility equations. Using Equation (4.21) and 
equilibrium equations, the displacement and the external forces are related. The matrix multiplying the unknown displacements 
in a set of algebraic equations is called the stiffness matrix. 

4.3.4 General Procedure for Indeterminate Structure 



The procedure outlined can be used for solving statically indeterminate structure problems by either the force method or by the 
displacement method. 

1. If there is a gap, assume it will close at equilibrium. 

2. Draw free-body diagrams, noting the tensile and compressive nature of internal forces. Write equilibrium equations 
relating internal forces to each other. 

or 

3. Write equilibrium equations in which the internal forces are written in terms of reaction forces, if the force method is 
to be used. 

4. Draw an exaggerated approximate deformed shape, ensuring that the deformation is consistent with the free body dia- 
grams of step 2. Write compatibility equations relating deformation of the bars to each other. 

or 

5. Write compatibility equations in terms of unknown displacements of points on the structure, if displacement method is 
to be used. 

6. Write internal forces in terms of deformations using Equation (4.21). 

7. Solve the equations of steps 2, 3, and 4 simultaneously for the unknown forces (for force method) or for the unknown 
displacements (for displacement method). 

8. Check whether the assumption of gap closure in step 1 is correct. 

Both the force method and the displacement method are used in Examples 4.10 and 4.11 to demonstrate the similarities and 
differences in the two methods. 



August 2012 



M. Vable 



Mechanics of Materials: Axial Members 



4 173 



EXAMPLE 4.9 

The three bars in Figure 4.25 are made of steel (E = 30,000 ksi) and have cross-sectional areas of 1 in 2 . Determine the displacement of 
point D 



D p = 21 kips 



Figure 4.25 Geometry in Example 4.9 




PLAN 

The displacement of point D with respect to point C can be found using Equation (4.21). The deformation of rod AC or BC can also be 
found from Equation (4.21) and related to the displacement of point C using small-strain approximation. 



SOLUTION 

Figure 4.26 shows the free body diagrams. By equilibrium of forces in Figure 4.26a, we obtain 

N CD = 27 kips 
By equilibrium of forces in Figure 4.26b, we obtain 



N CA N CB 



N CA cos 6 + N CB cos 9 = 27 kips 
Substituting for #from Figure 4.26c and solving Equations (E2) and (E3), we obtain 



2N Ca{i) = 21 ki P S 0r N CA = N CB = 16 ' 875 ki P S 



(El) 

(E2) 
(E3) 

(E4) 



(a) 



N r 



P = 27 kips 



(b) 




(c) 



P = 27 kips 3 



(d) 





Figure 4.26 Free-body diagrams and deformed geometry in Example 4.9. 

From Equation (4.21) we obtain the relative displacement of D with respect to C as shown in Equation (E5) and deformation of bar AC 
in Equation (E6). 

n cd l cd _ (27kips)(5 in.) 



J CD 



U D~ U C~~ Z7 a 9 

l cd a cd (30,000 ksi)(l in. ) 
N rA L r 



4.5 x 10 3 in. 



3ac = 1ca±ca = (16.875 kips)(5 in.) = 2%n5 x 1Q -3 
e ca a ca (30,000 ksi)(l in. 2 ) 



in. 



(E5) 
(E6) 



Figure A26d shows the exaggerated deformed geometry of the two bars AC and BC. The displacement of point C can be found by 

V = -^ = 3.52 x 10" 3 in. (E7) 



U r 



Adding Equations (E5) and (E7) we obtain the displacement of point D, 

w D = (4.5 + 3.52)10- 3 in. 



ANS. 



COMMENT 

1. This was a statically determinate problem as we could find the internal forces in all members by static equilibrium. 

EXAMPLE 4.10 
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An aluminum rod (E al = 70 GPa) is securely fastened to a rigid plate that does not rotate during the application of load P is shown in Fig- 
ure 4.27. A gap of 0.5 mm exists between the rigid plate and the steel rod (E st = 210 GPa) before the load is applied. The aluminum rod has 
a diameter of 20 mm and the steel rod has a diameter of 10 mm. Determine (a) the movement of the rigid plate; (b) the axial stress in steel. 

P= 10 kN 



Aluminum 



Steel 



Figure 4.27 Geometry in Example 4.10. 



P= 10 kN 

— lm H 



-1.2 m- 



FORCE METHOD: PLAN 

We assume that the force P is sufficient to close the gap at equilibrium. The two unknown wall reactions minus one equilibrium equation 
results in 1 degree of static redundancy. We follow the procedure outlined in Section 4.3.4 to solve the problem. 



SOLUTION 

Step 1 Assume force P is sufficient to close the gap. If this assumption is correct, then steel will be in compression and aluminum will 
be in tension. 

Step 2 The degree of static redundancy is 1 . Thus we use one unknown reaction to formulate our equilibrium equations. We make 
imaginary cuts at the equilibrium position and obtain the free-body diagrams in Figure 4.28. By equilibrium of forces we can obtain the 
internal forces in terms of the wall reactions, 



A^ 



a I 



Rr 



N s = 20(10 )-R L 



1 


P= 10 Ids 
— -4h 


[ 


R, 








1V L 




^ 








► 





Tensile 



4 



10kN 



(El) 

Compressive 



lOkN 



P= 10 kN 

Equilibrium position 

Figure 4.28 Free-body diagrams in Example 4.10. 

Step 3 Figure 4.29 shows the exaggerated deformed shape. The deformation of aluminum is extension and steel in contraction, to 
ensure consistency with the tensile and compressive axial forces shown on the free-body diagrams in Figure 4.28. The compatibility 
equation can be written 



(tf al - 0.0005) m 



Extension § al 



Aluminum 






(E2) 



5 ct Contraction 



Steel 



Figure 4.29 Approximate deformed shape in Example 4. 1 0. 

0.0005 m -H h- 

Step 4 The radius of the aluminum rod is 0.01 m, and the radius of the steel rod is 0.005 m. We can write the deformation of aluminum 
and steel in terms of the internal forces, 



^al^al 



(70 x 10 9 N/m 2 )[7i(0.01 m) 2 ] 
N st (\2m) 

(210 x 10 9 N/m 2 )[7i(0.005 m) 2 ] 



0.04547 A^ x 10 



0.07277 A st x 10 



Step 5 Substituting Equation (El) into Equations (E3) and (E4), we obtain deformation in terms of the unknown reactions, 



J ai 



0.04547i^x 10 



0.07277(20 x 10 3 -^) 10 6 m = (1455.4- 0.07277^)10 6 m 



(E3) 
(E4) 

(E5) 
(E6) 

(E7) 



Substituting Equations (E5) and (E6) into Equation (E2), we can solve for R L . 

1455.4 - 0.07277i? z = 0.04547i? z - 500 or R L = 16,538 N 
Substituting Equation (E7) into Equations (El) and (El) we obtain the internal forces, 

W al = 16,538 N W st = 3462N (E8) 

Step 6 The positive value of the force in steel confirms that it is compressive and the assumption of the gap being closed is correct. 
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(a) Substituting Equation (E7) into Equation (E5), we obtain the deformation of aluminum, which is equal to the movement of the rigid plate u P : 

Up = S al = (0.04547) (16,538) 10~ 6 = 0.752 (10~ 3 ) m 



(b) The normal stress in steel can be found from Equation (4.8). 



N« 



3462 N 



^st tt(0.005 m) 2 



44.1(10 6 )N/m 2 



ANS. u P = 0.752 mm 



(E9) 
ANS. o- st = 44.1MPa(C) 



COMMENTS 

1. The assumption about gap closure is correct because movement of plate u P = 0.752 mm is greater than the gap. 

2. An alternative approach is to use internal forces as the unknowns. We can make a cut on either side of the rigid plate at the equilib- 
rium position and draw the free-body diagram, as shown in Figure 4.30a. We can then write the equilibrium equation, 



(a) 



:20x 10 3 N 
P = 10 kN 

Tensile 
force 



(E10) 






(b) 



lOkN 



Compressive 
force 









"a 






N« 


Tensile 




Tensile 


force 


► 


force 



P=10kN P=10kN 

Figure 4.30 (a) Alternative free-body diagram in Example 4. 10. (b) Tensile forces in free-body diagram in Example 4. 10. 
Substituting Equations (E3) and (E4) into (E2), we obtain 

0.04547iV al - 0.07277JV st = 500 N 
Equations (E10) and (Ell) can be written in matrix form as 
[F] {TV} {P} 



(Ell) 



r 1 

Lo.o< 



l 



20 x 10 

04547 -0.07277 J | iV st \ \ 500 



N n . 



The matrix [F] is called the flexibility matrix. 

3. With internal forces as unknowns we had to solve two equations simultaneously, as elaborated in comment 2. With the reaction force 
as the unknown we had only one unknown, which is the number of degrees of static redundancy. Thus for hand calculations the reac- 
tion forces as unknowns are preferred when using the force method. But in computer programs the process of substitution in step 5 is 
difficult to implement compared to constructing the equilibrium and compatibility equations in terms of internal forces. Thus in com- 
puter methods internal forces are treated as unknowns in force methods. 

4. Suppose we had started with the direction of the force in steel as tension as shown in Figure 4.30Z?. Then we would get the following 
equilibrium equation: 

-7V st + iV al = 20x 10 3 N (E12) 

Suppose we incorrectly do not make any changes in Equation (E2) or Equation (E6) — that is, we continue to use the deformation in steel 
as contraction even though the assumed force is tensile, we then solve Equations (El 2) and (Ell), we obtain N al = 34996 N and iV st = 
14996 N. These answers demonstrate how a simple error in sign produces dramatically different results. 



DISPLACEMENT METHOD: PLAN 

Let the plate move to the right by the amount u P and assume that the gap is closed. We follow the procedure outlined in Section 4.3.4 to 
solve the problem. 



SOLUTION 

Step 1 Assume the gap is closed. 

Step 2 We can substitute (El) into (El) to eliminate R L and obtain the equilibrium equation, 

Ar st + Ar al = 20x 10 3 N (E13) 

We could also obtain this equation from the free-body diagram shown in Figure 4.30. 

Step 3 We draw the exaggerated deformed shape, as shown in Figure 4.29, and obtain the deformation of the bars in terms of the plate 

displacement u P as 

(E14) 
(E15) 

Step 4 We can write the internal forces in terms of deformation, 



8 aX = Up 
S si = u P - 0.0005 m 



"* = sJrT^) =21.99(106)5 al N 



(E16) 
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A^ = 5,/-?-*] = 13.74(10 6 )5 st N 



(E17) 



Step 5 We can substitute Equations (El 4) and (El 5) into Equations (El 6) and (El 7) to obtain the internal forces in terms of u P . 

N al = 21.99 (10 6 )w P N (E18) 

N st = 13.74 (u P - 0.0005)(10 6 ) N (E19) 

Substituting Equations (El 8) and (El 9) into (El 3) we obtain the displacement u P 

2\.99u p + 13.74(k p - 0.0005) = 20(10" 3 ) or u P = 0.752(10" 3 ) m (E20) 

ANS. Up = 0.752 mm 

Step 6 As u P > 0.0005 m, the assumption of gap closing is correct. 

Substituting u P into Equation (El 9), we obtain N st = 3423.2 N, which implies that the steel is in compression, as expected. We can now 

find the axial stress in steel, as before. 



COMMENT 

1. In the force method as well as in the displacement method the number of unknowns was 1 as the degree of redundancy and the num- 
ber of degrees of freedom were 1 . This is not always the case. In the next example the number of degrees of freedom is less than the 
degree of redundancy, and hence the displacement method will be easier to implement. 

EXAMPLE 4.11 

Three steel bars A, B, and C (E = 200 GPa) have lengths L A = 4 m, L B = 3 m, and L c = 2 m, as shown in Figure 4.3 1 . All bars have the 
same cross-sectional area of 500 mm 2 . Determine (a) the elongation in bar B; (b) the normal stress in bar C. 



H — 4 m — ► k- 3 m H 




o^ 



Rigid 
-5m- 



D r \\E 

i 0.9 mm | 



Figure 4.3 1 Geometry in Example 4.11. 



■I 



7 



150 kN 



DISPLACEMENT METHOD: PLAN 

Assume that the gap is closed. We follow the procedure outlined in Section 4.3.4 to solve the problem. 



SOLUTION 

Step 1 We assume that the force P is sufficient to close the gap. 



^ ^ Tensile force v 



i Tensile force 




(b) 



150 kN 




Contraction 



Figure 4.32 (a) Free-body diagram, (b) Exaggerated deformed shape. 

Step 2 We draw the free-body diagram of the rigid bar in Figure 4.32a with bars A and B in tension and bar C in compression. By equi- 
librium of moment at point O we obtain the equilibrium equation shown in Equation (El). 

N A sm50(5)+N B (9) + N c (9)-P(\2) = or 3.83^ + 9^ + 9^= 1800(10 3 ) (El) 

Step 3 Figure 4.32Z? shows an exaggerated deformed shape with bars A and B as extension and bar C as contraction to be consistent with 
the forces drawn in Figure 432a. Noting that the gap is 0.0009 m, we can write the compatibility equations relating the deformations of 
bars B and C in terms of the displacement of pin E, 

8 B = 8 E (E2) 

5 C = 5^-0.0009 m (E3) 

Using similar triangles in Figure 4.32Z? we relate the displacements of point D and E, 
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3 D 3 E 



(E4) 



5 m 9 m 
Using small-strain approximation we can relate the deformation of bar A to the displacement of point D, 



sin 50 
Substituting Equation (E5) into Equation (E4), we obtain 

(8 A /sin50) 8 E 



8 A = 0.4256 8 F (E6) 



5m 9m * A ' E 

Step 4 The axial rigidity of all bars is EA = [200 (10 9 ) N/m 2 ] [500 (10" 6 ) m 2 ] = 100 x 10 6 N. Using Equation (4.21) we can write, 

N A = 100O0 6 ) ^ N = 25(10 6 )5 ^ N 

Nb = 100( 3 1Q6) 5^ = 33.33(10 6 )5^N 

N c = 100(1 ° h c = 50.00(10 6 )5 C N 
Step 5 Substituting Equations (E6), (E2), and (E3) into Equations (E7), (E8), and (E9), we obtain 

N A = 25(10) 6 (0.42565 £ ) = 10.64(10 6 )5 £ N 

N B = 33.33(10 6 )5^ = 33.33(10 6 )5^N 

N c = 50.00(10 6 )(5 £ - 0.0009) = [50.00(10 6 )5^-45(10 3 )] N 
Substituting Equations (E10), (Ell), and (El 2) into Equation (El) we obtain the displacement of pin E, 
3.83(10.64)(10 6 )5^ + 9(33.33)(10 6 )5^ + 9[50.00(10 6 )5 £ -45(10 3 )] = 1800(10 3 ) or 

Step 6 The assumption of gap closure is correct as S E = 2.S mm whereas the gap is only 0.9 mm. 
From Equation (12) we obtain the internal axial force in bar C, from which we obtain the axial stress in bar C, 

N c = 50.00(10 6 )[2.788(10" 3 )]-45(10 3 ) = 94.4(10 3 ) 

N r 94 4H0 3n )N 6 2 

G c = ~T = J 9 = 188 - 8 x 10 N/m ( E13 ) 

A c 500(10 )m 

ANS. o- c =189MPa(C) 





(E7) 




(E8) 




(E9) 




(E10) 




(Ell) 




(E12) 


5 £ = 


= 2.788(10" 3 )m 




ANS. S E = 2.8 mm 



COMMENTS 

1. Equation (E4) is a relationship of points on the rigid bar. Equations (E2), (E3), and (E5) relate the motion of points on the rigid bar to 
the deformation of the rods. This two-step process helps break the complexity into simpler steps. 

2. The degree of freedom for this system is 1 . In place of 8 E as an unknown, we could have used the displacement of any point on the 
rigid bar or the rotation angle of the bar, as all of these quantities are related. 



FORCE METHOD: PLAN 

We assume that the force P is sufficient to close the gap. If this assumption is correct, then bar C will be in compression. We follow the 
procedure outlined in Section 4.3.4 to solve the problem. 



SOLUTION 

Step 1 Assume that the gap closes. 

Step 2 Figure 4.32a shows the free-body diagram of the rigid bar. By equilibrium we obtain Equation (El), rewritten here for conve- 
nience. 

3.S3N A + 9N B + 9N C = 1800(10 3 )N (E14) 

Equation (14) has three unknowns, hence the degree of redundancy is 2. We will need two compatibility equations. 
Step 3 We draw the deformed shape, as shown in Figure 4.32Z?, and obtain relationships between points on the rigid bar and the defor- 
mation of the bars. Then by eliminating 8 E from Equations (E3) and (E6) and using Equation (E2) we obtain the compatibility equations, 

5 C = 8 B - 0.0009 m (E15) 

5^ = 0.42565 5 (E16) 
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Step 4 We write the deformations of the bars in terms of the internal forces for each member, 

8, 



N A L A 
Ea^a 



^(4 m) _ 6 

- 0.047V, (10 )m 



100(10 )N 



N B L B _ N B (3 m) 



e b A b 100(10 6 )N 
5 = N^C = N c (2 m) 



0.037V 5 (10 )m 



0.02iV c (10 )m 



100(10 )N 

Step 5 Substituting Equations (El 7), (El 8), and (El 9) into Equations (El 5) and (El 6), we obtain 



0.02 N c = 0.03 N B - 900 N 



N r 



1.57V 5 -45(10 3 )N 
= 0.3192 N 



(E17) 
(E18) 
(E19) 

(E20) 
(E21) 



0.04 N A = 0.4256(0.03 N B ) or N A - ,,..., ...^ n B 

Solving Equations (E14), (E20), and (E21), we obtain the internal forces: 

N A = 29.67(10 3 )N N B = 92.95(10 3 )N N c = 94.43(10 3 )N (E22) 

Step 6 The positive value of N c confirms it is compressive and the assumption of the gap being closed is valid. 

Substituting N B from Equation (E22) into Equation (El 8), we find the deformation of bar B, which is the same as the displacement of pin 

E, 

3 E = 3 B = 0.03[92.95(10 3 )](10" 6 ) = 2.788(10 3 )m (E23) 



ANS. 



5^ = 2.8 mm 



The calculation for the normal stress in bar C is as before. 



COMMENT 

1. Equations (El 4), (E20), and (E21) represent three equations in three unknowns. Had we used the reaction forces O x and O y in Figure 
4.32 as the unknowns, we could have generated two equations in two unknowns, consistent with the fact that this system has a degree 
of redundancy of 2. But as we saw, the displacement method required only one unknown. Thus our choice of method of solution 
should be dictated by the number of degrees of freedom and the number of degrees of static redundancy. For fewer degrees of free- 
dom we should use the displacement method; for fewer degrees of static redundancy we should use the force method. 









Consolidate 


your knowledge 




1. 

2. 


With the book closed, 
With the book closed. 


write a 
write 


procedure for solving 
a procedure for solving 


a statically indeterminate problem by the force method, 
a statically indeterminate problem by the displacement method. 



PROBLEM SET 4.3 



4.45 A rigid bar is hinged at C as shown in Figure P4.45. The modulus of elasticity of bar A is E = 30,000 ksi, the cross-sectional area is 
A = 1 .25 in. 2 , and the length is 24 in. Determine the applied force F if point B moves upward by 0.002 in. 

D Rigid C 

=3- 



Figure P4.45 



-125in- 



25 in 



4.46 A rigid bar is hinged at C as shown in Figure P4.46. The modulus of elasticity of bar A is E = 30,000 ksi, the cross-sectional area is 
A = 1.25 in. 2 , and the length is 24 in. Determine the applied force F if point B moves upward by 0.002 in. 

Rigid c 

J^ 5 

\F 



DL 



Figure P4.46 



^\ 



0.004 in 
125 in - 



25 in 
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4.47 A rigid bar is hinged at C as shown in Figure P4.47. The modulus of elasticity of bar A is E = 100 GPa, the cross-sectional area is 
A = 15 mm 2 , and the length is 1.2 m. Determine the applied force F if point B moves to the left by 0.75 mm. 



Rigid 



T 



1.25 m 



Figure P4.47 



-2.5 m- 






4.48 A rigid bar is hinged at C as shown in Figure P4.48. The modulus of elasticity of bar A is E = 100 GPa, the cross-sectional area is 
A = 15 mm 2 , and the length is 1.2 m. Determine the applied force F if point B moves to the left by 0.75 mm. 



IT 



1.25 m 



T 

1 mm 



Figure P4.48 



Rl ^ ld C j l 1 



-2.5m- 



4.49 The roller at P in Figure P4.49 slides in the slot due to the force F= 20 kN. Member AP has a cross-sectional area A = 100 mm 2 and a 
modulus of elasticity E = 200 GPa. Determine the displacement of the roller. 

P 

~ F 



Figure P4.49 




4.50 The roller at P in Figure P4.50 slides in the slot due to the force F= 20 kN. Member AP has a cross-sectional area A = 100 mm 2 and a 
modulus of elasticity E = 200 GPa. Determine the displacement of the roller. 

F 



Figure P4.50 




4.51 A rigid bar is hinged at C as shown in Figure P4.51. The modulus of elasticity of bar A is E = 30,000 ksi, the cross-sectional area is 
A = 1.25 in. 2 , and the length is 24 in. Determine the axial stress in bar A and the displacement of point D on the rigid bar. 

Rigid c 



FigureP4.51 



D[ 



" 0.004 in 
125 in - 



B 



F = 50 kips 



25 in 
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4.52 A rigid bar is hinged at C as shown in Figure P4.52. The modulus of elasticity of bar A is E = 30,000 ksi, the cross-sectional area is 
A = 1.25 in. 2 , and the length is 24 in. Determine the axial stress in bar A and the displacement of point D on the rigid bar. 

M= 2500 in -kips 
Rigid c 



JlDI 

T 



0.004 in 



Figure P4.52 



^^ 



^ 



- 125 in- 



25 in 



4.53 A steel (E = 30,000 ksi, v = 0.28) rod passes through a copper ( E = 15,000 ksi, v = 0.35) tube as shown in Figure P4.53. The steel rod 
has a diameter of 1/2 in., and the tube has an inside diameter of 3/4 in. and a thickness of 1/8 in. If the applied load is P = 2.5 kips, determine 
(a) the movement of point A (b) the change in diameter of the steel rod. 

-24 in^ 



I 



P A 



FigureP4.53 



[<d 16 in, 1 



J 



-J 



4.54 A rigid bar ABC is supported by two aluminum cables (E = 10,000 ksi) with a diameter of 1/2 in. as shown in Figure P4.54. The bar is 
horizontal before the force is applied. Determine the angle of rotation of the bar from the horizontal when a force ,P= 5 kips is applied. 



5 ft 



Figure P4.54 



H> 



5 ft 



4.55 Two rigid beams are supported by four axial steel (E = 210 GPa) rods of diameter 10 mm, as shown in Figure P4.55. Determine the 
angle of rotation of the bars from the horizontal no load position when a force of P = 5 kN is applied. 



2m 



4 m 



Figure P4.55 




F^^rrf? 



4.56 Two rigid beams are supported by four axial steel rods (E = 210 GPa, a yield = 210 MP a) of diameter 20 mm, as shown in Figure P4.55 
For a factor of safety of 1.5, determine the maximum value of force F that can be applied without causing any rod to yield. 
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4.57 A rigid bar ABC is supported by two aluminum cables (E = 10,000 ksi) with a diameter of 1/2 in., as shown in Figure P4.57. Determine 
the extensions of cables CE and BD when a force P= 5 kips is applied. 
X E\ 



Figure P4.57 




4.58 A rigid bar ABC is supported by two aluminum cables (E = 10,000 ksi) as shown in Figure P4.57. The yield stress of aluminum is 
40 ksi. If the applied force P = 10 kips, determine the minimum diameter of cables CE and BD to the nearest 1/16 in. 



4.59 A rigid bar ABC is supported by two aluminum cables (E = 10,000 ksi) with a diameter of 1/2 in. as shown in Figure P4.57. The yield 
stress of aluminum is 40 ksi. Determine the maximum force P to the nearest pound that can be applied. 



4.60 A force F = 20 kN is applied to the roller that slides inside a slot as shown in Figure P4.60. Both bars have a cross-sectional area 
A = 100 mm 2 and a modulus of elasticity E =200 GPa. Bars AP and BP have lengths L AP =200 mm and L BP =250 mm. Determine the dis- 
placement of the roller and the axial stress in bar AP. 



FigureP4.60 




4.61 A force F = 20 kN is applied to the roller that slides inside a slot as shown in Figure P4.61. Both bars have a cross-sectional area 
A = 100 mm 2 and a modulus of elasticity E =200 GPa. Bars AP and BP have lengths L AP =200 mm and L BP =250 mm. Determine the dis- 
placement of the roller and the axial stress in bar AP. 



Figure P4.61 




4.62 A force F = 20 kN is applied to the roller that slides inside a slot as shown in Figure P4.62. Both bars have a cross-sectional area 
A = 100 mm 2 and a modulus of elasticity E =200 GPa. Bars AP and BP have lengths L AP =200 mm and L BP =250 mm. Determine the dis- 
placement of the roller and the axial stress in bar AP. 



FigureP4.62 
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4.63 An aluminum (E = 70 GPa, cr yield = 280 MPa, v = 0.28) wire of diameter 0.5 mm is to hang two flower pots of equal mass as shown in 
Figure P4.63. (a) Determine the maximum mass of the pots to the nearest gram that can be hung if yielding is to be avoided in all wires, (b) For 
the maximum mass what is the percentage change in the diameter of the wire BC 

, 225 mm 



200 mm 



Figure P4.63 




340 mm 



4.64 An aluminum (E = 70 GPa, a yield = 280 MPa, v = 0.28) wire is to hang two flower pots of equal mass of 5 kg as shown in Figure P4.63. 
Determine the minimum diameter of the wires to the nearest 1/10 of a millimeter if yielding is to be avoided in all wires. 



4.65 An aluminum hollow cylinder (E al = 10,000 ksi, v al = 0.25) and a steel hollow cylinder (E st = 30,000 ksi, v st = 0.28) are securely fas- 
tened to a rigid plate, as shown in Figure P4.65. Both cylinders are made from - -in. thickness sheet metal. The outer diameters of the alumi- 

8 

num and steel cylinders are 4 in. and 3 in., respectively. For an applied load of P = 20 kips determine (a) the displacement of the rigid plate; (b) 
the change in diameter of each cylinder. 



40 in 



FigureP4.65 





inum 
PI 






Steel 













30 in 

1 



4.66 An aluminum hollow cylinder (E al = 10,000 ksi, v al = 0.25) and a steel hollow cylinder (E st = 30,000 ksi, v st = 0.28) are securely fas- 
tened to a rigid plate, as shown in Figure P4.65. Both cylinders are made from - -in. thickness sheet metal. The outer diameters of the alumi- 

8 

num and steel cylinders are 4 in. and 3 in., respectively. The allowable stresses in aluminum and steel are 10 ksi and 25 ksi, respectively. 
Determine the maximum force P that can be applied to the assembly. 



4.67 A gap of 0.004 inch exists between the rigid bar and bar A before the force F is applied as shown in Figure P4.67. The rigid bar is 
hinged at point C. The lengths of bars A and B are 30 and 50 inches respectively Both bars have an area of cross-section A = 1 in. 2 and modulus 
of elasticity E = 30,000 ksi. Determine the axial stresses in bars A and B if P = 100 kips. 



J^ 



Figure P4.67 



24 in 1 



- 36 in 



- 60 in - 



4.68 A gap of 0.004 inch exists between the rigid bar and bar A before the force F is applied as shown in Figure P4.67. The rigid bar is 
hinged at point C. The lengths of bars A and B are 30 in. and 50 in. respectively Both bars have an area of cross-section A = 1 in. 2 and modulus 
of elasticity E = 30,000 ksi. If the allowable normal stress in the bars is 20 ksi in tension or compression, determine the maximum force P that 
can be applied. 
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4.69 In Figure P4.69 a gap exists between the rigid bar and rod A before force F is applied. The rigid bar is hinged at point C. The lengths of 
bars A and B are 1 m and 1.5 m, and the diameters are 50 mm and 30 mm, respectively. The bars are made of steel with a modulus of elasticity 
E = 200 GPa and Poisson's ratio v- 0.28. If F — 75 kN determine (a) the deformation of the two bars; (b) the change in the diameters of the two 
bars. 



JjD.0002 m 



Figure P4.69 




4.70 In Figure P4.69 a gap exists between the rigid bar and rod A before force F is applied. The rigid bar is hinged at point C. The lengths of 
bars A and B are 1 m and 1.5 m, and the diameters are 50 mm and 30 mm, respectively. The bars are made of steel with a modulus of elasticity 
E = 200 GPa and Poisson's ratio v- 0.28. If the allowable axial stresses in bars A and B are 110 MPa and 125 MPa, respectively, determine the 
maximum force F that can be applied. 



4.71 A rectangular aluminum bar (E = 10,000 ksi), a steel bar {E = 30,000 ksi), and a brass bar {E = 15,000 ksi) are assembled as shown in Fig- 
ure P4.71. All bars have the same thickness of 0.5 in. A gap of 0.02 in. exists before the load P is applied to the rigid plate. Assume that the rigid 
plate does not rotate. If P =15 kips determine (a) the axial stress in steel; (b) the displacement of the rigid plate with respect to the right wall. 

0.02 in 

2inX 



Figure P4.71 



2in^ 



Brass 



Steel 



-«- 30 in H 



Aluminum 



- 60 in - 



T 

6 in 

± 



4.72 A rectangular aluminum bar (E = 10,000 ksi), a steel bar (E = 30,000 ksi), and a brass bar (E = 15,000 ksi) are assembled as shown in 
Figure P4.71. All bars have the same thickness of 0.5 in. A gap of 0.02 in. exists before the load P is applied to the rigid plate. Assume that the 
rigid plate does not rotate. If the allowable axial stresses in brass, steel, and aluminum are 8 ksi, 15 ksi, and 10 ksi, respectively, determine the 
maximum load P. 



4.73 In Figure P4.73 bars A and B have cross-sectional areas of 400 mm 2 and a modulus of elasticity E = 200 GPa. A gap exists between bar 
A and the rigid bar before the force F is applied. If the applied force F= 10 kN determine: (a) the axial stress in bar B; (b) the deformation of 
barv4. 



T 

2m 

1 



fr 



Figure P4.73 



h 



F 

— ► 
-0.0005 m 



5 m 



3m 

I 



K2mH 



4.74 In Figure P4.73 bars A and B have cross-sectional areas of 400 mm 2 and a modulus of elasticity E = 200 GPa. A gap exists between bar 
A and the rigid bar before the force F is applied.Determine the maximum force F that can be applied if the allowable stress in member B is 
120 MPa (C) and the allowable deformation of bar A is 0.25 mm. 



4.75 A rectangular steel bar (E = 30,000 ksi, v— 0.25) of 0.5 in. thickness has a gap of 0.01 in. between the section at D and a rigid wall 
before the forces are applied as shown in Figure P4.75. Assuming that the applied forces are sufficient to close the gap, determine (a) the move- 
ment of rigid plate at C with respect to the left wall; (b) the change in the depth d of segment CD. 
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Figure P4.75 



12.5 kips 17.5 kips d = 3 in 



12.5 kips 17.5 kips 

hl8iiH^24in^h 



D\ 



-36 in 4r| 

0.01 in J 



4.76 Three plastic members of equal cross sections are shown in Figure P4.76. Member B is smaller than members A by 0.5 mm. A distrib- 
uted force is applied to the rigid plate, which moves downward without rotating. The moduli of elasticity for members A and B are 1.5 GPa and 
2.0 GPa, respectively. Determine the axial stress in each member if the distributed force W=20 MPa. 



Figure P4.76 




-100 mm 



4.77 Three plastic members of equal cross sections are shown in Figure P4.76. Member B is smaller than members A by 0.5 mm. A distrib- 
uted force is applied to the rigid plate, which moves downward without rotating. The moduli of elasticity for members A and B are 1.5 GPa and 
2.0 GPa, respectively. Determine the maximum intensity of the distributed force that can be applied to the rigid plate if the allowable stresses in 
members A and B are 50 MPa and 30 MPa. 



4.78 Figure P4.78 shows an aluminum rod (E = 70 GPa, v = 0.25) inside a steel tube (E = 210 GPa, v = 0.28). The aluminium rod is slightly 
longer than the steel tube and has a diameter of 40 mm. The steel tube has an inside diameter of 50 mm and is 10 mm thick. If the applied load 
P = 200 kN, determine (a) the axial stresses in aluminium rod and steel tube; (b) the change in diameter of aluminium. 



T~ 



250 mm 



Figure P4.78 



0.15 mm 



4.79 Figure P4.78 shows an aluminium rod (E = 70 GPa, cr yield = 280 MPa) inside a steel tube (E = 210 GPa, a yield = 210 MPa). The alumin- 
ium rod is slightly longer than the steel tube and has a diameter of 40 mm. The steel tube has an inside diameter of 50 mm and is 10 mm thick. 
What is the maximum force P that can be applied without yielding either material. 



4.80 A rigid bar ABCD hinged at one end and is supported by two aluminum cables (E = 10,000 ksi) with a diameter of 1/4 in. as shown in 
Figure P4.80. The bar is horizontal before the force is applied. Determine the angle of rotation of the bar from the horizontal when a force 
P= lOkips is applied. 



5 ft 



3 



Figure P4.80 



'hiH^ 



5 ft 



*l 



C 



5ft 
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4.81 A suspended walkway is modelled as a rigid bar and supported by steel rods (E =30,000 ksi) as shown in Figure P4.8 1 . The rods have a 
diameter of 2 in., and the nut has a contact area with the bottom of the walkway is 4 in. 2 The weight of the walk per unit length is w = 7251b/ft. 
Determine (a) the axial stress in the steel rods; (b) the average bearing stress between the nuts at A and D and the walkway. 

Ceiling 



T 



T 



£ 



♦ I \* i + WT7 



Figure P4.81 



10 ft 



T 



o<a- 



20 ft 



-0<F- 



10 ft 



36 ft 



4.82 An aluminum circular bar (E al = 70 GPa) and a steel tapered circular bar (E st = 200 GPa) are securely attached to a rigid plate on which 
axial forces are applied, as shown in Figure P4.82. Determine (a) the displacement of the rigid plate; (b) the maximum axial stress in steel 

100 mm 



I 50 !™ 50kN 
Aluminum B 
50kN 



Figure P4.82 



K0.5m4 



Steel 



-2.0m- 



Design problems 

4.83 A rigid bar hinged at point O has a force P applied to it, as shown in Figure P4.83. Bars A and B are made of steel (E = 30,000 ksi). The 
cross- sectional areas of bars A and B are A A —\ in. 2 and A B = 2 in. 2 . If the allowable deflection at point C is 0.01 in. and the allowable stress in 
the bars is 25 ksi, determine the maximum force P that can be applied 

P 



i 



24 in 



30 in — + 42 in - 



C 



rzQzr 



36 in 



Rigid 



H 
■ J_ 

0.005 in 



48 in 



Figure P4.83 



4.84 The structure at the base of a crane is modeled by the pin-connected structure shown in Figure P4.84. The allowable axial stresses in 
members AC and BC are 15 ksi, and the modulus of elasticity is 30,000 ksi. To ensure adequate stiffness at the base, the displacement of pin C 
in the vertical direction is to be limited to 0.1 in. Determine the minimum cross-sectional areas for members AC and BC. 



F = 75 kips 



Figure P4.84 




%i,.iLI 



12 ft 




4.85 The landing wheel of a plane is modeled as shown in Figure P4.85. The pin at C is in double shear and has an allowable shear stress of 
12 ksi. The allowable axial stress for link BC is 30 ksi. Determine the diameter of pin C and the effective cross-sectional area of link BC (Note: 
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Attachments at A and B are approximated by pins to simplify analysis. There are two links represented by BC, one on either side of the hydraulic cylinder, 
which we are modeling as a single link with an effective cross-sectional area that is to be determined so that the free-body diagram is two-dimensional.). 



12 in. 



Figure P4.85 





f3-2 in 




18 kips, 



32 in. 



Stress concentration 

4.86 The allowable shear stress in the stepped axial rod shown in Figure P4.86 is 20 ksi. IfF =10 kips, determine the smallest fillet radius 
that can be used at section B. Use the stress concentration graphs given in Section C.4.2. 



Figure P4.86 




[2 in 



ft^-A 



I in 



fi 



v 



4.87 The fillet radius in the stepped circular rod shown in Figure P4.87 is 6 mm. Determine the maximum axial force F that can act on the 
rigid wheel if the allowable axial stress is 120 MPa and the modulus of elasticity is 70 GPa. Use the stress concentration graphs given in Sec- 
tion C.4.2. 

60 mm 

i 48 mm p 



Figure P4.87 




uu mm 

i 48 mm p 

r-T-VHS 7 : 



H- 0.9 m Hh 0.75 m >\+- 1 .0 m — H 



Fatigue 

4.88 The fillet radius is 0.2 mm in the stepped steel circular rod shown in Figure P4.86. What should be the peak value of the cyclic load F to 
ensure a service life of one-half million cycles? Use the S-N curve shown in Figure 3.36 



4.89 The aluminum axial rod in Figure P4.87 is subjected to a cyclic load F. Determine the peak value of F to ensure a service life of one 
million cycles. Use the S-N curves shown in Figure 3.36 and modulus of elasticity E=10 GPa. 
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MoM in Action: Kansas City Walkway Disaster 



On July 17, 1981, nearly 2000 people had gathered to watch a dance competition in the atrium of the Hyatt 
Regency Hotel in Kansas City, Missouri. At 7:05 P.M. a loud, sharp sound was heard throughout the building. Within min- 
utes, the second- and fourth floor walkways crashed to the ground, killing 114 people and injuring over 200 others. The 
worst structural failure in the history of United States had taken place. It is a tragic story of multiple design failures - and 
of failure in professional ethics as well. 

Three suspended walkways spanned the hotel atrium, a large open area of approximately 1 17 ft by 145 ft and 50 ft 
high. The fourth- floor walkway was directly above the second- floor walkway, while the third-floor walkway (Figure 
4.33a) was offset 15 ft from the plane of the other two. Each walkway was 120 ft long and 8.6 ft wide, with four 30-ft 
intervals between support steel rods of diameter 1 .25 in. A square box beam was constructed by welding two channel 
beams, and a hole was drilled through for the supporting axial rods, as shown in Figure 4.336. In the original design (Fig- 
ure 4.33b), a single continuous steel axial rod passed through the second- and fourth-floor walkways and was attached to 
the ceiling truss. This design required that the axial rod between the walkways be threaded so that the nuts underneath the 
box beams could be installed. As designed, the fourth-floor connection had to support only loads from the fourth-floor 
walkway, while the ceiling truss would support the total load of the second- and fourth-floor walkways together. 



(a) 



(b) 



4th floor walkway 



4th floor walkway 





To 2nd floor 
walkway 



To 2nd floor 
walkway 



Figure 4.33 Kansas City Hyatt Regency walkways, (a) 3rd floor walkway (Courtesy Dr. Lee Lowery Jr.)(b) Original design connection (c) 
Fabricated design connection. 

The first failure in design was that the box-beam connection could support only 60% of the load specified by the 
Kansas City building code. Haven's Steel Co. did not want to thread the length of the axial rod between second and fourth 
floor, so the design was changed to that shown in Figure 4.33c in which only the ends of the axial rod were threaded. The 
change was approved over the phone, with no recalculation of the new design. This transferred the load of the second floor 
to the box beams of the fourth floor, which thus supported the loads of both walkways at once. This revised design could 
support only 30% of the load specified by code. Further compounding the design failure, the axial rod passed through the 
weld, the weakest structural point in the box beam. Close inspection of the connections would have shown the 
overstressing of the box beam, as was in fact observed in the third- floor walkway (which did not collapse). This inspection 
was not done. 

On that fatal night people stood on the walkways watching the dance competition, with still more spectators on the 
ground floor. The loud noise preceding the crash was the nut punching though the box beam of the fourth- floor walkway. 
First one walkway crashed into the other beneath it, and then the two fell to the ground upon the people below. 

Engineers Duncan and Gillium were charged with gross negligence, misconduct, and unprofessional conduct, and 
both their license and their firm's license to practice were revoked in the states of Missouri and Kansas. The tragedy has 
become a model for the study of engineering design errors and ethics. 
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4.4* INITIAL STRESS OR STRAIN 



Members in a statically indeterminate structure may have an initial stress or strain before the loads are applied. These initial 
stresses or strains may be intentional or unintentional and can be caused by several factors. A good design must account for these 
factors by calculating the acceptable levels of prestress. 

Nuts on a bolt are usually fmger-tightened to hold an assembly in place. At this stage the assembly is usually stress free. The 
nuts are then given additional turns to pretension the bolts. When a nut is tightened by one full rotation, the distance it moves is 
called the pitch. Alternatively, pitch is the distance between two adjoining peaks on the threads. One reason for pretensioning is 
to prevent the nuts from becoming loose and falling off. Another reason is to introduce an initial stress that will be opposite in 
sign to the stress that will be generated by the loads. For example, a cable in a bridge may be pretensioned by tightening the nut 
and bolt systems to counter the slackening in the cable that may be caused due to wind or seasonal temperature changes. 

If during assembly a member is shorter than required, then it will be forced to stretch, thus putting the entire structure into a 
prestress. Tolerances for the manufacture of members must be prescribed to ensure that the structure is not excessively pre- 
stressed. 

In prestressed concrete, metal bars are initially stretched by applying tensile forces, and then concrete is poured over these 
bars. After the concrete has set, the applied tensile forces are removed. The initial prestress in the bars is redistributed, putting 
the concrete in compression. Concrete has good compressive strength but poor tensile strength. After prestressing, the concrete 
can be used in situations where it may be subjected to tensile stresses. 



EXAMPLE 4.12 

Bars A and B in the assembly shown in Figure 4.34 are made of steel with a modulus of elasticity E = 200 GPa, a cross-sectional area 
A = 100 mm 2 , and a length L = 2.5 m. Bar A is pulled by 3 mm to fill the gap before the force F is applied, (a) Determine the initial axial 
stress in both bars, (b) If the applied force F = 10 kN, determine the total axial stress in both bars. 



T 



3 mm 



± 



P= 



l£L 



^2.0m- 



Figure 4.34 Two-bar mechanism in Example 4.12. 



-3.0m- 



+U^ 



PLAN 

(a) We can use the force method to solve the problem. After the gap has been closed, the two bars will be in tension. The degree of static 
redundancy for this problem is 1 . We can write one compatibility equation and one equilibrium equation of the moment about C and 
solve the problem, (b) We can consider calculating the internal forces with just F, assuming the gap has closed and the system is stress 
free before F is applied. Bar B will be in compression and bar A will be in tension due to the force F. The internal forces in the bars can 
be found as in part (a). The initial stresses in part (a) can be superposed on the stresses due to solely F, to obtain the total axial stresses. 



SOLUTION 



(a) 



Tensile force 



JN A 



(b) 



TT 



h-2.0i 



-3.0 m- 



1.5 m 



a0003 m ^f Extension ^8 A 
Extension ^b 



r Tensile force 




*b1 



Figure 4.35 (a) Free-body diagram (b) Deformed geometry in Example 4. 12 part a. 

(a) We draw the free-body diagram of the rigid bars with both bars in tension as shown in Figure 4.35a. By moment equilibrium about 
point C we obtain Equation (El). 

N A (5 m) = N B (2 m) 1234 (El) 
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Figure 435b shows the approximate deformed shape. The movement of point E is equal to the deformation of bar B. The movements of 
points E and D on the rigid bar can be related by similar triangles to obtain: 



3 D _ 3 B 
5 m 2 m 
The sum of extension of bar A and the movement of point D are then equal to the gap: 



3 D + 3 A = °- 003 m 



From Equations (E2) and (E3) we obtain 



The deformation of bars A and B can be written as 

fi N A L A 



2.55 5 + 5^ 



0.003 m 



N A {2.5 m) 



E a a a [200(10 9 ) N/m 2 ][ 100(10 6 ) m 2 ] 

N B L B _ N B (2.5 m) 



e b A b [200(10 9 )N/m 2 ][100(10 6 ) m 2 ] 
Substituting Equations (E5) and (E6) into (E4) we obtain 



0.125A^(10 )m 



0.125iV 5 (10 )m 



2.5(0.1257V 5 (10 6 )m) + 0.125^(10 6 ) m = 0.003 m or 2.5N B + N A = 24,000 



Solving Equations (El) and (E7), we obtain the internal forces, 



N A = 3310.3 N 



N B = 8275.9 N 



The stresses in A and B can now be found: 



a A = -f = 33.1(10°) N/m ^ = 7^ = 82.7(10 b ) N/m 



(E2) 

(E3) 
(E4) 

(E5) 
(E6) 

(E7) 
(E8) 

(E9) 



ANS. g a = 33.1 MPa(T) o B = 82.7 MPa (T) 

(b) In the calculations that follow, the purpose of the overbars is to distinguish the variables from those in part a. We draw the free-body 
diagram of the rigid bars in Figure 4.36a, with bars A in tension and bar B in compression, and by moment equilibrium about point C 
obtain 



F(6.5 m) -N A (5 m) -N B (2 m) = or 5iV^ +2N B = 65, 000 N 



(a) 



Tensile force 



Jf* 



(b) 



nC x 






T 



-2.0 m — H^ 
C E 



-3.0m- 



(E10) 



D 



NbT 



- 3 -° m ' ' l^m 1 




5 g J^ Contraction 

Extension 



- Compressive force 

Figure 4.36 (a) Free-body diagram; (b) Deformed geometry for part b. 

We draw the approximate deformed shape as shown in Figure 4.36b. For this part of the problem the movements of points D and E are 
equal to the deformation of the bar. By similar triangles we obtain 

-^ = -^ (Ell) 

5 m 2 m 

The relation between deformation and internal forces is as before, as shown in Equations (E5) and (E6). Substituting Equations (E5) and 
(E6) into Equation (Ell), we obtain 

0.125JV 5 (10- 6 ) = 0.4(0. 125iV^)(10- 6 ) or N B = 0AN A (E12) 

Solving Equations (E10) and (El 2), we obtain 

N A = 11.20(10 3 )N JV 5 = 4.48(10 3 )N (E13) 

The stresses in A and B are then 

- N A 



112 MPa(T) 



N B 
a B = -j- = 44.8 MPa (C) 



(E14) 



The total axial stress can now be obtained by superposing the stresses in Equations (E9) and (El 4). 

ANS. (a,) tota] = 145.1 MPa (T) (a B ) (otal = 37.9 MPa (T) 



COMMENTS 
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1. We solved the problem twice, to incorporate the initial stress (strain) due to misfit and then to account for the external load. Since the 
problem is linear, it should not matter how we reach the final equilibrium position. In the next section we will see that it is possible to 
solve the problem only once, but it would require an understanding of how initial strain is accounted for in the theory. 

2. Consider a slightly different problem. In Figure 4.37, after the nut is finger-tight, it is given an additional quarter turn before the force 
F is applied. The pitch of the threads is 12 mm. We are required to find the initial axial stress in both bars and the total axial stress. 
The nut moves by pitch times the number of turns — that is, 3 mm. If we initially ignore the force F and bar B, then the movement of 
the nut forces the rigid bar to move by the same amount as the gap in Figure 4.34. The mechanisms of introducing the initial strains 
are different for the problems in Figures 4.34 and 4.37, but the results of the two problems will be identical at equilibrium. The strain 
due to the tightening of a nut may be hard to visualize, but the analogous problem of strain due to misfit can be visualized and used as 
an alternative visualization aid. 



w 



t* 



D I 



i 



Figure 4.37 Problem similar to Example 4. 12. 



B 

A 



4.5* TEMPERATURE EFFECTS 



Length changes due to temperature variations introduce stresses caused by the constraining effects of other members in a stati- 
cally indeterminate structure. There are a number of similarities for the purpose of analysis between initial strain and thermal 
strain. Thus we shall rederive our theory to incorporate initial strain. We once more assume that plane sections remain plane and 
parallel and we have small strain; that is, Assumptions 1 and 2 are valid. Hence the total strain at any cross section is uniform 
and only a function of x, as in Equation (4.4). We further assume that the material is isotropic and linearly elastic — that is, 
Assumptions 3 and 4 are valid. We drop Assumption 5 to account for initial strain s Q at a point and write the stress-strain rela- 
tionship as 



du 
dx 






(4.22) 



Substituting Equation (4.22) into Equation (4.1), assuming that the material is homogeneous and the initial strain £ is uniform 
across the cross section, we have 



N = Ll E £- Es °) dA= -£L EdA -L Es <> dA = Tx EA - EAe » or 



du F \ , . _ du f ^ , A f ^ r A du 
dx °J dx« A < A 

du = N_ 

dx EA ^ 

Substituting Equation (4.24) into Equation (4.22), we obtain a familiar relationship: 

TV 



(4.23) 
(4.24) 

(4.25) 



If Assumptions 7 through 9 are valid, and if £ does not change with x, then all quantities on the right-hand side of Equation 
(4.25) are constant between x x and x 2 , and by integration we obtain 



U 2 -U x = 



N(x 2 -x 1 ) 
~EA 



+ £q(x 2 Xj) 



(4.26) 



or alternatively, 



August 2012 



M. Vable 



Mechanics of Materials: Axial Members 



191 



8 =Ta + b « l 



(4.27) 



Equations (4.25) and (4.27) imply that the initial strain affects the deformation but does not affect the stresses. This seemingly para- 
doxical result has different explanations for the thermal strains and for strains due to misfits or to pretensioning of the bolts. 

First we consider the strain £ due to temperature changes. If a body is homogeneous and unconstrained, then no stresses are 
generated due to temperature changes, as observed in Section 3.9. This observation is equally true for statically determinate 
structures. The determinate structure simply expands or adjusts to account for the temperature changes. But in an indeterminate 
structure, the deformation of various members must satisfy the compatibility equations. The compatibility constraints cause the 
internal forces to be generated, which in turn affects the stresses. 

In thermal analysis £ = a AT. An increase in temperature corresponds to extension, whereas a decrease in temperature cor- 
responds to contraction. Equation (4.27) assumes that A^ is positive in tension, and hence extensions due to £ are positive and con- 
tractions are negative. However, if on the free-body diagram TV is shown as a compressive force, then Sis shown as contraction in 
the deformed shape. Consistency requires that contraction due to £ be treated as positive and extension as negative in Equation 
(4.27). The sign of £ L due to temperature changes must be consistent with the force N shown on the free-body diagram. 

We now consider the issue of initial strains caused by factors discussed in Section 4.4. If we start our analysis with the unde- 
formed geometry even when there is an initial strain or stress, then the implication is that we have imposed a strain that is oppo- 
site in sign to the actual initial strain before imposing external loads. To elaborate this issue of sign, we put S= in Equation 
(4.27) to correspond to the undeformed state. Also note that TV and £ must have opposite signs for the two terms on the right- 
hand side to combine, yielding a result of zero. But strain and internal forces must have the same sign. For example, if a member 
is short and has to be pulled to overcome a gap due misfit, then at the undeformed state the bar has been extended and is in ten- 
sion before external loads are applied. The problem can be corrected only if we think of £ as negative to the actual initial strain. 
Thus prestrains (stresses) can be analyzed by using £ as negative to the actual initial strain in Equation (4.27). 

If we have external forces in addition to the initial strain, then we can solve the problem in two ways. We can find the stresses 
and the deformation due to initial strain and due to external forces individually, as we did in Section 4.4, and superpose the solution. 
The advantage of such an approach is that we have a good intuitive feel for the solution process. The disadvantage is that we have to 
solve the problem twice. Alternatively we could use Equation (4.27) and solve the problem once, but we need to be careful with our 
signs, and the approach is less intuitive and more mathematical. 

EXAMPLE 4.13 

Bars A and B in the mechanism shown in Figure 4.38 are made of steel with a modulus of elasticity E = 200 GPa, a coefficient of thermal 
expansion a- 12 ju/°C, a cross-sectional area ^4 = 100 mm 2 , and a length L = 2.5 m. If the applied force F= 10 kN and the temperature 
of bar A is decreased by 100°C, find the total axial stress in both bars. 






^2.0 1 



Figure 4.38 Two-bar mechanism in Example 4.13. 



-3.0m- 



1.5 m 



PLAN 

We can use the force method to solve this problem. The problem has 1 degree of redundancy. We can write one compatibility equation 
and, using (4.27), get one equation relating the internal forces. By taking the moment about point C in the free-body diagram of the rigid 
bar, we can obtain the remaining equation and solve the problem. 



SOLUTION 

The axial rigidity and the thermal strain are 
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EA 



[200(10 9 )N/m 2 ][100(10 6 ) m 2 ] 



= 20(10 )N 
-6x 



(El) 

fcQ - a AT = 12(10" u )(-100) = -1200(10"") (E2) 

We draw the free-body diagram of the rigid bar with bar A in tension and bar B in compression as shown in Figure 4.39a. By moment 
equilibrium about point C we obtain 

F(6.5m)-N A (5m)-N B (2m) = or 5N A + 2N B = 65(10 3 ) N (E3) 

We draw the approximate deformed shape in Figure 439b. Noting that the movements of points D and E are equal to the deformation of 
the bars we obtain from similar triangles 



5 m 



2 m 



(E4) 



(a) 



d 



Tensile force 



iN A 



(b) 



_L 



J 



2.0 m- 



-3.0m- 



h2.0m^!< 3.0 m 4 



Figure 4.39 Free-body diagram in Example 4.13. 



NbT 



The deformations of bars A and B can be written as 

N A (2.5 m) 



N A L A 



£ L A 



1.5 m 
Compressive force 



-,-6 x 




- Contraction 

Extension 



^-6 



20(10°) 

N B L B _ N B (2.5 m) 



^b^b 



20(10 ) 
Substituting Equations (E5) and (E6) into Equation (E4), we obtain 

0.125iV 5 (10- 6 )m = 0.4(0.125^ -3000)10" 6 m 

Solving Equations (E3) and (E7), we obtain 

^3 X 



1200(2.5 m)(10 ) = (0.125^-3000)10 m 
0.125A^(10" 6 )m 



N„ 



0AN A - 9600 



N A 



(E5) 
(E6) 

(E7) 
(E8) 



14.51(10 ) N N B = -3.79(10 ) N 

Noting that we assumed that bar B is in compression, the sign of N B in Equation (E8) implies that it is in tension. The stresses in A and B 
can now be found by dividing the internal forces by the cross-sectional areas. 

ANS. g a = 145.1 MPa (T) o B = 37.9 MPa (T) 



COMMENTS 



1 



In Figure 4.34 the prestrain in member^ is 0.0003/2.5 = 1200 x 10 extension. This means that e = -1200 x 10 . Substituting 

this value we obtain Equation (E5). Nor will any other equation in this example change for problems represented by Figures 4.34 and 
4.37. Thus it is not surprising that the results of this example are identical to those of Example 4.12. But unlike Example 4.12, we 
solved the problem only once. 

2. It would be hard to guess intuitively that bar B will be in tension, because the initial strain is greater than the strain caused by the 
external force F. But this observation is obvious in the two solutions obtained in Example 4.12. 

3. To calculate the initial strain using the method in this example, it is recommended that the problem be formulated initially in terms of 
the force F. Then to calculate initial strain, substitute F = 0. This recommendation avoids some of the confusion that will be caused by 
a change of the sign of s in the initial strain calculations. 



August 2012 



M. Vable 



Mechanics of Materials: Axial Members 



193 



PROBLEM SET 4.4 



Initial strains 

4.90 During assembly of a structure, a misfit between bar A and the attachment of the rigid bar was found, as shown in Figure P4.90. If bar 
A is pulled and attached, determine the initial stress introduced due to the misfit. The modulus of elasticity of the circular bars A and B is E = 
10,000 ksi and the diameter is 1 in. 



60 in 



0.05 in ~ 



[«— 40in- 



Figure P4.90 



£: 



-60 in- 



80 in 



tzQzt 



4.91 Bar A was manufactured 2 mm shorter than bar B due to an error. The attachment of these bars to the rigid bar would cause a misfit of 
2 mm. Calculate the initial stress for each assembly, shown in Figure P4.91. Which of the two assembly configurations would you recommend? 
Use a modulus of elasticity E = 10 GPa and a diameter of 25 mm for the circular bars. 



Figure P4.91 r 




2m 



1.5 m H ' 







(b) 



4.92 A steel bolt is passed through an aluminum sleeve as shown in Figure P4.92. After assembling the unit by finger-tightening (no deforma- 
tion) the nut is given a - turn. If the pitch of the threads is 3.0 mm, determine the initial axial stress developed in the sleeve and the bolt. The mod- 
uli of elasticity for steel and aluminum are E st = 200 GPa and E al = 70 GPa and the cross-sectional areas are A st = 500 mm 2 and A al = 1100 mm 2 . 



it 



Sleeve 



Rigid washers 



I 



Bolt 






Figure P4.92 



25 mm 



- 300 mm - 



25 mm 



4.93 The rigid bar shown in Figure P4.93 is horizontal when the unit is put together by finger- tightening the nut. The pitch of the threads is 
0.125 in. The properties of the bars are listed in Table 4.93. Develop a table in steps of quarter turns of the nut that can be used for prescribing 
the pretension in bar B. The maximum number of quarter turns is limited by the yield stress. 



-5 in- 



-15in- 



H 



^^ 



Rigid 



TABLE P4.93 Material properties 



50 in 



Figure P4.93 



Bar .4 



Bar B 



Modulus of elasticity 

Yield stress 
Cross-sectional area 



10,000 ksi 30,000 ksi 

24 ksi 30 ksi 

0.5 in 2 0.75 in 2 
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Temperature effects 

2 2 

4.94 The temperature for the bar in Figure P4.94 increases as a function of x: AT = T L x /L . Determine the axial stress and the movement 

of a point at x = L/2 in terms of the length L, the modulus of elasticity E, the cross-sectional area A, the coefficient of thermal expansion a, and 
the increase in temperature at the end T L . 



Figure P4.94 



4.95 The temperature for the bar in Figure P4.95 increases as a function of x: AT 



2 2 

T L x /L . Determine the axial stress and the movement 

of a point 2d x — L/2 in terms of the length L, the modulus of elasticity E, the cross-sectional area A, the coefficient of thermal expansion a, and 
the increase in temperature at the end T L . 



Figure P4.95 



i 



4.96 The tapered bar shown in Figure P4.96 has a cross-sectional area that varies with x as A = K(L - 0.5x) 2 . If the temperature of the bar 

2 2 

increases as AT = T L x /L , determine the axial stress at midpoint in terms of the length L, the modulus of elasticity E, the cross-sectional 
area A, the parameter^, the coefficient of thermal expansion a, and the increase in temperature at the end T L . 



Figure P4.96 




4.97 Three metallic rods are attached to a rigid plate, as shown in Figure P4.97. The temperature of the rods is lowered by 100°F after the 
forces are applied. Assuming the rigid plate does not rotate, determine the movement of the rigid plate. The material properties are listed in 
Table 4.98. 



Figure P4.97 



6500 lb — ► 






Aluminum 


Steel 2 






Steel 1 


6500 lb — ► 
-< 100 in - 


■< 100 in 



4.98 Solve Problem 4.92 assuming that in addition to turning the nut, the temperature of the assembled unit is raised by 40°C. The coeffi- 
cients of thermal expansion for steel and aluminum are a st = 12 jul °C and a al = 22.5 jul °C. 

TABLE P4.98 Material properties 





Area 


E 


a 




(in. 2 ) 


(ksi) 


(10" 6 /°F) 


Aluminum 


4 


10,000 


12.5 


Steel 1 


4 


30,000 


6.6 


Steel 2 


12 


30,000 


6.6 



4.99 Determine the axial stress in bar^4 of Problem 4.93 assuming that the nut is turned 1 full turn and the temperature of bar A is decreased 
by 80°F. The coefficient of thermal expansion for bar^4 is a st = 22.5 ///°F. 

4.6* STRESS APPROXIMATION 

Many applications are based on strength design. As was demonstrated in Examples 1.4 and 1.5, we can obtain stress formulas 
starting with a stress approximation across the cross section and use these in strength design. But how do we deduce a stress 
behavior across the cross section? In this section we consider the clues that we can use to deduce approximate stress behavior. 
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In Section 4.7 we will show how to apply these ideas to thin-walled pressure vessels. Section 5.4 on the torsion of thin- walled 
tubes is another application of the same ideas. 

Think of each stress component as a mathematical function to be approximated. The simplest approximation of a function 
(the stress component) is to assume it to be a constant, as was done in Figure 1.16a and b. The next level of complexity is to 
assume a stress component as a linear function, as was done in Figure 1 . 1 6c and d. If we continued this line of thinking, we 
would next assume a quadratic or higher-order polynomial. The choice of a polynomial for approximating a stress component is 
dictated by several factors, some of which are discussed in this section. 

4.6.1 Free Surface 



A segment of a body that has no forces acting on the surface is shown in Figure 4.40. If we consider a point on the surface 
and draw a stress cube, then the surface with the outward normal in the z direction will have no stresses, and we have a sit- 
uation of plane stress at that point. Because the points on which no forces are acting can be identified by inspection, these 
points provide us with a clue to making assumptions regarding stress behavior, as will be demonstrated next. 



Stress free 



Figure 4.40 Free surface and plane stress. 




Free surface 



> 



The drill shown in Figure 4.41 has points located just outside the material that is being drilled. Point A is on a free surface, 
hence all stress components on this surface, including the shear stress, must go to zero. Point B is at the tip of the drill, the point 
at which the material is being sheared off, that is, at point B the shear stress must be equal to the shear strength of the material. 
Now we have two points of observation. The simplest curve that can be fitted through two points is a straight line. A linear 
approximation of shear stress, as shown in Figure 4.41, is a better approximation than the uniform behavior we assumed in 
Example 1.6. It can be confirmed that with linear shear stress behavior, the minimum torque will be 188.5 in. • kips, which is half 
of what we obtained in Example 1.6. Only experiment can confirm whether the stress approximation in Figure 4.41 is correct. If 
it is not, then the experimental results would suggest other equations to consider. 



Figure 4.41 Using free surface to guide stress approximation. 




Shear strength of material = 5 ksi 



4.6.2 Thin Bodies 



The smaller the region of approximation, the better is the accuracy of the analytical model. If the dimensions of a cross sec- 
tion are small compared to the length of the body, then assuming a constant or a linear stress distribution across the cross section 
will introduce small errors in the calculation of internal forces and moments, such as in pins discussed in Section 1.1.2. We now 
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consider another small region of approximation, termed thin bodies. A body is called thin if its thickness is an order of magni- 
tude (factor of 10) smaller than the other dimensions. 



Free surface 




Figure 4.42 Plane stress assumption in thin plates. \ p ree sur f ace 

Figure 4.42 shows a segment of a plate with loads in the x andj directions. The top and bottom surfaces of the plate are free 
surfaces, that is, plane stress exists on both surfaces. This does not imply that a point in the middle of the two surfaces is also in 
a state of plane stress, but if the plate is thin compared to its other dimensions then to simplify analysis, it is reasonable to 
assume that the entire plate is in plane stress. The other stress components are usually assumed uniform or linear in the thickness 
direction in thin bodies. 

The assumption of plane stress is made in thin bodies even when there are forces acting on one of the surfaces in the thick- 
ness direction. The assumption is justified if the maximum stresses in the xy plane turn out to be an order of magnitude greater 
than the applied distributed load. But the validity of the assumption can be checked only after the stress formula has been devel- 
oped. Some examples of thin bodies are the skin of an aircraft, the floors and ceilings of buildings, and thin-walled cylindrical or 
spherical pressure vessels. 



4.6.3 Axisymmetric Bodies 



A body whose geometry, material properties, and loading are symmetric with respect to an axis is called an axisymmetric body. 
The stress components which are produced cannot depend upon the angular location in an axisymmetric body. In other words, 
the stress components must also be symmetric with respect to the axis. By using this argument of axisymmetry in thin bodies, we 
can get good stress approximation, as will be demonstrated by a simple example below and further elaborated in Section 4.7. 

T 




C Z> 



Free surface, t, 



Uniform shear stress 
because of thin 



Adhesive 




Zero normal stress cr X) 
no axial force 



Zero shear stress r xr 
because of thin body 

and r rr = r rr 



Free surface, T n 



■ 



Figure 4.43 Deducing stress behavior in adhesively bonded thin cylinders. 

Consider all the stress components acting in the adhesive layer between two thin cylinders subjected to a torque, as shown 
in Figure 4.43. The shear stress in the radial direction r xr is assumed to be zero because the symmetric counterpart of this shear 
stress, r rx , has to be zero on the inside and outside free surfaces of this thin body. Because the problem is axisymmetric, the nor- 
mal stress cr. x and the tangential shear stress t xG cannot depend on the angular coordinate. But a uniform axial stress <j xx would 
produce an internal axial force. Because no external axial force exists, we approximate the axial stress as zero. Because of thin- 
ness, the tangential shear stress r x(9 is assumed to be constant in the radial direction. In Example 1.6 we developed the stress for- 
mula relating r x0 to the applied torque. In Section 5.4, in a similar manner, we shall deduce the behavior of the shear stress 
distribution in thin-walled cylindrical bodies of arbitrary cross sections. 

4.6.4 Limitations 



All analytical models depend on assumptions and are approximations. They are mathematical representations of nature and have 
errors in their predictions. Whether the approximation is acceptable depends on the accuracy needed and the experimental results. If 
all we are seeking is an order-of-magnitude value for stresses, then assuming a uniform stress behavior in most cases will give us an 
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adequate answer. But constructing sophisticated models based on stress approximation alone is difficult, if not impossible. Further, 
an assumed stress distribution may correspond to a material deformation that is physically impossible. For example, the approxima- 
tion might require holes or corners to form inside the material. Another difficulty is validating the assumption. We need to approxi- 
mate six independent stress components, which are difficult to visualize and, being internal, cannot be measured directly. These 
difficulties can be overcome by approximating not the stress but the displacement that can be observed experimentally as discussed 
in Section 3.2. 

We conclude this section with the following observations: 

1. A point is in plane stress on a free surface. 

2. Some of the stress components must tend to zero as the point approaches the free surface. 

3. A state of plane stress may be assumed for thin bodies. 

4. Stress components may be approximated as uniform or linear in the thickness direction for thin bodies. 

5. A body that has geometry, material properties, and loads that are symmetric about an axis must have stresses that are 
also symmetric about the axis. 

4.7* THIN-WALLED PRESSURE VESSELS 



Cylindrical and spherical pressure vessels are used for storage, as shown in Figure 4.44, and for the transportation of fluids and 
gases. The inherent symmetry and the assumption of thinness make it possible to deduce the behavior of stresses to a first 
approximation. The argument of symmetry implies that stresses cannot depend on the angular location. By limiting ourselves to 
thin walls, we can assume uniform radial stresses in the thickness direction. The net effect is that all shear stresses in cylindrical 
or spherical coordinates are zero, the radial normal stress can be neglected, and the two remaining normal stresses in the radial 
and circumferential directions are constant. The two unknown stress components can be related to pressure by static equilibrium. 





Figure 4.44 Gas storage tanks. 

(a) (b) 

The "thin- wall" limitation implies that the ratio of the mean radius R to the wall thickness t is greater than 10. The higher the 
ratio of R ft, the better is the prediction of our analysis. 



4.7.1 Cylindrical Vessels 



Figure 4.45 shows a thin cylinder subjected to a pressure of/?. The stress element on the right in Figure 4.45 shows the stress 
components in the cylindrical coordinate system (r, 0, x) on four surfaces. The outer surface of the cylinder is stress free. Hence 
the shear stresses z rQ and r rx and the normal stress <J rr are all zero on the outer surface (at A). On the inner surface (at B) there is 
only a radial force due to pressure/?, but there are no tangential forces. Hence on the inner surface the shear stresses r r6 and r rx 
are zero. Since the wall is thin, we can assume that the shear stresses r r ^and r^ are zero across the thickness. The radial normal 
stress varies from a zero value on the outer surface to a value of the pressure on the inner surface. At the end of our derivation 
we will justify that the radial stress <J rr can be neglected as it is an order of magnitude less than the other two normal stresses <j xx 
and <j ee) . A nonzero value of r^ will either result in a torque or movement of points the # direction. Since there is no applied 
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torque, and the movement of a point cannot depend on the angular location because of symmetry, we conclude that the shear 
stress Tfo is zero. 

Free surface, 




Figure 4.45 Stress element in cylindrical coordinates. 



Zero because 



Zero because of thin body 
and T Yr = T rY 



Zero because of 
axisymmetry and 
no torque 



Zero because No tangential forces, 
0;r„=0 



>rd - 



Thus all shear stresses are zero, while the radial normal stress is neglected. The axial stress a xx and the hoop stress cr ee 
are assumed uniform across the thickness and across the circumference, as these cannot depend upon angular location. Fig- 
ure 4.67a shows this state of stress. We could start with a differential element and find the internal forces by integrating <j xx 
and <J ee over appropriate areas. But as these two stresses are uniform across the entire circumference, we can reach the 
same conclusions by considering two free-body diagrams shown in Figure 4.466 and c. 
By equilibrium of forces on the free-body diagram in Figure 4.466, we obtain lonAt dx) = p(2R) dx, or 



pR 

t 



(4.28) 



By equilibrium of forces on the free-body diagram in Figure 4.46c we obtain a (27rR)(t) = p(7rR ), or 




(4.29) 



a xx {2irR){t) 



P(ttR 2 ) 

(a) (b) 

Figure 4.46 Stress analysis in thin cylindrical pressure vessels. 

With Rlt > 10 the stresses <j xx and <J ee are greater than the maximum value of radial stress <J rr (=p) by factors of at least 5 and 10, 
respectively. This justifies our assumption of neglecting the radial stress in our analysis. 

The axial stress o xx and the hoop stress o ee are always tensile under internal pressure. The formulas may be used for small 
applied external pressure but with the following caution. External pressure causes compressive normal stresses that can 
cause the cylinder to fail due to buckling. The buckling phenomenon is discussed in Chapter 1 1 . 

Although the normal stresses are assumed not to vary in the circumferential or thickness direction, our analysis does not 
preclude variations in the axial direction (x direction). But the variations in the x direction must be gradual. If the variations are 
very rapid, then our assumption that stresses are uniform across the thickness will not be valid, as can be shown by a more rigor- 
ous three-dimensional elasticity analysis. 



August 2012 



M. Vable 



Mechanics of Materials: Axial Members 



199 



4.7.2 Spherical Vessels 



We use the spherical coordinate system (r, #, (/)) for our analysis, as shown in Figure 4 Ala. Proceeding in a manner similar 
to the analysis of cylindrical vessels, we deduce the following: 

1. All shear stresses are zero: 



T r(/) T (j) 







rQ L 6r 











(4.30) 



2. Normal radial stress a rr varies from a zero value on the outside to the value of the pressure on the inside. We will once 
more neglect the radial stress in our analysis and justify it posterior. 

3. The normal stresses errand <r # are equal and are constant over the entire vessel. We set o 90 = a±± = a. 



Figure 4.47 Stress analysis in thin spherical coordinates. 








- <j(2irR)(t) 



-P(ttR 2 ) 






As all imaginary cuts through the center are the same, we consider the free-body diagram shown in Figure 4.476. By 
equilibrium of forces we obtain o(27rR)(t) = p7rR 2 , or 



a 



it 



(4.31) 



With Rlt > 10 the normal stress cris greater than the maximum value of radial stress cr rr (=p) by a factor of at least 5. This justi- 
fies our assumption of neglecting the radial stress in our analysis. At each and every point the normal stress in any circumferen- 
tial direction is the same for thin spherical pressure vessels. 

EXAMPLE 4.14 

The lid is bolted to the tank in Figure 4.48 along the flanges using 1 -in. -diameter bolts. The tank is made from sheet metal that is - in. 

thick and can sustain a maximum hoop stress of 24 ksi in tension. The normal stress in the bolts is to be limited to 60 ksi in tension. A 
manufacturer can make tanks of diameters from 2 ft to 8 ft in steps of 1 ft. Develop a table that the manufacturer can use to advise cus- 
tomers of the size of tank and the number of bolts per lid needed to hold a desired gas pressure. 



Figure 4.48 Cylindrical tank in Example 4. 14. 




PLAN 

Using Equation (4.28) we can establish a relationship between the pressure/? and the radius R (or diameter D) of the tank through the 
limiting value on hoop stress. We can relate the number of bolts needed by noting that the force due to pressure on the lid is carried 
equally by the bolts. 
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SOLUTION 

The area of the bolts can be found as shown in (El). 



From Equation (4.28) we obtain (E2). 

do 



l bolt = tt(1 in.) 2 /4 = (tt/4) in. 2 



P R s o/i aaa • s 24, 000 . 

t—z < 24,000 psi or p < — — — psi 



Figure 4.49 shows the free-body diagram of the lid. By equilibrium of forces we obtain (E3). 

r.2 



v bolt 



Mid 



J boltU 



J bolt - 



ApR 



n 



^it =£ r- ^60,000 



(El) 



(E2) 



(E3) 



Wbolt = °bolt( A bolt) = ^bolt/ 4 



N m = P (ttR 2 ) 



Figure 4.49 Relating forces in bolts and lid in Example 4. 14. 
Substituting (E3) into (E2) we obtain (E4). 

^AMR< 60,000 




n > 0AD 



(E4) 



We consider the values of D from 24 in to 96 in. in steps of 12 in and calculate the values of p and n from Equations (E2) and (E4). We 
report the values of p by rounding downward to the nearest integer that is a factor of 5, and the values of n are reported by rounding 
upward to the nearest integer, as given in Table 4.2. 

TABLE 4.2 Results of Example 4.14 



Tank Diameter D 


Maximum Pressure/? 


Minimum Number 


(ft) 


(psi) 


of Bolts n 


2 


1000 


10 


3 


665 


15 


4 


500 


20 


5 


400 


24 


6 


330 


30 


7 


280 


34 


8 


250 


39 



COMMENT 

1. We rounded downwards for p and upwards for n to satisfy the inequalities of Equations (E2) and (E4). Intuitively we know that 
smaller pressure and more bolts will result is a safer pressure tank. 



PROBLEM SET 4.5 



Thin-walled pressure vessels 

4.100 Fifty rivets of 10-mm diameter are used for attaching caps at each end on a 1000-mm mean diameter cylinder, as shown in Figure 
P4.100. The wall of the cylinder is 10 mm thick and the gas pressure is 200 kPa. Determine the hoop stress and the axial stress in the cylinder 
and the shear stress in each rivet. 



Figure P4.100 





FH 
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:: 


w 


1= 



August 2012 



M. Vable 



Mechanics of Materials: Axial Members 



201 



4.101 A pressure tank 15 ft long and with a mean diameter of 40 in is to be fabricated from a - -in.-thick sheet. A 15-ft-long, 8-in.-wide, - -in.- 

thick plate is bonded onto the tank to seal the gap, as shown in Figure P4.101. What is the shear stress in the adhesive when the pressure in the 
tank is 75 psi? Assume uniform shear stress over the entire inner surface of the attaching plate. 



Figure P4.101 




Design problems 

4.102 A 5 -ft mean diameter spherical tank has a wall thickness of - in. If the maximum normal stress is not to exceed 10 ksi, determine the 
maximum permissible pressure. 



4.103 In a spherical tank having a 500-mm mean radius and a thickness of 40 mm, a hole of 50-mm diameter is drilled and then plugged 
using adhesive of 1.2-MPa shear strength to form a safety pressure release mechanism (Figure P4.103). Determine the maximum allowable 
pressure and the corresponding hoop stress in the tank material. 



Figure P4.103 




4.104 A 20-in. mean diameter pressure cooker is to be designed for a 15 -psi pressure (Figure P4.104). The allowable normal stress in the 
cylindrical pressure cooker is to be limited to 3 ksi. Determine the minimum wall thickness of the pressure cooker. A - -lb weight on top of the 
nozzle is used to control the pressure in the cooker. Determine the diameter d of the nozzle. 



Figure P4.104 




4.105 The cylindrical gas tank shown in Figure P4.105 is made from 8-mm-thick sheet metal and must be designed to sustain a maximum 
normal stress of 100 MPa. Develop a table of maximum permissible gas pressures and the corresponding mean diameters of the tank in steps of 
100 mm between diameter values of 400 mm and 900 mm. 



Figure P4.105 




4.106 A pressure tank 15 ft long and a mean diameter of 40 in. is to be fabricated from a - -in.-thick sheet. A 15-ft-long, 8-in.-wide, - -in.-thick 

plate is to be used for sealing the gap by using two rows of 90 rivets each. If the shear strength of the rivets is 36 ksi and the normal stress in the 
tank is to be limited to 20 ksi, determine the maximum pressure and the minimum diameter of the rivets that can be used. 



Figure P4.106 
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4.107 A pressure tank 5 m long and a mean diameter of 1 m is to be fabricated from a 10 mm thick sheet as shown in Figure P4. 1 06. A 5 m-long, 
200 mm wide, 10-mm- thick plate is to be used for sealing the gap by using two rows of 100 rivets each. The shear strength of the rivets is 
300 MPa and the yield strength of the tank material is 200 MPa. Determine the maximum pressure and the minimum diameter of the rivets to 
the nearest millimeter that can be used for a factor of safety of 2. 



4.8* CONCEPT CONNECTOR 



The finite-element method (FEM) is a popular numerical technique for the stress and deformation analysis of planes, ships, auto- 
mobiles, buildings, bridges, machines, and medical implants, as well as for earthquakes predictions. It is used in both static and 
dynamic analysis and both linear and nonlinear analysis as well. A whole industry is devoted to developing FEM software, and 
many commercial packages are already available, including software modules in computer-aided design (CAD), computer-aided 
manufacturing (CAM), and computer-aided engineering (CAE). This section briefly describes the main ideas behind one version 
of FEM. 



4.8.1 The Finite Element Method 



In the stiffness method FEM is based on the displacement method, while in the flexibility method it is based on the force 
method. Most commercial FEM software is based on the displacement method. 

In the displacement method, the unknowns are the displacements of points called nodes, and a set of linear equations rep- 
resents the force equilibrium at the nodes. For example, the unknowns could be the displacements of pins in a truss, and the 
linear equations could be the equilibrium equations at each joint written in terms of the displacements. In FEM, however, the 
equilibrium equations are derived by requiring that the nodal displacements minimize the potential energy of the structure. 
First equations are created for small, finite elements whose assembly represents the body, and these lead to equations for the 
entire body. It is assumed that the displacement in an element can be described by a polynomial. Figure 4.50 shows the linear 
and quadratic displacements in a one-dimensional rod. 

Linear element 

Node 1 Node 2 

(®~ ®) 



u(x) = a + a x x 



Quadratic element 








Node 1 Node 2 
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D 





u(x) = u^_ X2 J+u 2 y x ^ 

U(x) = U^fi^x) + W 2 ^2 ( X ) 

Figure 4.50 

u(x) = u^^iix) + u 2 02( x ) + u^fi^x) 

The constants a t in the polynomials can be found in terms of the nodal displacement values u t and nodal coordinates x t as 
shown in Figure 4.50. The polynomial functions (f) t that multiply the nodal displacements are called interpolation functions, 
because we can now interpolate the displacement values from the nodal values. Sometimes the same polynomial functions are 
also used for representing the shapes of the elements. Then the interpolation functions are also referred to as shape functions. 
When the same polynomials represent the displacement and the shape of an element, then the element is called an 
isoparametric element. 

Linear triangular element Brick element Isoparametric triangular element 

Bilinear rectangular element 





u(x, y) = a Q + a x x + a^y u (x, y) = a + a x x + a^ + a 3 xy u ^ ?' z) ~ a o + a i x + a^y + a 3 z + u ( Xf y ) = a + a x x + a 2 y + a 3 x 2 + a 4 xy + a 5 y 2 

a 4 xy + a 5 yz + a 6 xz + a 7 xyz 

Figure 4.51 Examples of elements in finite-element method. 
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Figure 4.51 shows some popular elements in two and three dimensions. Strains from the displacements can be found by 
using Equations (2.9a) through (2.9i). The strains are substituted into potential energy, which is then minimized to generate the 
algebraic equations. 

A FEM program consists of three major modules: 

1. In first module, called the pre-process or, the user: creates the geometry; creates a mesh which the discretized geometry 
of elements; applies loads; and applies the boundary conditions. Figure 4.52 shows a finite-element mesh for a bracket 
constructed using three-dimensional tetrahedron elements. The bottom of the bracket is welded to another member. 
The load that is transferred through the bolt must be measured or estimated before a solution can be found. The bottom 
of the bracket is then modeled as points with zero displacements. 

2. In the second module called solver the algebraic equations are created and solved. Once the nodal displacements 
solved are know then stresses are obtained. 

3. In the third module called the post-processor the results of displacements and stresses are displayed in a variety of 
forms that are specified by the user. 

Load transfer 
through a bolt. 




Welded to a member 
Figure 4.52 Finite-element mesh of bracket. (Courtesy Professor C. R. Vilmann.) 

4.9 CHAPTER CONNECTOR 

In this chapter we established formulas for deformations and stresses in axial members. We saw that the calculation of stresses 
and relative deformations requires the calculation of the internal axial force at a section. For statically determinate axial 
members, the internal axial force can be calculated either (1) by making an imaginary cut and drawing an appropriate free- 
body diagram or (2) by drawing an axial force diagram. 

In statically indeterminate structures there are more unknowns than there are equilibrium equations. Compatibility 
equations have to be generated from approximate deformed shapes to solve a statically indeterminate problem. In the 
displacement method the equilibrium and compatibility equations are written either in terms of the deformation of axial 
members or in terms of the displacements of points on the structure, and the set of equations is solved. In the force method the 
equilibrium and compatibility equations are written either in terms of internal forces in the axial members or in terms of the 
reactions at the support of the structure, and the set of equations is again solved. 

In Chapter 8, on stress transformation, we shall consider problems in which we first find the axial stress using the stress 
formula in this chapter and then find stresses on inclined planes, including planes with maximum shear stress. In Chapter 9, 
on strain transformation, we shall find the axial strain and the strains in the transverse direction due to Poisson's effect. We 
will then consider strains in different coordinate systems, including coordinate systems in which shear strain is a maximum. In 
Section 10.1 we shall consider the combined loading problems of axial, torsion, and bending and the design of simple struc- 
tures that may be determinate or indeterminate. 
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POINTS AND FORMULAS TO REMEMBER 



Theory is limited to (i) slender members, (ii) regions away from regions of stress concentration, (iii) members in which 
the variation in cross-sectional areas and external loads is gradual, (iv) members on which axial load is applied such that 
there is no bending. 



N = f a xx dA (4.1) u = u(x) (4.3) Smalfctrain^ = ^f^- (4.4) 

where u is the axial displacement, which is positive in the positive x direction, s xx is the axial strain, <j xx is the axial stress, 
and TV is the internal axial force over cross section^. 



Axial strain s xx is uniform across the cross section. 

Equations (4.1), (4.3), and (4.4) do not change with material model. 

Formulas below are valid for material that is linear, elastic, isotropic, with no inelastic strains: 

Homogeneous cross-section: 

du N N N(x 2 -x ] ) 

T x = Ta ^ ^ = - a ^ "2-rij 1 (4-10) 

where EA is the axial rigidity of the cross section. 

If TV, E, or A change with x, then find deformation by integration of Equation (4.7). 

If N, E, and A do not change between x x and x 2 , then use Equation (4. 10) to find deformation. 

For homogeneous cross sections all external loads must be applied at the centroid of the cross section, and centroids of all 
cross sections must lie on a straight line. 

NL 
•Structural analysis: 5= — (4.21) 

EA 

where £is the deformation in the original direction of the axial bar. 

If N is a tensile force, then £is elongation. If N is a compressive force, then £is contraction. 

Degree of static redundancy is the number of unknown reactions minus the number of equilibrium equations. 

If degree of static redundancy is not zero, then we have a statically indeterminate structure. 

Compatibility equations are a geometric relationship between the deformation of bars derived from the deformed shapes 
of the structure. 

The number of compatibility equations in the analysis of statically indeterminate structures is always equal to the degree 
of redundancy. 

The direction of forces drawn on the free-body diagram must be consistent with the deformation shown in the deformed 
shape of the structure. 

The variables necessary to describe the deformed geometry are called degrees of freedom. 

In the displacement method, the displacements of points are treated as unknowns. The number of unknowns is equal to 
the degrees of freedom. 

In the force method, reaction forces are the unknowns. The number of unknowns is equal to the degrees of redundancy. 
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CHAPTER FIVE 

TORSION OF SHAFTS 



Learning objectives 

1. Understand the theory, its limitations, and its applications in design and analysis of torsion of circular shafts. 

2. Visualize the direction of torsional shear stress and the surface on which it acts. 



When you ride a bicycle, you transfer power from your legs to the pedals, and through shaft and chain to the rear wheel. In a car, 
power is transferred from the engine to the wheel requiring many shafts that form the drive train such as shown in Figure 5.1a. A 
shaft also transfers torque to the rotor blades of a helicopter, as shown in Figure 5. lb. Lawn mowers, blenders, circular saws, drills — 
in fact, just about any equipment in which there is circular motion has shafts. 

Any structural member that transmits torque from one plane to another is called a shaft. This chapter develops the simplest 
theory for torsion in circular shafts, following the logic shown in Figure 3.15, but subject to the limitations described in Section 
3.13. We then apply the formulas to the design and analysis of statically determinate and indeterminate shafts. 



(a) 




(b) 




Figure 5.1 Transfer of torques between planes. 



5.1 PRELUDE TO THEORY 



As a prelude to theory, we consider several numerical examples solved using the logic discussed in Section 3.2. Their solution 
will highlight conclusions and observations that will be formalized in the development of the theory in Section 5.2. 

• Example 5.1 shows the kinematics of shear strain in torsion. We apply the logic described in Figure 3.15, for the case of 
discrete bars attached to a rigid plate. 

• Examples 5.2 and 5.3 extend the of calculation of shear strain to continuous circular shafts. 

• Example 5.4 shows how the choice of a material model affects the calculation of internal torque. As we shall see the 
choice affects only the stress distribution, leaving all other equations unchanged. Thus the strain distribution, which is 
a kinematic relationship, is unaffected. So is static equivalency between shear stress and internal torque, and so are the 
equilibrium equations relating internal torques to external torques. Though we shall develop the simplest theory using 
Hooke's law, most of the equations here apply to more complex models as well. 
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EXAMPLE 5.1 

The two thin bars of hard rubber shown in Figure 5.2 have shear modulus G = 280 MPa and cross-sectional area of 20 mm 2 . The bars are 
attached to a rigid disc of 20-mm radius. The rigid disc is observed to rotate about its axis by an angle of 0.04 rad due to the applied 
torque T exV Determine the applied torque T ext . 

Cj3^ext 



Figure 5.2 Geometry in Example 5.1. 




PLAN 

We can relate the rotation (Ac)) = 0.04) of the disc, the radius (r = 0.02 m) of the disc, and the length (0.2 m) of the bars to the shear strain 
in the bars as we did in Example 2.7. Using Hooke's law, we can find the shear stress in each bar. By assuming uniform shear stress in 
each bar, we can find the shear force. By drawing the free-body diagram of the rigid disc, we can find the applied torque T QXt . 



SOLUTION 

1. Strain calculations: Figure 5.3 shows an approximate deformed shape of the two bars. By symmetry the shear strain in bar C will be 
same as that in bar A The shear strain in the bars can be calculated as in Example 2.7: 

BB , 
BB X = (0.02 m) Ac|> = 0.0008 m tan y A ~y A 



[i 

AB 



= 0.004 rad 



0.004 rad 



(a) 



rA0 




(El) 
(E2) 



B B x 




Figure 5.3 Exaggerated deformed geometry: (a) 3-D; (b) Top view; (c) Side view. 

2. Stress calculations: From Hooke's law we can find the shear stresses as 

^ = GaIa = [280(10 6 )N/m 2 ](0.004) = 1.12(10 6 ) N/m 2 

T c = G clc = [280(10 6 )N/m 2 ](0.004) = 1.12(10 6 ) N/m 2 

3. Internal forces : We obtain the shear forces by multiplying the shear stresses by the cross-sectional area A = 20 x 10 m 

V A = A a t a = [1.12(10 6 ) N/m 2 ][20(10" 6 )m 2 ] = 22.4 N 



V c = A c t c = [1.12(10 ) N/m ] [20(10 ) m ] = 22.4 N 
(a) 



(E3) 
(E4) 

(E5) 
(E6) 





Figure 5.4 Free-body diagram: (a) 3-D; (b) Top view. 

4. External torque: We draw the free-body diagram by making imaginary cuts through the bars, as shown in Figure 5.4. By equilibrium 
of moment about the axis of the disc through O, we obtain Equation (E7). 
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(0.02 m)(22.4 N) + (0.02 m)(22.4 N) 



ANS. 



(E7) 
T= 0.896 N-m 



COMMENTS 



1. In Figure 5.3 we approximated the arc BB X by a straight line, and we approximated the tangent function by its argument in Equation (El). 
These approximations are valid only for small deformations and small strains. The net consequence of these approximations is that the 
shear strain along length AB X is uniform, as can be seen by the angle between any vertical line and line AB X at any point along the line. 

2. The shear stress is assumed uniform across the cross section because of thin bars, but it is also uniform along the length because of the 
approximations described in comment 1. 

3. The shear stress acts on a surface with outward normal in the direction of the length of the bar, which is also the axis of the disc. The 
shear force acts in the tangent direction to the circle of radius r. If we label the direction of the axis x, and the tangent direction 0, then 
the shear stress is represented by x x0 , as in Section 1.2 

2 

4. The sum in Equation (E7) can be rewritten as V rx AA t , where x is the shear stress acting at the radius r, and AA t is the cross-sec- 
tional area of the z' th bar. If we had n bars attached to the disc at the same radius, then the total torque would be given by V rx AA t . 

As we increase the number of bars n to infinity, the assembly approaches a continuos body. The cross-sectional area AA i becomes the 
infinitesimal area dA, and the summation is replaced by an integral. We will formalize the observations in Section 5.1.1. 

5. In this example we visualized a circular shaft as an assembly of bars. The next two examples further develop this idea. 

EXAMPLE 5.2 

A rigid disc of 20-mm diameter is attached to a circular shaft made of hard rubber, as shown in Figure 5.5. The left end of the shaft is 
fixed into a rigid wall. The rigid disc was rotated counterclockwise by 3.25°. Determine the average shear strain at point A. 



Figure 5.5 Geometry in Example 5.2. 




PLAN 

We can visualize the shaft as made up of infmitesimally thick bars of the type shown in Example 5.1. We relate the shear strain in the bar 
to the rotation of the disc, as we did in Example 5.1. 



SOLUTION 

We consider one line on the bar, as shown in Figure 5.6. Point B moves to point B v The right angle between AB and AC changes, and the 
change represents the shear strain y. As in Example 5.1, we obtain the shear strain shown in Equation (E2): 

3.25°tt 



A(|> 



180° 



0.05672 rad 



BB ! = r A§ = (10 mm) Ac|> = 0.5672 mm 



(El) 



BB X Q.5672 mm AAA ~o^ A 
tan y = y = -7-^- = —zz^ = 0.002836 rad 



AB 



200 mm 



(a) 



Figure 5.6 Deformed shape: (a) 3-D; (b) End view. 




10 mm 




COMMENTS 

1. As in Example 5. 1, we assumed that the line AB remains straight. If the assumption were not valid, then the shear strain would vary in 
the axial direction. 

2. The change of right angle that is being measured by the shear strain is the angle between a line in the axial direction and the tangent at 
any point. If we designate the axial direction x and the tangent direction (i.e., use polar coordinates), then the shear strain with sub- 
scripts will be y x9 . 
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3. The value of the shear strain does not depend on the angular position as the problem is axisymmetric. 

4. If we start with a rectangular grid overlaid on the shaft, as shown in Figure 5.1a, then each rectangle will deform by the same amount, 
as shown in Figure 5.1b. Based on the argument of axisymmetry, we will deduce this deformation for any circular shaft under torsion 
in the next section. 





Figure 5.7 Deformation in torsion of (a) an un-deformed shaft, (b) a deformed shaft. 



EXAMPLE 5.3 

Three cylindrical shafts made from hard rubber are securely fastened to rigid discs, as shown in Figure 5.8. The radii of the shaft sections 

are r AB = 20 mm, r CD =15 mm, and r EF =10 mm. If the rigid discs are twisted by the angles shown, determine the average shear strain in 

each section assuming the lines AB, CD, and EF remain straight. 

2.5° 

1.5° 

1.5° 

3.25° 



Figure 5.8 Shaft geometry in Example 5.3. 




120 mm ' 



METHOD 1: PLAN 

Each section of the shaft will undergo the deformation pattern shown in Figure 5.6, but now we need to account for the rotation of the 
disc at each end. We can analyze each section as we did in Example 5.2. In each section we can calculate the change of angle between the 
tangent and a line drawn in the axial direction at the point where we want to know the shear strain. We can then determine the sign of the 
shear strain using the definition of shear strain in Chapter 3. 



SOLUTION 

Label the left most disc as disc 1 and the rightmost disc, disc 4. The rotation of each disc in radians is as follows: 



2.5 
180' 

1.5° 



(3.142 rad) = 0.0436 rad 
(3.142 rad) = 0.0262 rad 



1.5 
180' 



3.25 



(3.142 rad) = 0.0262 rad 



(El) 



^ 3 " 180 o^-— ^ - -— V4- 180 

Figure 5.9 shows approximate deformed shapes of the three segments, 
(a) 




(b) 




Figure 5.9 Approximate deformed shapes for Method 1 in Example 5.3 of segments (a) AB, (b) CD, and (c) EF. 
Using Figure 5.9a we can find the shear strain in AB as 

AA X = r AB (\> l = (20 mm)(0.0436) = 0.872 mm BB X = r AB <\> 2 = (20 mm)(0.0262) = 0.524 mm 

AA X +BB X 0.872 mm + 0.524 mm 

tan|yj - \ lAB \ = —^- = ^^ 

The shear strain is positive as the angle y AB represents a decrease of angle from right angle. 
Using Figure 5.9b we can find the shear strain in CD as 



(E2) 
(E3) 

ANS. y AB = 6980 (irad 
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tan|y cz ,|*|Y CZ j| 



DD X = r CD <\> 3 = (15 mm)(0.0262) = 0.393 mm 
0.393 mm + 0.393 mm 



(E4) 
(E5) 



CD 160 mm 

The shear strain is negative as the angle y CD represents an increase of angle from right angle. 

ANS. y CD = -4913 jurad 
Using Figure 5.9c we can find the shear strain in EF as 

EE l = r EF <\> 3 = (10 mm)(0.0262) = 0.262 mm FF 1 = r EF <\> 4 = (10 mm)(0.0567) = 0.567 mm 

0.567 mm - 0.262 mm 



tanM*M EF 120mm 

The shear strain is negative as the angle y EF represents an increase of angle from right angle. 



(E6) 

(E7) 



ANS. 



Jef = -2542 jurad 



METHOD 2: PLAN 

We assign a sign to the direction of rotation, calculate the relative deformation of the right disc with respect to the left disc, and analyze 
the entire shaft. 



We draw an approximate deformed shape of the entire shaft, as shown in Figure 5.10. Let the counterclockwise rotation with respect to 
the x axis be positive and write each angle with the correct sign, 

d>i = -0.0436 rad <b 9 = 0.0262 rad <b, = -0.0262 rad d> 



-0.0567 rad 



Figure 5.10 Shear strain calculation by Method 2 in Example 5.3. 



Positive c 



(E8) 



Jef 4>4 



$ 




We compute the relative rotation in each section and multiply the result by the corresponding section radius to obtain the relative move 
ment of two points in a section. We then divide by the length of the section as we did in Example 5.2. 

_ r AB a $ab _ (20 mm) (0.0698) _ 



A $AB = 


4>2- 


4>1 


= 0.0698 


A $CD = 


ch" 


"<l>2 


= 


-0.0524 


A$ EF = 


<l>4 


"+3 


= 


-0.0305 



Jab 



Jef 



AB 


(200 mm) 


r CD A $CD 


_ (15 mm) (-0.0524) 


CD 


160 mm 


r EF A $EF _ 


_ (10 mm) (-0.0305) 



0.00698 rad 



-0.002542 rad 



EF 120 mm 

ANS. y AB = 6980 jurad y CD = -4913 jurad 



(E9) 

(E10) 

(Ell) 
Jef = -2542 jurad 



COMMENTS 

1. Method 1 is easier to visualize, but the repetitive calculations can be tedious. Method 2 is more mathematical and procedural, but the 
repetitive calculations are easier. By solving the problems by method 2 but spending time visualizing the deformation as in method 1 , 
we can reap the benefits of both. 

2. We note that the shear strain in each section is directly proportional to the radius and the relative rotation of the shaft and inversely 
proportional to its length. 



5.1.1 Internal Torque 



Example 5.1 showed that the shear stress \ xQ can be replaced by an equivalent torque using an integral over the cross-sectional 
area. In this section we formalize that observation. 

Figure 5.11 shows the shear stress distribution i x #that is to be replaced by an equivalent internal torque T. Let p represent the 
radial coordinate, that is, the radius of the circle at which the shear stress acts. The moment at the center due to the shear stress 
on the differential area is pr x0 dA. By integrating over the entire area we obtain the total internal torque at the cross section. 
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T = j pdV = j pr x9 dA 



(5.1) 





dV- 



Figure 5.11 Statically equivalent internal torque. 

Equation (5.1) is independent of the material model as it represents static equivalency between the shear stress on the entire 
cross section and the internal torque. If we were to consider a composite shaft cross section or nonlinear material behavior, then 
it would affect the value and distribution of r x e across the cross section. But Equation (5.1), relating t x Q and J, would remain 
unchanged. Examples 5.4 will clarify the discussion in this paragraph. 

EXAMPLE 5.4 

A homogeneous cross section made of brass and a composite cross section of brass and steel are shown in Figure 5.12. The shear moduli 
of elasticity for brass and steel are G B = 40 GPa and G s = 80 GPa, respectively. The shear strain in polar coordinates at the cross section 

was found to be y x9 = 0.08 p , where p is in meters, (a) Write expressions for x x0 as a function of p and plot the shear strain and shear 

stress distributions across both cross sections, (b) For each of the cross sections determine the statically equivalent internal torques. 

Pj Pj 



Figure 5.12 Homogeneous and composite cross sections in Example 5.4. 




120 mm 



PLAN 

(a) Using Hooke's law we can find the shear stress distribution as a function of p in each material, (b) Each of the shear stress distribu- 
tions can be substituted into Equation (5.1) and the equivalent internal torque obtained by integration. 



SOLUTION 

(a) From Hooke's law we can write the stresses as 

( T xe)br 



[40(10 )N/m] (0.08 p) = 3200 p MPa 



(El) 

(^e)steei = [80(10*) N/m^](0.08p) = 6400p MPa (E2) 

For the homogeneous cross section the stress distribution is as given in Equation (El), but for the composite section it switches between 
Equation (E2) and Equation (El), depending on the value of p. We can write the shear stress distribution for both cross sections as a 
function of/?, as shown below. 
Homogeneous cross section: 



t x9 = 3200p MPa 0.00 < p < 0.06 



► P 



(E3) 




r xd (MPa) 



(a) 




A^ (MPa) 



*-P 




► P 



(c) 



Figure 5.13 Shear strain and shear stress distributions in Example 5.4: (a) shear strain distribution; (b) shear stress distri- 
bution in homogeneous cross section; (c) shear stress distribution in composite cross section. 
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Composite cross section: 



J 6400p MPa 0.00 < p < 0.04 m 

1x9 [3200p MPa 0.04 m < p < 0.06 m 



(E4) 



The shear strain and the shear stress can now be plotted as a function of p, as shown in Figure 5.13(b). The differential area dA is the area 
of a ring of radius p and thickness dp, that is, dA = 2 Tip dp . Equation (5.1) can be written as 



0.06 
T = [ P T x9 ( 2 ^P d P) 

J a 



(E5) 



Homogeneous cross section: Substituting Equation (E3) into Equation (E5) and integrating, we obtain the equivalent internal torque. 



T = j" p[3200p(10 6 ) ](2jcp dp) = [6400tt(10 6 )]^ 



65.1(10') N-m 



(E6) 



ANS. J= 65.1 kN-m 

Composite cross section: Writing the integral in Equation (E5) as a sum of two integrals and substituting Equation (E3) we obtain the 
equivalent internal torque. 

0.06 0.04 0.06 

T = [ P T x9 ( 2n P d P) = [ P T x9 ( 2n P d P) + f P T x9 ( 2n P d P) 

J a J a J a A/i 



" " 0.04 



steel 



brass 



^steei = J ' p[6400p(10 6 )](27ip Jp) = (12800ti)(10 6 )[^ 



.0.04 
'0 
. 0.06 
"0.04 



7 brass = j ' p[3200p(10 6 )](27ip Jp) = (6400ti)(10 6 ) (&- 

* A A/I ^ T" ' 




0.06 



25.7(10 )N-m = 25.7 kN-m 



52.3(10 )N-m = 52.3 kN-m 



ANS. 



(E7) 



(E8) 

(E9) 

(E10) 
T = 78 kN-m 



COMMENTS 

1. The example demonstrates that although the shear strain varies linearly across the cross section, the shear stress may not. In this 
example we considered material non homogeneity. In a similar manner we can consider other models, such as elastic-perfectly plas- 
tic, or material models that have nonlinear stress-strain curves. 

2. The material models dictate the shear stress distribution across the cross section, but once the stress distribution is known, Equation 
(5.1) can be used to find the equivalent internal torque, emphasizing that Equation (5.1) does not depend on the material model. 



PROBLEM SET 5.1 



5.1 A pair of 48-in. long bars and a pair of 60-in. long bars are symmetrically attached to a rigid disc at a radius of 2 in. at one end and 
built into the wall at the other end, as shown in Figure P5.1. The shear strain at points due to a twist of the rigid disc was found to be 3000 
//rad. Determine the magnitude of shear strain at point D. 



Figure P5.1 




5.2 If the four bars in Problem 5.1 are made from a material that has a shear modulus of 12,000 ksi, determine the applied torque T on the 
rigid disc. The cross sectional areas of all bars are 0.25 in. 2 . 



5.3 



If bars AB in Problem 5.1 are made of aluminum with a shear modulus G al = 4000 ksi and bars CD are made of bronze with a shear 



modulus G br = 6500 ksi, determine the applied torque Ton the rigid disc. The cross-sectional areas of all bars are 0.25 in/ 
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5.4 Three pairs of bars are symmetrically attached to rigid discs at the radii shown in Figure P5.4. The discs were observed to rotate by 
angles (^ = 1.5°, fy 2 = 3.0°, and § 3 = 2.5° in the direction of the applied torques T l9 T 2 , and T 3 , respectively. The shear modulus of the 
bars is 40 ksi and cross-sectional area is 0.04 in. 2 . Determine the applied torques. 



1.25 in 



Figure P5.4 




5.5 A circular shaft of radius r and length Ax has two rigid discs attached at each end, as shown in Figure P5.5. If the rigid discs are 
rotated as shown, determine the shear strain y at point A in terms of r, Ax, and A<|>, assuming that line AB remains straight, where 

Ac|> = 4> 2 — 4>i - 



Figure P5.5 




5.6 A hollow circular shaft made from hard rubber has an outer diameter of 4 in and an inner diameter of 1.5 in. The shaft is fixed to the 
wall on the left end and the rigid disc on the right hand is twisted, as shown in Figure P5.6. The shear strain at point A, which is on the out- 
side surface, was found to be 4000 //rad. Determine the shear strain at point C, which is on the inside surface, and the angle of rotation. 
Assume that lines AB and CD remain straight during deformation. 



Figure P5.6 




5.7 The magnitude of shear strains in the segments of the stepped shaft in Figure P5.7 was found to be y AB = 3000 //rad, y CD = 2500 //rad, 
and y EF = 6000 //rad. The radius of section AB is 150 mm, of section CD 70 mm, and of section EF 60 mm.Determine the angle by which 
each of the rigid discs was rotated. 



Figure P5.7 




5.8 Figure P5.8 shows the cross section of a hollow aluminum (G= 26 GPa) shaft. The shear strain y x6 in polar coordinates at the section 
is y x6 = -0.06 p , where p is in meters. Determine the equivalent internal torque acting at the cross-section. Use d t = 30 mm and d = 50 mm. 



Figure P5.8 
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5.9 Figure P5.8 shows the cross section of a hollow aluminum (G = 26 GPa) shaft. The shear strain y x6 in polar coordinates at the section 
is y x9 = 0.05 p , where p is in meters. Determine the equivalent internal torque acting at the cross-section. Use d t = 40 mm and d = 120 mm. 



5.10 A hollow brass shaft (G B =6500 ksi) and a solid steel shaft (G s = 13,000 ksi) are securely fastened to form a composite shaft, as 
shown in Figure P5.10.The shear strain in polar coordinates at the section is y x9 = 0.001 p , where p is in inches. Determine the equivalent 
internal torque acting at the cross section. Use d B =4 in. and d s = 2 in. 



Figure P5.10 




5.11 A hollow brass shaft (G B =6500 ksi) and a solid steel shaft (G s = 13,000 ksi) are securely fastened to form a composite shaft, as 
shown in Figure P5.10.The shear strain in polar coordinates at the section is y x9 = -0.0005 p , where p is in inches. Determine the equiva- 
lent internal torque acting at the cross section. Use d B =6 in. and d s = 4 in. 



5.12 A hollow brass shaft (G B =6500 ksi) and a solid steel shaft (G s = 13,000 ksi) are securely fastened to form a composite shaft, as 
shown in Figure P5.10.The shear strain in polar coordinates at the section is y x9 = 0.002 p , where p is in inches. Determine the equivalent 
internal torque acting at the cross section. Use d B = 3 in. and d s = 1 in. 



5.13 A hollow titanium shaft (G Ti =36 GPa) and a hollow aluminum shaft (G A1 - 
shaft shown in Figure P5.13. The shear strain in polar coordinates at the section is y x9 
alent internal torque acting at the cross section. Use d t = 50 mm, d M = 90 mm, and d Ti = 

Titanium Aluminum 



26 GPa) are securely fastened to form a composite 
= 0.04 p, where p is in meters. Determine the equiv- 
100 mm. 




Figure P5.13 



*? 






x ^ 



Stretch Yourself 

5.14 A circular shaft made from elastic - perfectly plastic material has a torsional shear stress distribution across the cross section shown 
in Figure P5.14. Determine the equivalent internal torque. 



Figure P5.14 




^P 



5.15 A solid circular shaft of 3-in. diameter has a shear strain at a section in polar coordinates of y x9 = 2p (lO" 3 ^, where p is the radial coor- 
dinate measured in inches. The shaft is made from an elastic-perfectly plastic material, which has a yield stress r yield = 1 8 ksi and a shear 
modulus G = 12,000 ksi. Determine the equivalent internal torque. (See Problem 3.144). 
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5.16 A solid circular shaft of 3-in. diameter has a shear strain at a section in polar coordinates of y x9 = 2p (\0~ 3 ), where p is the radial coor- 
dinate measured in inches.The shaft is made form a bilinear material as shown in Figure 3.40. The material has a yield stress r ield = 18 ksi 



and shear moduli G { = 12,000 ksi and G 2 = 4800 ksi. Determine the equivalent internal torque.(See Problem 3.145). 



5.17 A solid circular shaft of 3-in. diameter has a shear strain at a section in polar coordinates of y x9 = 2p (\0~ 3 ), where pis the radial coor- 
dinate measured in inches.The shaft material has a stress-strain relationship given by r= 243/° 4 ksi. Determine the equivalent internal 
torque. (See Problem 3.146). 



5.18 A solid circular shaft of 3-in diameter has a shear strain at a section in polar coordinates of y x9 = 2p (\0~ 3 ), where pis the radial coor- 
dinate measured in inches. The shaft material has a stress-strain relationship given by t= 12,000/ - 120,000^ ksi. Determine the equiva- 
lent internal torque. (See Problem 3.147). 



5.2 THEORY OF TORSION OF CIRCULAR SHAFTS 

In this section we develop formulas for deformation and stress in a circular shaft. We will follow the procedure in Section 5.1 
but now with variables in place of numbers. The theory will be developed subject to the following limitations: 

1. The length of the member is significantly greater than the greatest dimension in the cross section. 

2. We are away from the regions of stress concentration. 

3. The variation of external torque or change in cross-sectional areas is gradual except in regions of stress concentration. 

4. External torques are not functions of time; that is, we have a static problem. (See Problems 5.55 and 5.56 for dynamic 
problems.) 

5. The cross section is circular. This permits us to use arguments of axisymmetry in deducing deformation. 

Figure 5.14 shows a circular shaft that is loaded by external torques T x and T 2 at each end and an external distributed torque 
t{x), which has units of torque per unit length. The radius of the shaft R(x) varies as a function of x. We expect that the internal 
torque J will be a function of x. <p x and ^ 2 are the angles of rotation of the imaginary cross sections dXx x andx 2 , respectively. 

The objectives of the theory are: 

1. To obtain a formula for the relative rotation (j) 2 - <j) x in terms of the internal torque T. 

2. To obtain a formula for the shear stress i xQ in terms of the internal torque T. 



Figure 5.14 Circular shaft. 




To account for the variations in t(x) and R(x) we will take Ax = x 2 - x { as an infinitesimal distance in which these quantities 
can be treated as constants. The deformation behavior across the cross section will be approximated. The logic shown in Figure 
5.15 and discussed in Section 3.2 will be used to develop the simplest theory for the torsion of circular shafts members. Assump- 
tions will be identified as we move from one step to the next. These assumptions are the points at which complexities can be 
added to the theory, as discussed in the examples and Stretch Yourself problems. 
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Figure 5.15 The logic of the mechanics of materials. 



5.2.1 Kinematics 



In Example 5.1 the shear strain in a bar was related to the rotation of the disc that was attached to it. In Example 5.2 we remarked 
that a shaft could be viewed as an assembly of bars. Three assumptions let us simulate the behavior of a cross section as a rotat- 
ing rigid plate: 

Assumption 1 Plane sections perpendicular to the axis remain plane during deformation. 
Assumption 2 On a cross section, all radial lines rotate by equal angles during deformation. 
Assumption 3 Radial lines remain straight during deformation. 




Figure 5.16 Torsional deformation: (a) original grid; (b) deformed grid. (Courtesy of Professor J. B. Ligon.) 

Figure 5.16 shows a circular rubber shaft with a grid on the surface that is twisted by hand. The edges of the circles remain 
vertical lines during deformation. This observation confirms the validity of Assumption 1 . Axial deformation due to torsional 
loads is called warping. Thus, circular shafts do not warp. Shafts with noncircular cross section warp, and this additional defor- 
mation leads to additional complexities. (See Problem 5.53). 
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The axisymmetry of the problem implies that deformation must be independent of the angular rotation. Thus, all radials 
lines must behave in exactly the same manner irrespective of their angular position, thus, Assumptions 2 and 3 are valid for cir- 
cular shafts. Figure 5.17 shows that all radial lines rotate by the same angle of twist <p. We note that if all lines rotate by equal 
amounts on the cross section, then <j> does not change across the cross section and hence can only be a function of x 

* = *(*) (5-2) 

Sign Convention: <f> is considered positive counterclockwise with respect to the x axis. 



A .B - 
A p B r 



-Initial position 
-Deformed position 



Figure 5.17 Equal rotation of all radial lines. 




The shear strain of interest to us is the measure of the angle change between the axial direction and the tangent to the circle 
in Figure 5.16. If we use polar coordinates, then we are interested in the change in angle which is between the x and direc- 
tions — in other words, y x0 . 

Assumptions 1 through 3 are analogous to viewing each cross section in the shaft as a rigid disc that rotates about its own 
axis. We can then calculate the shear strain as in Example 5.2, provided we have small deformation and strain. 

Assumption 4 Strains are small. 



We consider a shaft with radius p and length Ax in which the right section with respect to the left section is rotated by an angle 
A(|), as shown in Figure 5.18a. Using geometry we obtain the shear strain expression. 

(b) 

P 




iy X d 



Figure 5.18 Shear strain in torsion, (a) Deformed shape, (b) Linear variation of shear strain 

lim ( B Ji) = lim (pM) c 




Y.re 



d§ 
dx 



(5.3) 



where p is the radial coordinate of a point on the cross section. The subscripts x and emphasize that the change in angle is 
between the axial and tangent directions, as shown in Figure 5.18a. The quantity d§/dx is called the rate of twist. It is a func- 
tion of x only, because § is a function of x only. 

Equation (5.3) was derived from purely geometric considerations. If Assumptions 1 through 4 are valid, then Equation (5.3) 
is independent of the material. Equation (5.3) shows that the shear strain is a linear function of the radial coordinate p and 
reaches the maximum value / max at the outer surface (p = p max = R), as shown in Figure 5.18a. Equation (5.4), an alternative 
form for shear strain, can be derived using similar triangles. 



r.xe 



7maxr 

R 



(5.4) 



5.2.2 Material Model 



Our motivation is to develop a simple theory for torsion of circular shafts. Thus we make assumptions regarding material behav- 
ior that will permit us to use the simplest material model given by Hooke's law. 
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Assumption 5 The material is linearly elastic. 1 
Assumption 6 The material is isotropic. 



Substituting Equation (5.3) into Hooke's law, that is, r = Gy, we obtain 



Gp 



dx 



(5.5) 



Noting that 6 is positive in the counterclockwise direction with respect to the x axis, we can represent the shear stress due to tor- 
sion on a stress element as shown in Figure 5.19. Also shown in Figure 5.19 are aluminum and wooden shafts that broke in tor- 
sion. The shear stress component that exceeds the shear strength in aluminum is r x0 . The shear strength of wood is weaker along 
the surface parallel to the grain, which for shafts is in the longitudinal direction. Thus r^ causes the failure in wooden shafts. The 
two failure surfaces highlight the importance of visualizing the torsional shear stress element. 

Failure surface in aluminum shaft due to t 



Figure 5.19 Stress element showing torsional shear stress 




Failure surface in wooden shaft due to x fl . 



5.2.3 Torsion Formulas 



Substituting Equation (5.5) into Equation (5.1) and noting that d§/dx is a function of x only, we obtain 



d§i 



T= f Gp 2d JdA=mG 9 2 dA 

j A dx dxJ A 



(5.6) 



To simplify further, we would like to take G outside the integral, which implies that G cannot change across the cross section. 
Assumption 7 The material is homogeneous across the cross section. 2 



From Equation (5.6) we obtain 



T=Gf\ P 2 dA = Gjf 
dx J . dx 



(5.7) 



where J is the polar moment of inertia for the cross section. As shown in Example 5.5, J for a circular cross section of radius R 
or diameter D is given by 



Equation (5.7) can be written as 



J 



\ p 2 dA 



¥ 



£d 4 

32 



d§ 
dx 



J_ 

GJ 



(5.8) 



(5.9) 



The higher the value of GJ, the smaller will be the deformation § for a given value of the internal torque. Thus the rigidity 
of the shaft increases with the increase in GJ. A shaft may be made more rigid either by choosing a stiffer material (higher value 
of G) or by increasing the polar moment of inertia. The quantity GJ is called torsional rigidity. 

Substituting Equation (5.9) into Equation (5.5), we obtain 



! See Problems 5.50 through 5.52 for nonlinear material behavior. 
2 In Problem. 5.49 this assumption is not valid. 
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IP 
J 



(5.10) 



The quantities T and J do not vary across the cross section. Thus the shear stress varies linearly across the cross section with p as 
shown in Figure 5.20. For a solid shaft, it is zero at the center where p = and reaches a maximum value on the outer surface of 
the shaft where p = R,. 




► p 



Figure 5.20 Linear variation of torsional shear stress. 

Let the angle of rotation of the cross section 2iix x andx 2 be <j> x and 2 , respectively. By integrating Equation (5.9) we can obtain the 
relative rotation as: 






dx 



(5.11) 



To obtain a simple formula we would like to take the three quantities T, G, and J outside the integral, which means that these 
quantities should not change withx. To achieve this simplicity we make the following assumptions: 

Assumption 8 The material is homogeneous between x x and x 2 . (G is constant) 

Assumption 9 The shaft is not tapered between x { and x 2 . (J is constant) 

Assumption 10 The external (and hence also the internal) torque does not change with x between x x and x 2 . (T is constant) 

If Assumptions 8 through 10 are valid, then T, G, and J are constant between x 1 andx 2 , and from Equation (5.11) we obtain 

(5.12) 



<h-<W = 



T(x 2 -x l ) 



GJ 



In Equation (5.12) points x l and x 2 must be chosen such that neither J, G, nor J change between these points. 
5.2.4 Sign Convention for Internal Torque 

The shear stress was replaced by a statically equivalent internal torque using Equation (5.1). The shear stress t x0 is positive 
on two surfaces. Hence the equivalent internal torque is positive on two surfaces, as shown in Figure 5.21. When we make the 
imaginary cut to draw the free-body diagram, then the internal torque must be drawn in the positive direction if we want the for- 
mulas to give the correct signs. 

Positive t x6 

Positive r xd 

Positive T 



Figure 5.21 Sign convention for positive internal torque 




Outward 
normal 




Sign Convention: Internal torque is considered positive counterclockwise with respect to the outward normal to the 
imaginary cut surface. 
J may be found in either of two ways, as described next and elaborated further in Example 5.6. 

1. T is always drawn counterclockwise with respect to the outward normal of the imaginary cut, as per our sign convention. 
The equilibrium equation is then used to get a positive or negative value for T. The sign for relative rotation obtained from 
Equation (5.12) is positive counterclockwise with respect to the x axis. The direction of shear stress can be determined 
using the subscripts, as in Section 1.3. 
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2. T is drawn at the imaginary cut to equilibrate the external torques. Since inspection is used to determine the direction 
of J, the direction of relative rotation in Equation (5.12) and the direction of shear stress x^in Equation (5.10) must 
also be determined by inspection. 

5.2.5 Direction of Torsional Stresses by Inspection. 



The significant shear stress in the torsion of circular shafts is t x& All other stress components can be neglected provided the ratio 
of the length of the shaft to its diameter is on the order of 10 or more. 

Figure 5.22a shows a segment of a shaft under torsion containing points. We visualize points on the left segment and con- 
sider the stress element on the left segment. The left segment rotates clockwise in relation to the right segment. This implies that 
point A, which is part of the left segment, is moving upward on the shaded surface. Hence the shear stress, like friction, on the 
shaded surface will be downward. We know that a pair of symmetric shear stress components points toward or away from the 
corner. From the symmetry, the shear stresses on the rest of the surfaces can be drawn as shown. 

J T 




Figure 5.22 Direction of shear stress by inspection. 

(a) (b) 

Suppose we had considered point A on the right segment of the shaft. In such a case we consider the stress element as part of the 
right segment, as shown in Figure 5. 226. The right segment rotates counterclockwise in relation to the left segment. This implies that 
points, which is part of the right segment, is moving down on the shaded surface. Hence the shear stress, like friction, will be upward. 
Once more using the symmetry of shear stress components, the shear stress on the remaining surfaces can be drawn as shown. 

In visualizing the stress surface, we need not draw the shaft segments in Figure 5.22. But care must be taken to identify the 
surface on which the shear stress is being considered. The shear stress on the adjoining imaginary surfaces have opposite direc- 
tion. However, irrespective of the shaft segment on which we visualize the stress element, we obtain the same stress element, as 
shown in Figure 5.22. This is because the two stress elements shown represent the same points. 

An alternative way of visualizing torsional shear stress is to think of a coupling at an imaginary section and to visualize the 
shear stress directions on the bolt surfaces, as shown in Figure 5.23. Once the direction of the shear stress on the bolt surface is 
visualized, the remaining stress elements can be completed using the symmetry of shear stresses 

T 



Jxy ~ T xd 






Figure 5.23 Torsional shear stresses. 

(a) (b) 

After having obtained the torsional shear stress, either by using subscripts or by inspection, we can examine the shear 
stresses in Cartesian coordinates and obtain the stress components with correct signs, as shown in Figure 5.23b. This process of 
obtaining stress components in Cartesian coordinates will be important when we consider stress and strain transformation equa- 
tions in Chapters 8 and 9, where we will relate stresses and strains in different coordinate systems. 

The shear strain can be obtained by dividing the shear stress by G, the shear modulus of elasticity. 



Consolidate your knowledge 

1. Identify five examples of circular shafts from your daily life. 

2. With the book closed, derive Equations 5.10 and 5.12, listing all the assumptions as you go along. 
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EXAMPLE 5.5 

The two shafts shown in Figure 5.24 are of the same material and have the same amount of material cross-sectional areas A. Show that 
the hollow shaft has a larger polar moment of inertia than the solid shaft. 



Figure 5.24 Hollow and solid shafts of Example 5.5. 




PLAN 

We can find the values of R H and R s in terms of the cross-sectional area A. We can then substitute these radii in the formulas for polar 
area moment to obtain the polar area moments in terms of A. 



SOLUTION 



A H = n[(2R H f-R 2 H ] -A 



or 



R„ = 



and 



Rl = 



3 71 " ' J " 71 

The polar area moment of inertia for a hollow shaft with inside radius R t and outside radius R can be obtained as 

_*„ - _ . R 



J = f p 2 dA = f p 2 (27ip) dp = %' 

J A J R Z 



Ri 



- 2 (R 4 -Rh 



(El) 



(E2) 



For the hollow shaft R = 2R H and R i = R H , whereas for the solid shaft R = R s and R i = 0. Substituting these values into Equation (E2), we 
obtain the two polar area moments. 

J H = -[{2R H ) -R H ] = -nR H =-n{^) = -- 



and 



2 s 



%(A 



2Vtt. 



2tx 



(E3) 



Dividing J H by J s we obtain 



J* 



1.67 



(E4) 



ANS. As J H > J s the polar moment for the hollow shaft is greater than that of the solid shaft for the same amount of material. 



COMMENT 

1. The hollow shaft has a polar moment of inertia of 1.67 times that of the solid shaft for the same amount of material. Alternatively, a 
hollow shaft will require less material (lighter in weight) to obtain the same polar moment of inertia. This reduction in weight is the 
primary reason why metal shafts are made hollow. Wooden shafts, however, are usually solid as the machining cost does not justify 
the small saving in weight. 



EXAMPLE 5.6 

A solid circular steel shaft (G s = 12,000 ksi) of variable diameter is acted upon by torques as shown in Figure 5.25. The diameter of the 
shaft between wheels A and B and wheels C and D is 2 in., and the diameter of the shaft between wheels B and C is 4 in. Determine: (a) 
the rotation of wheel D with respect to wheel A; (b) the magnitude of maximum torsional shear stress in the shaft; (c) the shear stress at 
point E. Show it on a stress cube. 

27rin-kips 87rin-kips 



Figure 5.25 Geometry of shaft and loading in Example 5.6. 
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PLAN 

By making imaginary cuts in sections AB, BC, and CD and drawing the free-body diagrams we can find the internal torques in each sec- 
tion, (a) We find the relative rotation in each section using Equation (5.12). Summing the relative rotations we can obtain </> D - <f) A . (b) We 
find the maximum shear stress in each section using Equation (5.10), then by comparison find the maximum shear stress r max in the shaft, 
(c) In part (b) we found the shear stress in section BC. We obtain the direction of the shear stress either using the subscript or intuitively. 



SOLUTION 

The polar moment of inertias for each segment can be obtained as 

Jab 



j cd = ^(2 in.) = - in. J BC = —(4 in.) = 8tt in. 



32 v ~ ~ v 2 ~" "* c 32 v ; " (E1) 

We make an imaginary cuts, draw internal torques as per our sign convention and obtain the free body diagrams as shown in Figure 5.25. 
We obtain the internal torques in each segment by equilibrium of moment about shaft axis: 

T AB + 2 7i in. • kips = or T 

T BC + 27i in. • kips - 871 in. • kips = 



i AB 27i in. -kips 

or T BC = 67i in. -kips 



T CD + 2.571 in. -kips = 



1 CD 



-2.571 in. -kips 



(E2) 
(E3) 
(E4) 



(a) 277 in «kips 




fo\ 277-in-kips 877in-kips 



(c) 




2.577 in -kips 




Figure 5.26 Free-body diagrams in Example 5.6 after an imaginary cut in segment (a) AB, (b) BC, and (c) CD. 
(a) From Equation (5.12), we obtain the relative rotations of the end of segments as 



Tab( x b~ x a) _ (-271 in. -kips)(24 in.) 
g ab j ab (12,000 ksi)(7i/2 in. 4 ) 

Tbc( x c~ x b) _ (67i in. -kips)(60 in.) 



(jRcJ R 



Tcd( x d~ x c) 
(jrnJrn 



(12,000 ksi)(87i in. ) 

(-2.571 in. -kips)(30 in.) 
(12,000 ksi)(7i/2 in. 4 ) 



3(10 )rad 



3.75(10 )rad 



-12.5(10 ')rad 



(E5) 
(E6) 

(E7) 



Adding Equations (E5), (E6), and (E7), we obtain the relative rotation of the section at D with respect to the section at A: 
^d-^a = (^-*J + (+c-W + (*d-+c) = (-8 + 3.75-12.5)(10" 3 )rad 



-16.75(10 Vad ( E8 ) 

ANS. ty D -ty A = 0-01675 rad cw 
(b) The maximum torsional shear stress in section AB and CD will exist atp=\ and in BC it will exist at p = 2. From Equation (5.10) we 
can obtain the maximum shear stress in each segment: 



(*ab)u 



^ABKpABJn 



J 



AB 



(-2 7i in. -kips)(l in.) 
(ti/2 in. 4 ) 



-4 ksi 



^£cCp£cXnax _ (67i in. -kips)(2 in.) _ 



( T 5c)max J ,o • -K 

j bc (87i in. ) 

^C£>(PC£>)« 



ksi 



(W, 



(-2.571 in. -kips)(l in.) 



-5 ksi 



(E9) 
(E10) 
(Ell) 



j cd (tt/2 in. 4 ) 

From Equations (E9), (E10), and (Ell) we see that the magnitude of maximum torsional shear stress is in segment CD. 

ANS. \x max \ = 5 ksi 
(c) The direction of shear stress at point E can be determined as described below. 

Shear stress direction using subscripts: In Figure 5.21a we note that r^in segment BC is +1.5 ksi. The outward normal is in the positive 
x direction and the force has to be pointed in the positive # direction (tangent direction), which at point E is downward. 

Shear stress direction determined intuitively: Figure 5.27b shows a schematic of segment BC. Consider an imaginary section through E 
in segment BC. Segment BE tends to rotate clockwise with respect to segment EC. The shear stress will oppose the imaginary clockwise 
motion of segment BE; hence the direction will be counterclockwise, as shown. 
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877 in -kips 



1.5 ksi 



577 in 'kips 






Figure 5.27 Direction of shear stress in Example 5.6. 





1.5 ksi 









We complete the rest of the stress cube using the fact that a pair of symmetric shear stresses points either toward the corner or away from 
the corner, as shown in Figure 5.27c. 



COMMENTS 

1. Suppose that we do not follow the sign convention for internal torque. Instead, we show the internal torque in a direction that counter- 
balances the external torque as shown in Figure 5.28. Then in the calculation of § D - § A the addition and subtraction must be done 
manually to account for clockwise and counterclockwise rotation. Also, the shear stress direction must now be determined 
intuitively. 

277 in -kips 87rin-kips 

Tcd 
2 ^ in,ki P s 7/MJ\\ ////-ttnX 2.5tt in-kips 






<f>B~ <f>A 



10 rad cw 



0c - <t>B = 3 - 75 x 10 3 rad ccw 



cf) c = 12.5 X 10 3 radcw 



Figure 5.28 Intuitive analysis in Example 5.6. 
2. An alternative perspective of the calculation of fy D - § A is as follows: 



f D T j f 

J. Gl dx = l 



GarJa 



dx + \ 



(jRrJ R 



dx + \ 



(jrnJ r 



dx 



or, written compactly, 



A(|> 



v r f Ax, 



(5.13) 



-8.571, which is the 



3. Note that T BC - T AB = 8;ris the magnitude of the applied external torque at the section at B. Similarly T CD - T L ^ 

magnitude of the applied external torque at the section at C. In other words, the internal torques jump by the value of the external 
torque as one crosses the external torque from left to right. We will make use of this observation in the next section when plotting the 
torque diagram. 



5.2.6 Torque Diagram 



A torque diagram is a plot of the internal torque across the entire shaft. To construct torque diagrams we create a small torsion 
template to guide us in which direction the internal torque will jump. A torsion template is an infinitesimal segment of the shaft 
constructed by making imaginary cuts on either side of a supposed external torque. 



(b) 



A 



H f 



r, 



fr 



IIt : 



Figure 5.29 Torsion templates and equations. 



Template Equations T 2 - T Y - T e} 



ft 1- 



t 2 = t { + r ext 



Figure 5.29 shows torsion templates. The external torque can be drawn either clockwise or counterclockwise. The ends of the tor- 
sion templates represent the imaginary cuts just to the left and just to the right of the applied external torque. The internal torques on 
these cuts are drawn according to the sign convention. An equilibrium equation is written, which we will call the template equation 
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If the external torque on the shaft is in the direction of the assumed torque shown on the template, then the value of T 2 is cal- 
culated according to the template equation. If the external torque on the shaft is opposite to the direction shown, then T 2 is calcu- 
lated by changing the sign of T GXt in the template equation. Moving across the shaft using the template equation, we can then 
draw the torque diagram, as demonstrated in the next example. 

EXAMPLE 5.7 

Calculate the rotation of the section at D with respect to the section at^4 by drawing the torque diagram using the template shown in Figure 5.29. 



PLAN 

We can start the process by considering an imaginary extension on the left end. In the imaginary extension the internal torque is zero. 
Using the template in Figure 5.29a to guide us, we can draw the torque diagram. 



SOLUTION 

Let LA be an imaginary extension on the left side of the shaft, as shown in Figure 5.30. Clearly the internal torque in the imaginary sec- 
tion LA is zero, that is, T x - 0. The torque at ^4 is in the same direction as the torque T ext shown on the template in Figure 5.29a. Using the 
template equation, we subtract the value of the applied torque to obtain a value of -In; in. -kips for the internal torque T 2 just after wheel 
A. This is the starting value in the internal torque diagram. 

27rin-kips 87rin-kips 



5 77 in -kips 




2.577 in -kips 



Figure 5.30 Imaginary extensions of the shaft in Example 5.7. 

We approach wheel B with an internal torque value of-2;r in. -kips, that is, T x = -In in. -kips. The torque at B is in the opposite direction to the 
torque shown on the template in Figure 5.29a we add %n in- kips to obtain a value of +6;r in. -kips for the internal torque just after wheel B. 

677, ,677 

l ext 



H I- 



277 



B 



277 



2.5t7 



C 



D 



2.577 



Figure 5.31 Torque diagram in Example 5.7. T 2 = T 1 - Text 

We approach wheel C with a value of 6;r in. -kips and note that the torque at C is in the same direction as that shown on the template in Fig- 
ure 5.29a. Hence we subtract 8.5/r in. -kips as per the template equation to obtain — 2.5/r in. -kips for the internal torque just after wheel C. 
The torque at D is in the same direction as that on the template, and on adding we obtain a zero value in the imaginary extended bar DR 
as expected, for the shaft is in equilibrium. 
From Figure 5.31 the internal torque values in the segments are 



-2 71 in. -kips 



6tc in. -kips 



-2.571 in. -kips 



(El) 



To obtain the relative rotation of wheel D with respect to wheel A, we substitute the torque values in Equation (El) into Equation (5.13): 



Tabv x b 



~ x a) , T BC (x c - 



Gbc^bc 



X B) . T C D\ X D X C) 

— + — t. — ; or 



(-271 in. -kips) (24 in.) (671 in.- kips) (60 in.) (-2.571 in.- kips) (30 in.) _ 1fi7 ^/ in -3^ 1 

, . _ _. 4. ,._ .. ..._ . 4. ,._ _. 4. ' ^ ' 



(12,000 ksi)(7i/2 in. ) (12,000 ksi)(87i in. ) (12,000 ksi)(7i/2 in. ) 



(E2) 



ANS. 



0.01675 radcw 



COMMENT 



1. We could have created the torque diagram using the template shown in Figure 5.29Z? and the template equation. It may be verified that 
we obtain the same torque diagram. This shows that the direction of the applied torque T QXt on the template is immaterial. 
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EXAMPLE 5.8 

A 1-m-long hollow shaft in Figure 5.32 is to transmit a torque of 400 N-m. The shaft can be made of either titanium alloy or aluminum. 
The shear modulus of rigidity G, the allowable shear stress x allow , and the density y are given in Table 5.1. The outer diameter of the shaft 
must be 25 mm to fit existing attachments. The relative rotation of the two ends of the shaft is limited to 0.375 rad. Determine the inner 
radius to the nearest millimeter of the lightest shaft that can be used for transmitting the torque. 

TABLE 5.1 Material properties in Example 5.8 



Material 


G 
(GPa) 


T allow 

(MPa) 


y 

(Mg/m 3 ) 


Titanium alloy 


36 


450 


4.4 


Aluminum 


28 


150 


2.8 




Figure 5.32 Shaft in Example 5 J 



PLAN 

The change in inner radius affects only the polar moment /and no other quantity in Equations 5.10 and 5.12. For each material we can 
find the minimum polar moment J needed to satisfy the stiffness and strength requirements. Knowing the minimum J for each material 
we can find the maximum inner radius. We can then find the volume and hence the mass of each material and make our decision on the 
lighter shaft. 



SOLUTION 



J Tl shown below. 



We note that for both materials p max = 0.0125 m and x 2 - x 1 = 1 m. From Equations 5.10 and 5.12 for titanium alloy we obtain limits on 

(El) 
(x max ) Ti = v< 7 V "~" *' < 450(10") N/m- or J Ti > ll.llClO" 9 ) m (E2) 



a ,^ (400 N- m)(l m) . A __ , T . on/ ^ /1A -<\ 4 

(Ac|)) Ti = ^r — - < 0.375 rad or J T > 29.63(10 )m 

[36(10 9 )N/ni ]J Ti 

(400 N • m)(0.0125 m) , ,. A , 1A 6, XT/ 2 

1 f 1 -< 450(10) N/m or 

Using similar calculations for the aluminum shaft we obtain the limits on J M : 



y^maxJA 



(400N-m)(lm) , Q ^ 

[28(10 9 )N/m 2 ]xJ A i 
_ (400N-m)(0.0125m) 



rad or J M > 38.10(10 9 ) m 4 



<150(10 6 )N/m 2 or 



J M > 33.33(10 ) m 



(E3) 
(E4) 



—9 4 —9 4 

Thus if J Ti > 29.63(10 ) m , it will meet both conditions in Equations (El) and (E2). Similarly if J M > 38.10(10 ) m , it will meet 
both conditions in Equations (E3) and (E4). The internal diameters D Ti and D M can be found as follows: 

j ti = ^(0.025 4 -£> 4 ri )>29.63(10" 9 ) D Ti < 17.3(10" 3 ) m 

Jax = ^(0.025 4 -< 1 )^38.10(10- 9 ) D M < 7.1(10" 3 ) m 
Rounding downward to the closest millimeter, we obtain 

D T[ = 17(10" 3 ) m D 

We can find the mass of each material from the material density as 



M Tl = [4.4(10 6 )g/m 3 ]^(0.025 2 -0.017 2 )m 2 l(l m) = 1161 g 
M M = [2.8(10 6 ) g/m 3 ]^(0.025 2 -0.007 2 ) m 2 l(l m) = 1267 g 



(E5) 
(E6) 

(E7) 

(E8) 
(E9) 



From Equations (E8) and (E9) we see that the titanium alloy shaft is lighter. 

ANS. A titanium alloy shaft should be used with an inside diameter of 17 mm. 



COMMENTS 

1. For both materials the stiffness limitation dictated the calculation of the internal diameter, as can be seen from Equations (El) and (E3). 

2. Even though the density of aluminum is lower than that titanium alloy, the mass of titanium is less. Because of the higher modulus of 
rigidity of titanium alloy we can meet the stiffness requirement using less material than for aluminum. 



August 2012 



M. Vable 



Mechanics of Materials: Torsion of Shafts 



225 



3. If in Equation (E5) we had 17.95(10 3 ) m on the right side, our answer for D Ti would still be 17 mm because we have to round down- 
ward to ensure meeting the less-than sign requirement in Equation (E5). 



EXAMPLE 5.9 

The radius of a tapered circular shaft varies from Ar units to r units over a length of 40r units, as shown in Figure 5.33. The radius of the 
uniform shaft shown is r units. Determine (a) the angle of twist of wheel C with respect to the fixed end in terms of T, r, and G; (b) the 
maximum shear stress in the shaft. 



Figure 5.33 Shaft geometry in Example 5.9 




PLAN 

(a) We can find the relative rotation of wheel C with respect to wheel B using Equation (5.12). For section AB we obtain the polar 
moment J as a function of x and integrate Equation (5.9) to obtain the relative rotation of B with respect to A. We add the two relative 
rotations and obtain the relative rotation of C with respect to A. (b) As per Equation (5.10), the maximum shear stress will exist where the 
shaft radius is minimum (J is minimum) and Tis maximum. Thus by inspection, the maximum shear stress will exist on a section just left 
ofB. 



SOLUTION 

We note that R is a linear function of x and can be written as R(x) = a + bx . Noting that at x = the radius R = Ar we obtain a = Ar . 
Noting that x = AOr the radius R = r we obtain b = -3r/(40r) = -0.075 . The radius R can be written as 

R(x) = Ar -0.075x (El) 

Figure 5.34 shows the free body diagrams after imaginary cuts have been made and internal torques drawn as per our sign convention. 
By equilibrium of moment about the shaft axis we obtain the internal torques: 

T BC = T (E2) 

(E3) 



(a) 



(b) 



2.5T 



4cji 



lt=t4 



Figure 5.34 Free-body diagrams in Example 5.9 after imaginary cut in segment (a) BC (b) AB 
The polar moment of inertias can be written as 



Jbc = Y Jab = i R4 = i( 4r -°- 015x ) 4 



(E4) 



(a) We can find the relative rotation of the section at C with respect to the section at B using Equation (5.12): 

, , T BC {x c -x B ) = T(lOr) = 6.3667 

^ C ** G BC J BC G(7i/2)r 4 Gr^ 

Substituting Equations (E3) and (E4) into Equation (5.9) and integrating from points to point B, we can find the relative rotation at the 
section at B with respect to the section at A: 



(E5) 



d§ 



-1.5T 



G AB Jab G(7i/2)(4r-0.075x) 4 



3T 1 



1 



1 



™ ™ Gn -3 -0.075 (4r-0.075x) 3 

Adding Equations (E5) and (E6), we obtain 



0.075 G 



J d$ = J 

71 Lr 3 (4r) 3 J 



37 



G7i(4r-0.075x) 4 
T 



dx or 



-4.178 



Gr 3 



-^-(6.366-4.178) 
Gr 5 



(E6) 



(E7) 
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ANS. 



frc-ta = 2.2— ccw 

Lrr J 



(b) Just left of the section at B we have J AB = tj/II and p max = r. Substituting these values into Equation (5.10), we obtain the maximum 
torsional shear stress in the shaft as 

-1.57V 0.955T 



max 4 /0 

nr /2 



ANS. 



Dimension check: The dimensional consistency 3 of the answer is checked as follows: 



T^O(FL) r^O(L) G -> 0\j^ 



Gr 5 



r \ 
FL 



L 2 



• 0( ) -» checks 



(E8) 



0.955(77 r ) 



*-*(§) r i-<f)-<5)^ checks 



COMMENT 

1. The direction of the shear stress can be determined using subscripts or intuitively, as shown in Figure 5.35. 

(a) (b) 




Negative t x0 



Figure 5.35 Direction of shear stress in Example 5.9: (a) by subscripts; (b) by inspection. 



Shear stress opposing 
counterclockwise 
motion of left segment 




EXAMPLE 5.10 

A uniformly distributed torque of q in. -lb/in. is applied to an entire shaft, as shown in Figure 5.36. In addition to the distributed torque a con- 
centrated torque of T= 3qL in. -lb is applied at section B. Let the shear modulus be G and the radius of the shaft r. In terms of q, L, G, and r, 
determine: (a) The rotation of the section at C. (b) The maximum shear stress in the shaft. 



Figure 5.36 Shaft and loading in Example 5.10. 




T= 3^Lin-lb 



i in 'lb/in 



\ /\ /\ 



J W V J Y7 



-2L- 




PLAN 

(a) The internal torque in segments AB and BC as a function of x must be determined first. Then the relative rotation in each section is 
found by integrating Equation (5.9). (b) Since /and p max are constant over the entire shaft, the maximum shear stress will exist on a sec- 
tion where the internal torque is maximum. By plotting the internal torque as a function of x we can determine its maximum value. 



Figure 5.37 shows the free body diagrams after imaginary cuts are made atx distance from^ and internal torques drawn as per our sign 
convention. We replace the distributed torque by an equivalent torque that is equal to the distributed torque intensity multiplied by the 
length of the cut shaft (the rectangular area). From equilibrium of moment about the shaft axis in Figure 5.37 we obtain the internal 
torques: 

T AB + 3qL-q(3L-x) = or T AB = -qx (El) 



T BC -q(3L-x) = 



-qx 
q(3L-x) 



(E2) 



3 0( ) represents the dimension of the quantity on the left. F represents dimension for the force. L represents the dimension for length. Thus 
shear modulus, which has dimension of force (F) per unit area (L 2 ), is represented as 0(FIL 2 ). 
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(a) 



(b) 




= -e-o 



T= 3qLin-\b q (3L-x) 



/in "lb/in 




\ /\ /\ 



a;v; 



3L-x- 



Figure 5.37 Free-body diagrams in Example 5.10 after imaginary cut in segment (a) AB, and (b) BC. 
Integrating Equation (5.9) for each segment we obtain the relative rotations of segment ends as 

d§\ Tab -qx r** c Xb=L 2qx , , , qx 2 
-^1 = - — — = - \ .. or ^ = - -*-- rfx or ^- <p A = 

J 4), J x„=o CzTir 4 



- 3L - x - 



B =M 



^(3L - x) 

—r- 



— 



-3L-x- 



dxJ ab G AB J AB Gnr 4 / 2 



Gnr A 



qL 2 

Gnr 4 



'd$\ = T BC = g(3L-x) 
dx) BC G BC J BC G7rr 4 /2 



,+c c x c= 3L 2q(3L-x) , 



(E3) 



^L-Ulx- x - 
Gnr 4 ^ 2 



= ^L-Ul 2 - 

Gnr L z z J G^r* 

(a) Adding Equations (E3) and (E4), we obtain the rotation of the section at C with respect to the section at A: 



2 2 



4qL z 



<f>c-<f>A 



4qL z 



qL 2 

Gnr' ■ Gnr 4 



ANS. 



(E4) 



(E5) 



3qU 



Gnr 



(b) Figure 5.38 shows the plot of the internal torque as a function of x using Equations (El) and (E2). The maximum torque will occur on 
a section just to the right of B. From Equation (5.10) the maximum torsional shear stress is 

T maxPmax = (2qL)(r) 



4 /o 

nr /2 



ANS. 



(E6) 
AqL 

3 



kT 



Figure 5.38 Torque diagram in Example 5.10. 



qL 




Dimension check: The dimensional consistency (see footnote 12) of our answers is checked as follows: 



FL 



q^O 



■->0() 



0(F) r^O(L) L^O(L) 

FL 2 



O 



Gr 4 



<^^o 



(F/L 2 )L 



0( ) -» checks 



O 



$Mij)MB-^ 



COMMENT 

1. A common mistake is to write the incorrect length of the shaft as a function of x in the free-body diagrams. It should be remembered 
that the location of the cut is defined by the variable x, which is measured from the common origin for all segments. Each cut pro- 
duces two parts, and we are free to choose either part. 
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5.2.7* General Approach to Distributed Torque 

Distributed torques are usually due to inertial forces or frictional forces acting on the surface of the shaft. The internal torque T 
becomes a function of x when a shaft is subjected to a distributed external torque, as seen in Example 5.10. If t(x) is a simple 
function, then we can find J as a function of x by drawing a free-body diagram, as we did in Example 5.10. However, if the dis- 
tributed torque t(x) is a complex function (see Problems 5.39, 5.61, and 5.62), it may be easier to use the alternative solution 
method described in this section. 

Consider an infinitesimal shaft element that is created by making two imaginary cuts at a distance dx from each other, as 
shown in Figure 5.39a. 

(a) f ^ dx (b) tM s 

T 




H I- 



r* — dx — H 
Figure 5.39 (a) Equilibrium of an infinitesimal shaft element, (b) Boundary condition on internal torque. 
By equilibrium moments about the axis of the shaft, we obtain ( J+ d T) + t(x) dx- T = or 



dJ 
dx 



+ t(x) = 



(5.14) 



Equation (5.14) represents the equilibrium equation at any section x. It assumes that t(x) is positive counterclockwise with respect 
to the x axis. The sign of T obtained from Equation (5.14) corresponds to the direction defined by the sign convention. If t(x) is 
zero in a segment of a shaft, then the internal torque is constant in that segment. 

Equation (5.14) can be integrated to obtain the internal torque T. The integration constant can be found by knowing the value 
of the internal torque T at either end of the shaft. To obtain the value of T at the end of the shaft (say, point A), a free-body dia- 
gram is constructed after making an imaginary cut at an infinitesimal distance ^from the end, as shown in Figure 5.39Z?.We then 
write the equilibrium equation as 



lim[r ext - 



t(x A )s\ = 



or 



(5.15) 



Equation (5.15) shows that the distributed torque does not affect the boundary condition on the internal torque. The value of the 
internal torque T at the end of the shaft is equal to the concentrated external torque applied at the end. Equation (5.14) is a differ- 
ential equation. Equation (5.15) is a boundary condition. A differential equation and all the conditions necessary to solve it is 
called the boundary value problem. 



EXAMPLE 5.11 

The external torque on a drill bit varies linearly to a maximum intensity of q in. -lb/in., as shown in Figure 5.40. If the drill bit diameter is 
d, its length L, and the modulus of rigidity G, determine the relative rotation of the end of the drill bit with respect to the chuck. 



PLAN 

The relative rotation of section B with respect to section A has to be found. We can substitute the given distributed torque in Equation 
(5.14) and integrate to find the internal torque as a function of x. We can find the integration constant by using the condition that at sec- 
tion B the internal torque will be zero. We can substitute the internal torque expression into Equation (5.9) and integrate from points to 
point B to find the relative rotation of section B with respect to section A. 

— L- 



Figure 5.40 Distributed torque on a drill bit in Example 5.11. 




in. • lb/in. 
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SOLUTION 

The distributed torque on the drill bit is counterclockwise with respect to the x axis. Thus we can substitute t (x) = q(x/L) into Equation 
(5.14) to obtain the differential equation shown as Equation (El). At point B, that is, at x = L, the internal torque should be zero as there 
is no concentrated applied torque at i?.The boundary condition is shown as Equation (E2). The boundary value problem statement is 

• Differential Equation 



• Boundary Condition 
Integrating Equation (El) we obtain 



dT x 



T(x = L) = 



r = -*iz +c 



Substituting Equation (E2) into Equation (E3) we obtain the integration constant c as 

-<4 +c = or c = f 

Substituting Equation (E4) into Equation (E3) we obtain internal torque as 

T=f- L (L 2 - X 2 ) 

Substituting Equation (E5) into Equation (5.9) and integrating we obtain the relative rotation of the section at B with respect to the section 
at A as 



(El) 

(E2) 
(E3) 

(E4) 
(E5) 



dfy = (q/2L)(L 2 -x 2 ) 



dx 



Gn<f/ 32 






= -^-{L 2 x-\ 

nGLd K 3 

ANS. d> n - 



(E6) 



32qL z 

i 

3nGet 



Dimension check: The dimensional consistency (see footnote 12) of our answer is checked as follows: 



q^0{^)^0(F) 



d^O(L) L^O(L) G^Oy— 2 



• ->0() ^-^o 
Gd 



FL 2 \ 

(F/L 2 )LV 



0( ) -> checks 



COMMENTS 

1. No free-body diagram was needed to find the internal torque because Equation (5.14) is an equilibrium equation. It is therefore valid 
at each and every section of the shaft. 

2. We could have obtained the internal torque by integrating Equation (5.14) from L to x as follows: 

dT = — t(x) dx = — q - ) dx = ~?(L -x ) 

J T B =0 J x B =L J L ^LJ 2L 

3. The internal torque can also be found using a free-body diagram. We can make an imaginary cut at some location x and draw the free- 
body diagram of the right side. The distributed torque represented by f t(x) dx is the area of the trapezoid BCDE, and this observation 
can be used in drawing a statically equivalent diagram, as shown in Figure 5.41. Equilibrium then gives us the value of the internal 
torque as before. We can find the internal torque as shown. 

C 





l{M + q ) { L-x) = ML 2 



2Z V 



x 2 ) 



Figure 5.41 Internal torque by free-body diagram in Example 5.11. 

4. The free-body diagram approach in Figure 5.41 is intuitive but more tedious and difficult than the use of Equation (5.14). As the func- 
tion representing the distributed torque grows in complexity, the attractiveness of the mathematical approach of Equation (5.14) 
grows correspondingly. 
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MoM in Action: Drill, the Incredible Tool 

Drills have been in use for almost as long as humans have used tools. Early humans knew from experience that friction 
generated by torquing a wooden shaft could start a fire — a technique still taught in survivalist camps. Archeologists in 
Pakistan have found teeth perhaps 9000 years old showing the concentric marks of a flint stone drill. The Chinese used 
larger drills in the 3rd B.C.E. to extract water and oil from earth. The basic design — a chuck that delivers torque to the drill 
bit — has not changed, but their myriad uses to make holes from the very small to the very large continues to grow. 

Early development of the drill was driven by the technology of delivering power to the drill bit. In 1728, French dentist 
Pierre Fauchard (Figure 5.42a) described how catgut twisted around a cylinder could power the rotary movement as a bow 
moved back and forth. However, hand drills like these operated at only about 15 rpm. George F. Harrington introduced the 
first motor-driven drill in 1864, powered by the spring action of a clock. George Green, an American dentist, introduced a 
pedal-operated pneumatic drill just four years later — and, in 1875, an electric drill. By 1914 dental drills could operate at 
3000 rpm. 

Other improvements took better understanding of the relationship between power, torsion, and shear stress in the drill bit 
(problems 5.45 — 5.47) and the material being drilled: 

• The sharper the drill tip, the higher the shear stresses at the point, and the greater the amount of material that can be 
sheared. For most household jobs the angle of the drill tip is 118°. For soft materials such as plastic, the angle is sharper, 
while for harder material such as steel the angle is shallower. 

• For harder materials low speeds can prolong the life of drill bit. However, in dentistry higher speeds, of up to 500,000 
rpm, reduce a patient's pain. 

(b) 



(a) 









Figure 5.42 (a) Pierre Fauchard drill, (b) Tunnel boring machine Matilda (Courtesy Erikt9). 

• Slower speeds are also used to shear a large amount of material. Tunnel boring machines (TBM) shown in Figure 5 Alb 
may operate at 1 to 10 rpm. The world's largest TBM, with a diameter of 14.2 m, was used to drill the Elbe Tunnel in 
Hamburg, Germany. Eleven TBM's drilled the three pipes of the English Channel, removing 10.5 million cubic yards of 
earth in seven years. 

• Drill bits can be made of steel, tungsten carbide, poly crystalline diamonds, titanium nitrate, and diamond powder. The 
choice is dictated by the material to be drilled as well as the cost. Even household drills have different bits for wood, 
metal, or masonry. 

Delivery and control of power to the drill bit are engineering challenges. So is removal of sheared material, not only to 
prevent the hole from plugging, but also because the material carries away heat, improving the strength and life of a drill bit. 
Yet the fundamental function of a drill remains: shearing through torsion. 
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PROBLEM SET 5.2 



5.19 The torsional shear stress at point A on a solid circular homogenous cross-section was found to be x A = 120 MPa. Determine the 
maximum torsional shear stress on the cross-section. 



Figure P5.19 




100 mm 



5.20 The torsional shear strain at point iona homogenous circular section shown in Figure P5.20 was found to be 900 jll rads. Using a 
shear modulus of elasticity of 4000 ksi, determine the torsional shear stress at points. 




Figure P5.20 



^m 



2.5 in. 



5.21 An aluminum shaft (G al =28 GPa) and a steel shaft (G s =82 GPa) are securely fastened to form composite shaft with a cross section 
shown in Figure P5.21 . If the maximum torsional shear strain in aluminum is 1500 ju rads, determine the maximum torsional shear strain in steel. 

Steel 



FigureP5.21 




100 mm 



5.22 An aluminum shaft (G al = 28 GPa) and a steel shaft (G s =82 GPa) are securely fastened to form composite shaft with a cross section 
shown in Figure P5.21. If the maximum torsional shear stress in aluminum is 21 MPa, determine the maximum torsional shear stress in steel. 



5.23 Determine the direction of torsional shear stress at points A and B in Figure P5.23 (a) by inspection; (b) by using the sign convention 
for internal torque and the subscripts. Report your answer as a positive or negative x xy . 



Figure P5.23 
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5.24 Determine the direction of torsional shear stress at points A and B in Figure P5.24 (a) by inspection; (b) by using the sign convention 
for internal torque and the subscripts. Report your answer as a positive or negative x xy 



Figure P5.24 




5.25 Determine the direction of torsional shear stress at points A and B in Figure P5.25 (a) by inspection; (b) by using the sign convention 
for internal torque and the subscripts. Report your answer as a positive or negative x xy . 



Figure P5.25 




5.26 Determine the direction of torsional shear stress at points A and B in Figure P5.26 (a) by inspection; (b) by using the sign convention 
for internal torque and the subscripts. Report your answer as a positive or negative x xy . 



Figure P5.26 




5.27 The two shafts shown in Figure P5.27 have the same cross sectional areas A. Show that the ratio of the polar moment of inertia of the 
hollow shaft to that of the solid shaft is given by the equation below.: 



Figure P5.27 





Aoiiow _ a + 1 

T 2 

J solid a - 1 



MH 



\+aR H +\ 



5.28 Show that for a thin tube of thickness t and center-line radius R the polar moment of inertia can be approximated by J = 2nR t. By 
thin tube we imply t < R/ 1 . 



5.29 (a) Draw the torque diagram in Figure P5.29. (b) Check the values of internal torque by making imaginary cuts and drawing free- 
body diagrams, (c) Determine the rotation of the rigid wheel D with respect to the rigid wheel A if the torsional rigidity of the shaft is 90,000 
kips • in. 2 . 



August 2012 



M. Vable 



Mechanics of Materials: Torsion of Shafts 



233 



10 in -kips 
/ /^^ 50 in -kips 



Figure P5.29 




60 in «kips 

20 in -kips 



5.30 (a) Draw the torque diagram in Figure P5.30. (b) Check the values of internal torque by making imaginary cuts and drawing free- 
body diagrams, (c) Determine the rotation of the rigid wheel D with respect to the rigid wheel A if the torsional rigidity of the shaft is 1270 
kN-m 2 . 

20 kN-m 
18 kN-m /^^ 

12 kN-m 



Figure P5.30 




10kN-m 



5.31 The shaft in Figure P5.3 1 is made of steel (G = 80 GPa) and has a diameter of 1 50 mm. Determine (a) the rotation of the rigid wheel 
D; (b) the magnitude of the torsional shear stress at point E and show it on a stress cube (Point E is on the top surface of the shaft.); (c) the 
magnitude of maximum torsional shear strain in the shaft. 



Figure P5.31 




5.32 The shaft in Figure P5.32 is made of aluminum (G = 4000 ksi) and has a diameter of 4 in. Determine (a) the rotation of the rigid 
wheel D; (b) the magnitude of the torsional shear stress at point E and show it on a stress cube (Point E is on the bottom surface of the 
shaft.); (c) the magnitude of maximum torsional shear strain in the shaft. 

80 in -kips 



Figure P5.32 




5.33 Two circular steel shafts (G =12,000 ksi) of diameter 2 in. are securely connected to an aluminum shaft (G =4,000 ksi) of diameter 
1 .5 in. as shown in Figure P5.33. Determine (a) the rotation of section at D with respect to the wall, and (b) the maximum shear stress in the 
shaft. 



Figure P5.33 




steel 



_ VI in. -kips 

^ C 



25 in. -kips 



aluminu 



■£ 



'7~ 



£ 



15 in. -kips 



steel 



40 in_ 



-15 in- 



25 in- 
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5.34 A solid circular steel shaft BC (G s = 12,000 ksi) is securely attached to two hollow steel shafts AB and CD, as shown in Figure 
P5.34. Determine (a) the angle of rotation of the section at D with respect to the section at ^4; (b) the magnitude of maximum torsional 
shear stress in the shaft; (c) the torsional shear stress at point E and show it on a stress cube. (Point E is on the inside bottom surface of CD.) 



120 in -kips 420 in -kips 200 in -kips 100 in -kips 

£_ fi\ j — (T\ _jT \ 

M B\r!\ 4 in Cp E #|)J2in 



Figure P5.34 



4 in 



^24inHH 



-36 in- 



H^24inH 



5.35 A steel shaft (G = 80 GPa) is subjected to the torques shown in Figure P5.35. Determine (a) the rotation of section^ with respect to 
the no-load position; (b) the torsional shear stress at point E and show it on a stress cube. (Point E is on the surface of the shaft.) 

160kN-m 



Figure P5.35 




2.0 m 



Tapered shafts 

5.36 The radius of the tapered circular shaft shown in Figure P5.36 varies from 200 mm at A to 50 mm at B. The shaft between B and C 
has a constant radius of 50 mm. The shear modulus of the material is G = 40 GPa. Determine (a) the angle of rotation of wheel C with 
respect to the fixed end; (b) the maximum shear strain in the shaft 



Figure P5.36 




5.37 The radius of the tapered shaft in Figure P5.37 varies as R = Ke . Determine the rotation of the section at B in terms of the 
applied torque T ext , length L, shear modulus of elasticity G, and geometric parameters K and a. 



Figure P5.37 




5.38 The radius of the tapered shaft shown in Figure P5.37 varies as R = rJ(2-0.25x/L) . In terms of T ext , L, G, and r, determine (a) the 
rotation of the section at B\ (b) the magnitude of maximum torsional shear stress in the shaft. 



Distributed torques 

5.39 The external torque on a drill bit varies as a quadratic function to a maximum intensity of q in. -lb/in., as shown in Figure P5.39. If 
the drill bit diameter is d, its length L, and its modulus of rigidity G, determine (a) the maximum torsional shear stress on the drill bit; (b) the 
relative rotation of the end of the drill bit with respect to the chuck. 

-L- 



Figure P5.39 
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5.40 A circular solid shaft is acted upon by torques, as shown in Figure P5.40. Determine the rotation of the rigid wheel A with respect to 
the fixed end C in terms of q, L, G, and J. 



2qLm-lb T B = qL'm'lb 



Figure P5.40 




r in "lb/in 



3ra 



0.5 L- 



Design problems 

5.41 A thin steel tube (G = 12,000 ksi) of --in. thickness has a mean diameter of 6 in. and a length of 36 in. What is the maximum torque 
the tube can transmit if the allowable torsional shear stress is 10 ksi and the allowable relative rotation of the two ends is 0.015 rad? 



5.42 Determine the maximum torque that can be applied on a 2-in. diameter solid aluminum shaft (G = 4000 ksi) if the allowable tor- 
sional shear stress is 18 ksi and the relative rotation over 4 ft of the shaft is to be limited to 0.2 rad. 



5.43 A hollow steel shaft (G = 80 GPa) with an outside radius of 30 mm is to transmit a torque of 2700 N-m. The allowable torsional 
shear stress is 120 MPa and the allowable relative rotation over 1 m is 0.1 rad. Determine the maximum permissible inner radius to the near- 
est millimeter. 



5.44 A 5-ft-long hollow shaft is to transmit a torque of 200 in. -kips. The outer diameter of the shaft must be 6 in. to fit existing attach- 
ments. The relative rotation of the two ends of the shaft is limited to 0.05 rad. The shaft can be made of steel or aluminum. The shear mod- 
ulus of elasticity G, the allowable shear stress x allow , and the specific weight y are given in Table P5.44. Determine the maximum inner 
diameter to the nearest - in. of the lightest shaft that can be used for transmitting the torque and the corresponding weight. 

TABLE P5. 44 



Material 



G 
(ksi) 



1 allow 

(ksi) 



(lb/in/) 



Steel 
Aluminum 



12,000 18 

4,000 10 



0.285 
0.100 



Transmission of power 

Power P is the rate at which work dW/dt is done; and work W done by a constant torque is equal to the product of torque T and angle of rota- 
tion (j). Noting that co = d(/)/dt , we obtain 

P = Tco= 2nfT (5.16) 

where T is the torque transmitted, co is the rotational speed in radians per second, and f is the frequency of rotation in hertz (Hz). Power is reported 
in units of horsepower in U.S. customary units or in watts. 1 horsepower (hp) is equal to 550 ft- lb/ s = 6600 in-lb/s and 1 watt (W) is equal to 1 
N-m/s. Use Equation (5.16) to solve Problems 5.38 through 5.40. 

5.45 A 100-hp motor is driving a pulley and belt system, as shown in Figure P5.45. If the system is to operate at 3600 rpm, determine the 



minimum diameter of the solid shaft AB to the nearest - in. if the allowable stress in the shaft is 10 ksi 



Figure P5.45 




^^ 



5.46 The bolts used in the coupling for transferring power in Problem 5.45 have an allowable strength of 12 ksi. Determine the minimum 
number (> 4) of ~-'m. diameter bolts that must be placed at a radius of | in. 



5.47 A 20-kW motor drives three gears, which are rotating at a frequency of 20 Hz. Gear A next to the motor transfers 8 kW of power. 
Gear B, which is in the middle, transfers 7 kW of power. Gear C, which is at the far end from the motor, transfers the remaining 5 kW of 
power. A single solid steel shaft connecting the motors to all three gears is to be used. The steel used has a yield strength in shear of 145 
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MPa. Assuming a factor of safety of 1.5, what is the minimum diameter of the shaft to the nearest millimeter that can be used if failure due 
to yielding is to be avoided? What is the magnitude of maximum torsional stress in the segment between gears A and Bl 



Stretch yourself 

5.48 A circular shaft has a constant torsional rigidity GJ and is acted upon by a distributed torque t(x). If at section A the internal torque is 
zero, show that the relative rotation of the section at B with respect to the rotation of the section at ^4 is given by 



_1_ 
GJ 



■ C X B 

(x - x B )t(x) dx 



(5.17) 



5.49 A composite shaft made from n materials is shown in Figure P5.49. G { and J { are the shear modulus of elasticity and polar moment 
of inertia of the i th material, (a) If Assumptions from 1 through 6 are valid, show that the stress (x x9 ). in the i th material is given Equation 
(5.18a), where J is the total internal torque at a cross section, (b) If Assumptions 8 through 10 are valid, show that relative rotation § 2 ~§\ 
is given by Equation (5.18b). (c) Show that for G 1 =G 2 =G 3 ...=G n =G Equations (5.18a) and (5.18b) give the same results as Equations (5.10) 
and (5.12). 



Figure P5.49 




(T x e)i 



#2-^1 



G iP T 
T(x 2 -x x ) 



z; 



(5.18a) 



(5.18b) 



GjJj 



5.50 A circular solid shaft of radius R is made from a nonlinear material that has a shear stress-shear strain relationship given by x = Gy° 5 . 
Assume that the kinematic assumptions are valid and shear strain varies linearly with the radial distance across the cross-section. Determine 
the maximum shear stress and the rotation of section at B in terms of external torque T ext , radius R, material constant G, and length L. 



Figure P5.50 



fe 



-fR 



5.51 A hollow circular shaft is made from a non-linear materials that has the following shear stress—shear strain relation x = Gy 2 . Assume 
that the kinematic assumptions are valid and shear strain varies linearly with the radial distance across the cross-section. In terms of internal 
torque J, material constant G, and R, obtain formulas for (a) the maximum shear stress x max and (b) the relative rotation (J> 2 - <h of two 
cross-sections at x x and x 2 . 



Figure P5.51 




5.52 A solid circular shaft of radius R and length L is twisted by an applied torque T. The stress-strain relationship for a nonlinear mate- 
rial is given by the power law r = Gy n . If Assumptions 1 through 4 are applicable, show that the maximum shear stress in the shaft and the 
relative rotation of the two ends are as follows: 

2ttR 3 ^2ttGR 3 + "J 

Substitute n = 1 in the formulas and show that we obtain the same results as from Equations 5.10 and 5.12. 
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5.53 The internal torque J and the displacements of a point on a cross section of a noncircular shaft shown in Figure P5.53 are given by 
the equations below 



dV 7 = t X7 dA 





u = \\f(y,z) 



dx 



w = xy 



d§ 
dx 

d§ 
dx 



Figure P5.53 Torsion of noncircular shafts. 



T = j ^xz-^xy) dA 

J A 



(5.19a) 

(5.19b) 

(5.19c) 
(5.20) 



where u, v, and w are the displacements in the x, y, and z directions, respectively; d§/dx is the rate of twist and is considered constant. 
\\f(x,y) is called the warping function 4 and describes the movement of points out of the plane of cross section. Using Equations (2.1 2d) and 
(2.12f) and Hooke's law, show that the shear stresses for a noncircular shaft are given by 



\oy J dx 



Vdz y )dx 



(5.21) 



5.54 Show that for circular shafts, y/(x, y) = 0, the equations in Problem 5.53 reduce to Equation (5.9). 



5.55 Consider the dynamic equilibrium of the differential element shown in Figure P5.55, where J is the internal torque, /is the material 

2 2 

density, J is the polar area moment of inertia, and d ty/dt is the angular acceleration. Show that dynamic equilibrium results in Equation 
(5.22) 



Figure P5.55 Dynamic equilibrium. 



T / T\T + dT 

<3 = 



- dx- 




V 



—t = c 2 — % where c = /- (5.22) 

dt 2 dx 2 Vy v j 



5.56 Show by substitution that the solution of Equation (5.23) satisfies Equation (5.22): 



= [,4 cos— +5 sin— J x(Ccoscor + Dsina)0 



(5.23) 



where A, B, C, and D are constants that are determined from the boundary conditions and the initial conditions and co is the frequency of 
vibration. 



Computer problems 

5.57 A hollow aluminum shaft of 5 ft in length is to carry a torque of 200 in. -kips. The inner radius of the shaft is 1 in. If the maximum 
torsional shear stress in the shaft is to be limited to 1 ksi, determine the minimum outer radius to the nearest - in. 



5.58 A 4-ft-long hollow shaft is to transmit a torque of 100 in. -kips. The relative rotation of the two ends of the shaft is limited to 
0.06 rad. The shaft can be made of steel or aluminum. The shear modulus of rigidity G, the allowable shear stress x allow , and the specific 
weight y are given in Table P5.58. The inner radius of the shaft is 1 in. Determine the outer radius of the lightest shaft that can be used for trans- 
mitting the torque and the corresponding weight. 

TABLE P5.58 



Material 



G(ksi) W(ksi) Y Ob/in. 3 ) 



Steel 
Aluminum 



12,000 
4000 



18 
10 



0.285 
0.100 



5.59 Table P5.59 shows the measured radii of the solid tapered shaft shown in Figure P5.59, at several points along the axis of the shaft. 
The shaft is made of aluminum (G = 28 GPa) and has a length of 1.5 m. Determine: (a) the rotation of the free end with respect to the wall 
using numerical integration; (b) the maximum shear stress in the shaft. 



4 Equations of elasticity show that the warping function satisfies the Laplace equation, d \\r/dy + d \\i/dz = 0. 
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T = 35kN-m 




Figure P5.59 



TABLE P5.59 


TABLE P5.59 


X 


R(x) 


X 


R(x) 


(m) 


(mm) 


(m) 


(mm) 


0.0 


100.6 


0.8 


60.1 


0.1 


92.7 


0.9 


60.3 


0.2 


82.6 


1.0 


59.1 


0.3 


79.6 


1.1 


54.0 


0.4 


75.9 


1.2 


54.8 


0.5 


68.8 


1.3 


54.1 


0.6 


68.0 


1.4 


49.4 


0.7 


65.9 


1.5 


50.6 



5.60 Let the radius of the tapered shaft in Problem 5.59 be represented by the equation R(x) = a + bx. Using the data in Table P5.59 deter- 
mine the constants a and b by the least-squares method and then find the rotation of the section at B by analytical integration. 



5.61 Table P5.61 shows the values of distributed torque at several points along the axis of the solid steel shaft (G = 12,000 ksi) shown in 
Figure P5.61. The shaft has a length of 36 in. and a diameter of 1 in. Determine (a) the rotation of end A with respect to the wall using numer- 
ical integration; (b) the maximum shear stress in the shaft. 

TABLE P5.61 TABLE P5.61 



X 


t(x) 


X 


t(x) 


(in.) 


(in. -lb/in.) 


(in.) 


(in. -lb/in.) 





93.0 


21 


588.8 


3 


146.0 


24 


700.1 


6 


214.1 


27 


789.6 


9 


260.4 


30 


907.4 


12 


335.0 


33 


1040.3 


15 


424.7 
492.6 


36 


1151.4 


18 







5.62 Let the distributed torque t(x) in Problem 5.61 be represented by the equation t(x) = a + bx + ex 2 . Using the data in Table P5.61 
determine the constants a, b, and c by the least-squares method and then find the rotation of the section at B by analytical integration. 



QUICK TEST 5.1 



Time: 20 minutes/Total: 20 points 
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Answer true or false and justify each answer in one sentence. Grade yourself with the answers given in Appendix E. 

1. Torsional shear strain varies linearly across a homogeneous cross section. 

2. Torsional shear strain is a maximum at the outermost radius for a homogeneous and a nonhomogeneous cross section. 

3. Torsional shear stress is a maximum at the outermost radius for a homogeneous and a nonhomogeneous cross section. 

4. The formula t x6 = Tp/J can be used to find the shear stress on a cross section of a tapered shaft. 

5. The formula § 2 - ^ l = T{x 2 -x l )/GJ can be used to find the relative rotation of a segment of a tapered shaft. 

6. The formula x x9 = Tp/J can be used to find the shear stress on a cross section of a shaft subjected to distributed 
torques. 

7. The formula § 2 - <\>\ = T(x 2 -x l )/GJ can be used to find the relative rotation of a segment of a shaft subjected to dis- 
tributed torques. 

8. The equation T = [ px x6 dA cannot be used for nonlinear materials. 

9. The equation T = f px x9 dA can be used for a nonhomogeneous cross section. 
lO.Internal torques jump by the value of the concentrated external torque at a section. 



5.3 STATICALLY INDETERMINATE SHAFTS 



In Chapter 4 we saw the solution of statically indeterminate axial problems require equilibrium equations and compatibility 
equations. This is equally true for statically indeterminate shafts. The primary focus in this section will be on the solution of stat- 
ically indeterminate shafts that are on a single axis. However, equilibrium equations and compatibility equations can also be 
used for solution of shafts with composite cross section, as will be demonstrated in Example 5.14. The use of equilibrium equa- 
tions and compatibility equations to shafts on multiple axis is left as exercises in Problem Set 5.3. 




Figure 5.43 Statically indeterminate shaft. 

Figure 5.43 shows a statically indeterminate shaft. In statically indeterminate shafts we have two reaction torques, one at the 
left and the other at the right end of the shaft. But we have only one static equilibrium equation, the sum of all torques in the x 
direction should be zero. Thus the degree of static redundancy is 1 and we need to generate 1 compatibility equation. We shall 
use the continuity of ^ and the fact that the sections at the left and right walls have zero rotation. The compatibility equation state 
that the relative rotation of the right wall with respect to the left wall is zero. Once more we can use either the displacement 
method or the force method: 

1. In the displacement method, we can use the rotation of the sections as the unknowns. If torque is applied at several 
sections along the shaft, then the rotation of each of the sections is treated as an unknown. 

2. In the force method, we can use either the reaction torque as the unknown or the internal torques in the sections as the 
unknowns. Since the degree of static redundancy is 1, the simplest approach is often to take the left wall (or the right 
wall) reaction as the unknown variable. We can then apply the compatibility equation, as outlined next. 

5.3.1 General Procedure for Statically Indeterminate Shafts. 

Step 1 Make an imaginary cut in each segment and draw free-body diagrams by taking the left (or right) part if the left 
(right) wall reaction is carried as the unknown in the problem. Alternatively, draw the torque diagram in terms of the reaction 
torque. 

Step 2 Write the internal torque in terms of the reaction torque. 

Step 3 Using Equation (5.12) write the relative rotation of each segment ends in terms of the reaction torque. 
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Step 4 Add all the relative rotations. Obtain the rotation of the right wall with respect to the left wall and set it equal to 
zero to obtain the reaction torque. 

Step 5 The internal torques can be found from equations obtained in Step 2, and angle of rotation and stresses calculated. 



EXAMPLE 5.12 

A solid circular steel shaft (G s = 12,000 ksi, E s = 30,000 ksi) of 4-in. diameter is loaded as shown in Figure 5.62. Determine the maxi- 
mum shear stress in the shaft. 

90 in • kips 240 in • kips 

S A 



Figure P5.62 Shaft in Example 5.12. 




PLAN 

We follow the procedure outlined in Section 5.3.1 to determine the reaction torque T A . For the uniform cross-section the maximum shear 
stress will occur in the segment that has the maximum internal torque. 



SOLUTION 

The polar moment of inertia and the torsional rigidity for the shaft can be found as 



J= 2Sl4^L = 25.13 in. 4 

32 



GJ = (12000 ksi)(25. 13 in.) 



301.6(10 3 ) kips-in. 2 



(El) 



Step 1: We draw the reaction torques T A and T D as shown in Figure 5.44a. By making imaginary cuts in sections AB, BC, and CD and tak- 
ing the left part we obtain the free body diagrams shown in Figures 5.44 b, c, and d. 



90 in -kips 240 in -kips 



« 



T 90 in -kips 90 in -kips 240 in -kips 

^ l » T A T AB Ta fe T BC Ta /JS /£ T CD 

(b) (c) (d) 



(a) 

Figure 5.44 Free body diagrams of (a) entire shaft; (b) section AB; (c) section BC; (d) section CD. 
Step 2: By equilibrium of moments in Figures 5.44 b, c, and d. or from Figure 5.45Z? we obtain the internal torques as 



t bc = (-^4 + 90 )in.-kips 



(-T A -150 )in.-kips 



Step 3: Using Equation (5.12), the relative rotation in each segment ends can be written as 



Tab\ x b x a) 



-^(36) 



*BC\ X C X B) 

Gbc-Jbc 
Tcd( x d~ x c) 



301.6(10') 
(-7^ + 90)48 _ 
301.6 x 10 3 
(-r^- 150)84 _ 



-0.1194(10"')^ 



(-0.15927^ 



14.32)(10 3 ) 



-3x 



VD~VC 



(-0.27857^-41.78)(10 ) 



Step 4: We obtain § D - 



g cd j cd 301.6 x 10 3 

by adding Equations (E3), (E4), and (E5), which we equate to zero to obtain T A \ 
<\>d-<\>a = (-0.1194^-0.1592^+14.32-0.2785^-41.78) = or 

14.32-41.78 



T A 



-49.28 in. -kips 



0.1194 + 0.1592 + 0.2785 
Step 5: We obtain the internal torques by substituting Equation (E6) into Equation (E2): 



49.28 in. -kips 



139.28 in. -kips 



-100.72 in. -kips 



For the uniform cross-section, the maximum shear stress will occur in segment BC and can be found using Equation (5.10): 

= T Bc(pBc) max = (139.3 in.-kips)(2 in.) 



25.13 in. 



(E2) 

(E3) 
(E4) 
(E5) 



ANS. 



(E6) 

(E7) 

(E8) 
= 11.1 ksi 
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COMMENTS 

1. We could have found the internal torques in terms of T A using the template shown in Figure 5.45a and drawing the torque diagram in 
Figure 5. 456. 



A 



A T * 

- 



\j 



Ti 


A 


90- 


~T A 


C 


D 






B 


















l A 







Figure 5.45 Template and torque diagram in Example 5.12. 



-150- T A 









2. We can find the reaction torque at D from equilibrium of moment in the free body diagram shown in Figure 5AAd as: 

T D = 90 - 240 - T A = -60.72 in. -kips 

3. Because the applied torque at C is bigger than that at B, the reaction torques at A and D will be opposite in direction to the torque at C. 
In other words, the reaction torques at A and D should by clockwise with respect to the x axis. The sign of T A and T D confirms this 
intuitive reasoning. 



EXAMPLE 5.13 

A solid aluminum shaft (G al = 27 GPa) and a solid bronze shaft (G hr = 45 GPa) are securely connected to a rigid wheel, as shown in 
Figure 5.46. The shaft has a diameter of 75 mm. The allowable shear stresses in aluminum and bronze are 100 MPa and 120 MPa, 
respectively. Determine the maximum torque that can be applied to wheel B. 



Figure 5.46 Shaft in Example 5.13. 




PLAN 

We will follow the procedure of Section 5.3.1 and solve for the maximum shear stress in aluminum and bronze in terms of T. We will 
obtain the two limiting values on T to meet the limitations on maximum shear stress and determine the maximum permissible value of T. 



SOLUTION 

We can find the polar moment of inertia and the torsional rigidities as 

J = 7i(0.075 m) 4 /32 = 3.106 x 10" 6 m 4 G AB J AB = 83.87(10 3 ) N-m 2 G BC J BC = 139.8(10 3 ) N-m 2 (El) 

Step 1: Let T A , the reaction torque at A, be clockwise with respect to the x axis. We can make imaginary cuts in AB and BC and draw the 
free-body diagrams as shown in Figure 5.47. 

T 



r~ 



5- 



Figure 5.47 Free-body diagrams in Example 5.13. A A 

Step 2: From equilibrium of moment about shaft axis in Figure 5.47 we obtain the internal torques in terms of T A and T. 

Tab = T A T BC = T A — T 

Step 3: Using Equation (5.12), we obtain the relative rotation in each segment ends as 



A \JB 



Tab(xb-*a) _ T A (0J5) 



83.87(10') 



1.942(10 )T A 



T BC {x c -x B ) (T A -T)(2) 



(14.311^- 14.31 f)(10 ) 



g bc j bc 139.8(10 3 ) 

Step 4: We obtain § c ~$a ^Y adding Equations (E3) and (E4) and equate it to zero to find T A in terms of T: 



(8.942 T A + 14.3 \T A - 14.3 \T){ 10"°) = 



T A 



14.31T 
8.942+14.31 



0.61547 



(E2) 

(E3) 
(E4) 

(E5) 
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Step 5: We obtain the internal torques in terms of Thy substituting Equation (E5) into Equation (E2): 

T AB = 0.61547 T BC = -0.38467 (E6) 

The maximum shear stress in segment AB and BC can be found in terms of T using Equation (5.10) and noting that p max = 0.0375 mm. 
Using the limits on shear stress we obtain the limits on T as 



\{iabX 



\(*BCX 



TabkPab)„ 



Jab 
Tbc(Pbc) u 



(0.615421(00375^) = 100(10 6 )N/m 2 



3.106(10" u )ni 



J, 



BC 



(0.3846 T)(0.0375 m) = no(lQ e ) 



N/m 



3.106(10 u )m 



The value of T that satisfies Equations (E7) and (E8) is the maximum value we seek. 



T< 13.46(10') N-m 



T< 25.84(10 ) N-m 



ANS. T m 



(E7) 
(E8) 

13.4 kN-m. 



COMMENTS 

1. The maximum torque is limited by the maximum shear stress in bronze. If we had a limitation on the rotation of the wheel, then we 
could easily incorporate it by calculating <\> B from Equation (E3) in terms of T. 

2. We could have solved this problem by the displacement method. In that case we would carry the rotation of the wheel <\> B as the 
unknown. 

3. We could have solved the problem by initially assuming that one of the materials reaches its limiting stress value, say aluminum. We 
can then do our calculations and find the maximum stress in bronze, which would exceed the limiting value of 120 MPa. We would 
then resolve the problem. The process, though correct, can become tedious as the number of limitations increases. Instead put off 
deciding which limitation dictates the maximum value of the torque toward the end. In this way we need to solve the problem only 
once, irrespective of the number of limitations. 



EXAMPLE 5.14 

A solid steel (G = 80 GPa) shaft is securely fastened to a hollow bronze (G = 40 GPa) shaft as shown in Figure 5.48. Determine the max- 
imum value of shear stress in the shaft and the rotation of the right end with respect to the wall. 



Figure 5.48 Composite shaft in Example 5.14. 




PLAN 

The steel shaft and the bronze shaft can be viewed as two independent shafts. At equilibrium the sum of the internal torques on each 
material is equal to the applied torque. The compatibility equation follows from the condition that a radial line on steel and bronze will 
rotate by the same amount. Hence, the relative rotation is the same for each length segment. Solving the equilibrium equation and the 
compatibility equation we obtain the internal torques in each material, from which the desired quantities can be found. 



SOLUTION 

We can find the polar moments and torsional rigidities as 

J s = ^(°- 08 m ) 4 = 4.02(10" 6 ) m 4 J Br = ~[(0.12 m) 4 -(0.08 m) 4 ] = 16.33(10" 6 ) m 4 



G S J S = 321.6(10 ) N-m 



G Br J Br = 653.2(10 3 ) N-m 2 



(El) 
(E2) 
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Figure 5.49a shows the free body diagram after making an imaginary cut in AB. Figure 5.49b shows the decomposition of a composite 
shaft as two homogenous shafts. 



75kN-m 






Figure 5.49 (a) Free body diagram (b) Composite shaft as two homogenous shafts in Example 5.14. 
From Figure 5.49 we obtain the equilibrium equation, 

T AB = T s +T Br = 75 kN-m = 75(10 3 ) N • m 
Using Equation (5.12) we can write the relative rotation of section at B with respect to A for the two material as 




A(|> 



T s {x B x A ) 



GJ. 



r,(2) 

321.6(10 3 ) 



6.219(10 )T s md 



A(|> = § B -$ A - 

653.2(10 3 ) 

Equating Equations (E4) and (E5) we obtain 

T s = 2.03 T Br 

Solving Equations (E3) and (E4) for the internal torques give 



T Br ( 2 ) -6 

- 3.0619(10 )T Br md 



T s = 24.75(10 3 ) N • m T Br = 50.25(10 3 ) N • m 



Substituting Equation (7) into Equation (4), we find 

(fo-cta = 6.219(10" 6 )(24.75)(10 3 ) = 0.1538 rad 

The maximum torsional shear stress in each material can be found using Equation (5.10): 

T s(Ps) m g X _ [24.75(10 3 )N-m](0.04m) 



<XU 



^Br) n , 



J Rr 



4.02(10~")m 4 
[50.25(10 3 )N-m](0.06m) 



246.3(10 )N/in 



16.33(10 6 )m 4 



184.6(10 )N/m 



(E3) 

(E4) 
(E5) 

(E6) 

(E7) 

(E8) 
ANS. § B -$ A = 0.1538 rad ccw 

(E9) 
(E10) 



The maximum torsional shear stress is the larger of the two. 



COMMENT 

1. The kinematic condition that all radial lines must rotate by equal amount for a circular shaft had to be explicitly enforced to obtain 
Equations (E6). We could also have implicitly assumed this kinematic condition and developed formulas for composite shafts (see Problem 
5.49) as we did for homogenous shaft. We can then use these formulas to solve statically determinate and indeterminate problems (see Problem 
5.82) as we have done for homogenous shafts. 



PROBLEM SET 5.3 



Statically indeterminate shafts 

5.63 A steel shaft (G st = 12,000 ksi) and a bronze shaft (G br = 5600 ksi) are securely connected at B, as shown in Figure P5.63. Determine 
the maximum torsional shear stress in the shaft and the rotation of the section at B if the applied torque T= 50 in. -kips. 



Figure P5.63 
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5.64 A steel shaft (G st = 12,000 ksi) and a bronze shaft (G br = 5600 ksi) are securely connected at B, as shown in Figure P5.63. Determine 
the maximum torsional shear strain and the applied torque T if the section at B rotates by an amount of 0.02 rad. 



5.65 Two hollow aluminum shafts (G = 10,000 ksi) are securely fastened to a solid aluminum shaft and loaded as shown Figure P5.65. If 
T= 300 in.- kips, determine (a) the rotation of the section at C with respect to the wall at A; (b) the shear strain at point E. Point E is on the 
inner surface of the shaft. 



t 



Figure P5.65 



■ i!2ui 4 in C[; jj E ®i 



-24in^h 36in- 



-24in-H 



5.66 Two hollow aluminum shafts (G = 10,000 ksi) are securely fastened to a solid aluminum shaft and loaded as shown Figure P5.65. 
The torsional shear strain at point E which is on the inner surface of the shaft is -250 ji. Determine the rotation of the section at C and the 
applied torque T that produced this shear strain. 



5.67 Two solid circular steel shafts (G st = 80 GPa) and a solid circular bronze shaft (G br = 40 GPa) are securely connected by a coupling at 
C as shown in Figure P5.67. A torque of T= 10 kN-m is applied to the rigid wheel B. If the coupling plates cannot rotate relative to one 
another, determine the angle of rotation of wheel B due to the applied torque. 

T= 10kN-m 



Figure P5.67 




C DM\ 00mm 
Bronze 4jy\ 

4m — A 



5.68 Two solid circular steel shafts (G st = 80 GPa) and a solid circular bronze shaft (G br = 40 GPa) are connected by a coupling at C as 
shown in Figure P5.67. A torque of T= 10 kN-m is applied to the rigid wheel B. If the coupling plates can rotate relative to one another by 
0.5° before engaging, then what will be the angle of rotation of wheel Bl 



5.69 A solid steel shaft (G = 80 GPa) is securely fastened to a solid bronze shaft (G = 40 GPa) that is 2 m long, as shown in Figure P5.69. 
If T ext =10 kN • m, determine (a) the magnitude of maximum torsional shear stress in the shaft; (b) the rotation of the section at 1 m from the 
left wall. 



Figure P5.69 




80 mm 



5.70 A solid steel shaft (G = 80 GPa) is securely fastened to a solid bronze shaft (G = 40 GPa) that is 2 m long, as shown in Figure P5.69. 
If the section at B rotates by 0.05 rad, determine (a) the maximum torsional shear strain in the shaft; (b) the applied torque T QXt . 



5.71 Two shafts with shear moduli G x = G and G 2 = 2G are securely fastened at section B, as shown in Figure P5.71 . In terms of T ext , L, G, 
and d, find the magnitude of maximum torsional shear stress in the shaft and the rotation of the section at B. 



Figure P5.71 
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5.72 A uniformly distributed torque of q in. -lb/in. is applied to the entire shaft, as shown in Figure P5.72. In addition to the distributed 
torque a concentrated torque of T= 3qL in. -lb is applied at section B. Let the shear modulus be G and the radius of the shaft r. In terms of q, 
L, G, and r determine (a) the rotation of the section at B; (b) the magnitude of maximum torsional shear stress in the shaft. 



3gLin-lb 



Figure P5.72 




Design problems 

5.73 A steel shaft (G st = 80 GPa) and a bronze shaft (G br = 40 GPa) are securely connected at B, as shown in Figure P5.69. The magnitude 
of maximum torsional shear stresses in steel and bronze are to be limited to 160 MPa and 60 MPa, respectively. Determine the maximum 
allowable torque T QXt to the nearest N-m that can act on the shaft. 



5.74 A steel shaft (G st = 80 GPa) and a bronze shaft (G br = 40 GPa) are securely connected at B, as shown in Figure P5.74. The magnitude 
of maximum torsional shear stresses in steel and bronze are to be limited to 160 MPa and 60 MPa, respectively, and the rotation of section B 
is limited to 0.05 rad. (a) Determine the maximum allowable torque Tto the nearest kN-m that can act on the shaft if the diameter of the 
shaft is d — 100 mm. (b) What are the magnitude of maximum torsional shear stress and the maximum rotation in the shaft corresponding to 
the answer in part (a)? 



Figure P5.74 




5.75 A steel shaft (G st = 80 GPa) and a bronze shaft (G br = 40 GPa) are securely connected at B, as shown in Figure P5.74. The magnitude 
of maximum torsional shear stresses in steel and bronze are to be limited to 160 MPa and 60 MPa, respectively, and the rotation of section B 
is limited to 0.05 rad. (a) Determine the minimum diameter d of the shaft to the nearest millimeter if the applied torque T= 20 kN • m. (b) 
What are the magnitude of maximum torsional shear stress and the maximum rotation in the shaft corresponding to the answer in part (a)? 



5.76 The solid steel shaft shown in Figure P5.76 has a shear modulus of elasticity G = 80 GPa and an allowable torsional shear stress of 
60 MPa. The allowable rotation of any section is 0.03 rad. The applied torques on the shaft are T l = 10 kN-m and T 2 = 25 kN- m. Determine 
(a) the minimum diameter d of the shaft to the nearest millimeter; (b) the magnitude of maximum torsional shear stress in the shaft and the 
maximum rotation of any section. 



Figure P5.76 




lm 



-Kl.5m-4 



5.77 The diameter of the shaft shown in Figure P5.76 d - 
kN-m that can be applied to the shaft. 



80 mm. Determine the maximum values of the torques T x and T 2 to the nearest 



Composite Shafts 

5.78 An aluminum tube and a copper tube, each having a thickness of 5 mm, are securely fastened to two rigid bars, as shown in Figure 
P5.78. The bars force the tubes to rotate by equal angles. The two tubes are 1.5 m long, and the mean diameters of the aluminum and copper 
tubes are 125 mm and 50 mm, respectively. The shear moduli for aluminum and copper are G al = 28 GPa and G cu = 40 GPa. Under the 
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action of the applied couple section B of the two tubes rotates by an angle of 0.03 rad Determine (a) the magnitude of maximum torsional 
shear stress in aluminum and copper; (b) the magnitude of the couple that produced the given rotation. 



Figure P5.78 




Copper 



5.79 Solve Problem 5.78 using Equations (5.1 8a) and (5.1 8b). 

5.80 An aluminum tube and a copper tube, each having a thickness of 5 mm, are securely fastened to two rigid bars, as shown in Figure 
P5.78. The bars force the tubes to rotate by equal angles. The two tubes are 1.5 m long and the mean diameters of the aluminum and copper 
tubes are 125 mm and 50 mm, respectively. The shear moduli for aluminum and copper are G al = 28 GPa and G cu = 40 GPa. The applied cou- 
ple on the tubes shown in Figure P5.78 is 10 kN-m. Determine (a) the magnitude of maximum torsional shear stress in aluminum and cop- 
per; (b) the rotation of the section at B. 



5.81 Solve Problem 5.80 using Equations (5.1 8a) and (5.1 8b). 

5.82 Solve Example 5.14 using Equations (5.18a) and (5.18b). 



5.83 The composite shaft shown in Figure P5.83 is constructed from aluminum (G al = 4000 ksi), bronze (G br = 6000 ksi), and steel 
(G st = 12,000 ksi). (a) Determine the rotation of the free end with respect to the wall, (b) Plot the torsional shear strain and the shear stress 
across the cross section 



Figure P5.83 




30 in «kips 



r 



1.5 in 



"7" 

2 in 



Aluminum 
I Bronze 



5.84 Solve Problem 5.83 using Equations (5.1 8a) and (5.1 8b). 

5.85 If T= 1500 N • m in Figure P5.85, determine (a) the magnitude of maximum torsional shear stress in cast iron and copper; (b) the 
rotation of the section at D with respect to the section at A. 



Cast iron \ 



Figure P5.85 



500 mm 



n^ 



c 



Copper Ml 



B 

150 mm 



400 mm 
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Shafts on multiple axis 

5.86 Two steel (G = 80 GPa) shafts AB and CD of diameters 40 mm are connected with gears as shown in Figure P5.86. The radii of gears at B 
and C are 250 mm and 200 mm, respectively. The bearings at E and F offer no torsional resistance to the shafts. If an input torque of T ext =1.5 kN.m 
is applied at D, determine (a) the maximum torsional shear stress in AB; (b) the rotation of section at D with respect to the fixed section at A 



Figure P5.86 




5.87 Two steel (G = 80 GPa) shafts AB and CD of diameters 40 mm are connected with gears as shown in Figure P5.86. The radii of 
gears at B and C are 250 mm and 200 mm, respectively. The bearings at E and F offer no torsional resistance to the shafts. The allowable 
shear stress in the shafts is 120 MPa. Determine the maximum torque Tthat can be applied at section D. 



5.88 Two steel (G = 80 GPa) shafts AB and CDE of 1 .5 in. diameters are connected with gears as shown in Figure P5.88. The radii of gears at B 
and D are 9 in. and 5 in., respectively. The bearings dXF, Q and //offer no torsional resistance to the shafts. If an input torque of T ext = 800 ft.lb is 
applied at D, determine (a) the maximum torsional shear stress in AB; (b) the rotation of section at E with respect to the fixed section at C. 

5ft 



Figure P5.88 




5.89 Two steel (G = 80 GPa) shafts AB and CD of 60 mm diameters are connected with gears as shown in Figure P5.89. The radii of gears at B 
and D are 175 mm and 125 mm, respectively. The bearings at E and F offer no torsional resistance to the shafts. If an input torque of T ext = 2 kN.m 
is applied, determine (a) the maximum torsional shear stress in AB; (b) the rotation of section at D with respect to the fixed section at C 



Figure P5.89 




5.90 Two steel (G = 80 GPa) shafts AB and CD of 60 mm diameters are connected with gears as shown in Figure P5.89. The radii of 
gears at B and D are 175 mm and 125 mm, respectively. The bearings at E and F offer no torsional resistance to the shafts. The allowable 
shear stress in the shafts is 120 MPa. What is the maximum torque Tthat can be applied? 



5.91 Two steel (G = 80 GPa) shafts AB and CD of equal diameters d are connected with gears as shown in Figure P5.89. The radii of 
gears at B and D are 175 mm and 125 mm, respectively. The bearings at E and F offer no torsional resistance to the shafts. The allowable 
shear stress in the shafts is 120 MPa and the input torque is T= 2 kN.m. Determine the minimum diameter d to the nearest millimeter. 
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Stress concentration 

5.92 The allowable shear stress in the stepped shaft shown Figure P5.92 is 17 ksi. Determine the smallest fillet radius that can be used at 
section B. Use the stress concentration graphs given in Section C.4.3. 

T = 2.5 in -kips 



Figure P5.92 




t 
2 in 



11 in 



I 



5.93 The fillet radius in the stepped shaft shown in Figure P5.93 is 6 mm. Determine the maximum torque that can act on the rigid wheel 
if the allowable shear stress is 80 MPa and the modulus of rigidity is 28 GPa. Use the stress concentration graphs given in Section C.4.3. 



60 mm 

i 



Figure P5.93 



48 mm •-n 



h- 0.9 m -^0.75 m*f«— 1.0 m -*\ 



5.4* TORSION OF THIN-WALLED TUBES 



The sheet metal skin on a fuselage, the wing of an aircraft, and the shell of a tall building are examples in which a body can be 
analyzed as a thin-walled tube. By thin wall we imply that the thickness t of the wall is smaller by a factor of at least 10 in com- 
parison to the length b of the biggest line that can be drawn across two points on the cross section, as shown in Figure 5.50a. By 
a tube we imply that the length L is at least 10 times that of the cross-sectional dimension b. 
We assume that this thin- walled tube is subjected to only torsional moments. 



(a) 



b> lOt 
L>10b 




(b) 



Zero because 
there is no axial 
force or bending 
moment 



Zero because of 
thin body and t. 




Free surface, 

Figure 5.50 (a) Torsion of thin-walled tubes, (b) Deducing stress behavior in thin-walled tubes, (c) Deducing constant shear flow in 
thin-walled tubes. 

The walls of the tube are bounded by two free surfaces, and hence by the symmetry of shear stresses the shear stress in the 
normal direction r^must go to zero on these bounding surfaces, as shown in Figure 5. 506. This does not imply that r xn is zero in 
the interior. However, because the walls are thin, we approximate r xn as zero everywhere. The normal stress cr xx would be equiv- 
alent to an internal axial force or an internal bending moment. Since there is no external axial force or bending moment, we 
approximate the value of g xx as zero. 

Figure 5. 506 shows that the only nonzero stress component is x xs . It can be assumed uniform in the n direction because the 
tube is thin. Figure 5.50c shows a free-body diagram of a differential element with an imaginary cut through points A and B. By 
equilibrium of forces in the x direction we obtain 



r A (t A dx) = r B (t B dx) 

<Ia = q B 



(5.24a) 
(5.24b) 
(5.24c) 
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The quantity q = r xs t is called shear flow 5 and has units of force per unit length. Equation (5.24c) shows that shear flow is uni- 
form at a given cross section. 

We can replace the shear stresses (shear flow) by an equivalent internal torque, as shown in Figure 5.51. The line OC is per- 
pendicular to the line of action of the force dV, which is in the tangent direction to the arc at that point. Noting that the shear flow 
is a constant, we take it outside the integral sign, 



T = 



<b dT = <t>q(h ds) = q<t>2 dA E = 2qA t 



or 



2 A 



We thus obtain 



^r? 



2tA f 



(5.25) 



(5.26) 



where T is the internal torque at the section containing the point at which the shear stress is to be calculated, A E is the area 
enclosed by the centerline of the tube, and t is the thickness at the point where the shear stress is to be calculated. 

Area enclosed A E 



Area of triangle 
OAB = dA 




dA E — —(h ds) 

dT=hdV = h(q ds) 

h = perpendicular 
distance from 
origin to force dF 



Figure 5.51 Equivalency of internal torque and shear stress (flow). 

The thickness t can vary with different points on the cross section provided the assumption of thin- walled is not violated. If 
the thickness varies, then the shear stress will not be constant on the cross section, even though the shear flow is constant. 




EXAMPLE 5.15 

A semicircular thin tube is subjected to torques as shown in Figure 5.52. Determine: (a) The maximum torsional shear stress in the tube, 
(b) The torsional shear stress at point O. Show the results on a stress cube. 



7077 in 'kips 



5077 in «kips 




Figure 5.52 Thin-walled tube in Example 5.15. 



2077 in* kips 




Cross section 



PLAN 

From Equation 5.26 we know that the maximum torsional shear stress will exist in a section where the internal torque is maximum and 
the thickness minimum. To determine the maximum internal torque, we make cuts in AB, BC, and CD and draw free-body diagrams by 
taking the right part of each cut to avoid calculating the wall reaction. 



SOLUTION 



5 This terminology is from fluid mechanics, where an incompressible ideal fluid has a constant flow rate in a channel. 
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Figure 5.53 shows the free-body diagrams after making an imaginary cut and taking the right part. 
7077 in -kips 




T AB + 5077 - 70tt - 20tt = 
T AB = 4077 in «kips 

Figure 5.53 Internal torque calculations in Example 5.15. 




T BC = 3077 in «kips 



T CD = 2077 in «kips 



(a) The maximum torque is in AB and the minimum thickness is - in. The enclosed area is A E = 71 (5 in.) /2 = 12.5 71 in. . From 
Equation 5.26 we obtain 

(4071 in. -kips) 



(12.571 in. 2 )d in.) 



ANS. 



(b) At point O the internal torque is T BC and t = j- in. We obtain the shear stress at O as 

(3071 in. -kips) 



(12.571 in. 2 )(^ in.) 



k 16 



ANS. 



(El) 
25.6 ksi 

(E2) 



x = 12.8 ksi 



Figure 5.54 shows part of the tube between sections B and C. Segment BO would rotate counterclockwise with respect to segment OC. The 
shear stress must be opposite to this possible motion and hence in the clockwise direction, as shown. The direction on the other surfaces can 
be drawn using the observation that the symmetric pair of shear stress components either point toward the corner or away from it. 



Figure 5.54 Direction of shear stress in Example 5.15. 




COMMENT 

1. The shear flow in the cross-section containing point O is a constant over the entire cross-section. The magnitude of torsional shear 
stress at point O however will be two-thirds that of the value of the shear stress in the circular part of the cross-section because of the 
variation in wall thickness. 



PROBLEM SET 5.4 



Torsion of thin-walled tubes 

5.94 Calculate the magnitude of the maximum torsional shear stress if the cross section shown in Figure P5.94 is subjected to a torque 
T= 100 in. -kips. 



Figure P5.94 




H 4 in -| 
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5.95 Calculate the magnitude of the maximum torsional shear stress if the cross section shown in Figure P5.95 is subjected to a torque 
r=900N-m. 



t = 3 mm 



Figure P5.95 




5 mm 



5.96 Calculate the magnitude of the maximum torsional shear stress if the cross section shown in Figure P5.96 is subjected to a torque 
r=15kN-m. 



t = 6 mm 



100 mm 



Figure P5.96 




5.97 A tube of uniform thickness t and cross section shown in Figure P5.97 has a torque T applied to it. Determine the maximum torsional 
shear stress in terms of t, a, and T. 



Figure P5.97 




h a H 



5.98 A tube of uniform thickness t and cross section shown in Figure P5.98 has a torque T applied to it. Determine the maximum torsional 
shear stress in terms of t, a, and T. 



Figure P5.98 



5.99 A tube of uniform thickness t and cross section shown in Figure P5.99 has a torque T applied to it. Determine the maximum torsional 
shear stress in terms of t, a, and T. 



Figure P5.99 




5.100 The tube of uniform thickness t shown in Figure P5.100 has a torque T applied to it. Determine the maximum torsional shear stress 
in terms oft.a.b, and T. 



Figure P5.100 
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5.101 A hexagonal tube of uniform thickness is loaded as shown in Figure P5.101. Determine the magnitude of the maximum torsional 
shear stress in the tube 

r 4 = 750N-m 

7^ = 1500 N-m 



Figure P5.101 




t = 4 mm 



5.102 A rectangular tube is loaded as shown in Figure P5. 102. Determine the magnitude of the maximum torsional shear stress. 
74 = 2 in'kips T^ = 3 in«kips 7^ = 2 in-kips 



Figure P5.102 




5.103 The three tubes shown in Problems 5.97 through 5.99 are to be compared for the maximum torque-carrying capability, assuming 
that all tubes have the same thickness t, the maximum torsional shear stress in each tube can be r, and the amount of material used in the 
cross section of each tube is A. (a) Which shape would you use? (b) What is the percentage torque carried by the remaining two shapes in 
terms of the most efficient structural shape? 



5.5* CONCEPT CONNECTOR 

Like so much of science, the theory of torsion in shafts has a history filled with twists and turns. Sometimes experiments led the 
way; sometimes logic pointed to a solution. As so often, too, serendipity guided developments. The formulas were developed 
empirically, to meet a need — but not in the mechanics of materials. Instead, a scientist had a problem to solve in electricity and 
magnetism, and torsion helped him measure the forces. It was followed with an analytical development of the theory for circular 
and non-circular shaft cross sections that stretched over a hundred years. The description of the history concludes with an experi- 
mental technique used in the calculation of torsional rigidity, even for shafts of arbitrary shapes. 



5.5.1 History: Torsion of Shafts 



It seems fitting that developments begin with Charles- Augustin Coulomb (Figure 5.55). Coulomb, who first 
differentiated shear stress from normal stress (see Section 1.6.1), also studied torsion, in which shear stress is the dominant 
component. In 1781 Coulomb started his research in electricity and magnetism. To measure the small forces involved, he 
devised a very sensitive torsion balance. A weight was suspended by a wire, and a pointer attached to the weight indicated the 
wire's angular rotation. 




Figure 5.55 Charles-Augustin Coulomb. 



The design of this torsion balance led Coulomb to investigate the resistance of a wire in torsion. He assumed that the resis- 
tance torque (or internal torque T) in a twisted wire is proportional to the angle of twist §. To measure the changes, he twisted the 
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wire by a small angle and set it free to oscillate, like a pendulum. After validating his formula experimentally, thus confirming 
his assumption, he proceeded to conduct a parametric study with regard to the length L and the diameter D of the wire and devel- 
oped the following formula T = (juD /L)<ft, where \i is a material constant. If we substitute d(f)/dx = </>/L and 
J = 7rD /32 into Equation 5.9 and compare our result with Coulomb's formula, we see that Coulomb's material constant is 
jU = 7rG/32 . 

Coulomb's formula, although correct, was so far only an empirical relationship. The analytical development of the theory 
for circular shafts is credited to Alphonse Duleau. Duleau, born in Paris the year of the French revolution, was commissioned 
in 1811 to design a forged iron bridge over the Dordogne river, in the French city of Cubzac. Duleau had graduated from the 
Ecole Polytechnique, one of the early engineering schools. Founded in 1794, it had many pioneers in the mechanics of mate- 
rials among its faculty and students. At the time, there was little or no data on the behavior of bars under the loading condi- 
tions needed for bridge design. Duleau therefore conducted extensive experiments on tension, compression, flexure, torsion, 
and elastic stability. He also compared bars of circular, triangular, elliptical, and rectangular cross section. In 1 820 he pub- 
lished his results. 

In this paper Duleau developed Coulomb's torsion formula analytically, starting with our own Assumptions 1 and 3 (see 
page 215), that is, cross sections remain planes and radial lines remain straight during small twists to circular bars. He also 
established that these assumptions are not valid for noncircular shafts. 

Augustin-Louis Cauchy, whose contributions to the mechanics of materials we have encountered in several chapters, was 
also interested in the torsion of rectangular bars. Cauchy showed that the cross section of a rectangular bar does not remain a 
plane. Rather, it warps owing to torsional loads. 

Jean Claude Saint- Venant proposed in 1855 the displacement behavior we encountered in Problem 5.53. Building on the 
observations of Coulomb, Duleau, and Cauchy, he developed torsion formulas for a variety of shapes. S aint- Venant 's 
assumed a displacement function that incorporates some features based on experience and empirical information but 
containing sufficient unknown parameters to satisfy equations of elasticity, an approach now called Saint- Venant 's semi- 
inverse method. 

Ludwig Prandtl (1875-1953) is best known for his work in aerodynamics, but the German physicist's interests ranged widely 
in engineering design. He originated boundary-layer theory in fluid mechanics. He also invented the wind tunnel and its use in 
airplane design. In 1903 Prandtl was studying the differential equations that describe the equilibrium of a soap film, a thin- walled 
membrane. He found that these are similar to torsion equations derived using Saint-Venant's semi-inverse method. Today, 
Prandtl' s membrane analogy is used to obtain torsional rigidities for complex cross sections simply from experiments on soap 
films. Handbooks list torsional rigidities for variety of shapes, many of which were obtained from membrane analogy. 

We once more see that theory is the outcome of a serendipitous combination of experimental and analytical thinking. 

5.6 CHAPTER CONNECTOR 

In this chapter we established formulas for torsional deformation and stresses in circular shafts. We saw that the calculation of 
stresses and relative deformation requires the calculation of the internal torque at a section. For statically determinate shafts, the 
internal torque can be calculated in either of two ways. In the first, we make an imaginary cut and draw an appropriate free-body 
diagram. In the second, we draw a torque diagram. In statically indeterminate single-axis shafts, the internal torque expression 
contains an unknown reaction torque, which has to be determined using the compatibility equation. For single-axis shafts, the 
relative rotation of a section at the right wall with respect to the rotation at the left wall is zero. This result is the compatibility 
equation. 

We also saw that torsional shear stress should be drawn on a stress element. This approach will be important in studying 
stress and strain transformation in future chapters. In Chapter 8, on stress transformation, we will first find torsional shear stress 
using the stress formula from this chapter. We then find stresses on inclined planes, including planes with maximum normal 
stress. In Chapter 9, on strain transformation, we will find the torsional shear strain and then consider strains in different coor- 
dinate systems, including coordinate systems in which the normal strain is maximum. In Section 10.1, we will consider the 
combined loading problems of axial, torsion, and bending. This will lead to the design of simple structures that may be either 
determinate or indeterminate. 
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Our theory describing the torsion of shafts is limited to: (1) slender shafts of circular cross sections; and (2) regions 
away from the neighborhood of stress concentration. The variation in cross sections and external torques is gradual. 

T = [ pr x6 dA (5.1) 4 = <|>(*) (5.2) small strain y x0 = p-£ (5.3) 

J A ax 

where T is the internal torque that is positive counterclockwise with respect to the outward normal to the imaginary 
cut surface, § is the angle of rotation of the cross section that is positive counterclockwise with respect to the x axis, 
x x Q and y x Q are the torsional shear stress and strain in polar coordinates, and p is the radial coordinate of the point 
where shear stress and shear strain are defined. 

Equations (5.1), (5.2), and (5.3) are independent of material model. 

Torsional shear strain varies linearly with radial coordinate across the cross section. 

Torsional shear strain is maximum at the outer surface of the shaft. 

The formulas below are valid for shafts with material that is linear, elastic, and isotropic and has a homogeneous 
cross section: 

d6 T To T(x 2 -x 1 ) 

t x = gj (5 - 9) r « = -f (5J0) ♦*-♦> = -4/ (5J2) 

where G is the shear modulus of elasticity, and J is the polar moment of the cross section given by 

J = ( 7r/2)(R - R t : ) , R and R t being the outer and inner radii of a hollow shaft. 

The quantity GJ is called torsional rigidity. 

If T, G, or J change with x, we find the relative rotation of a cross section by integration of Equation (5.9). 

If T, G, and J do not change between x l andx 2 , we use Equation (5.12) to find the relative rotation of a cross section. 

Torsional shear stress varies linearly with radial coordinate across the homogeneous cross section, reaching a maxi- 
mum value on the outer surface of the shaft. 



M. Vable 



Mechanics of Materials: Symmetric Bending of Beams 



254 



CHAPTER SIX 

SYMMETRIC BENDING OF BEAMS 



Learning objectives 

1. Understand the theory of symmetric bending of beams, its limitations, and its applications for a strength-based design 
and analysis. 

2. Visualize the direction of normal and shear stresses and the surfaces on which they act in the symmetric bending of beams. 



On April 29th, 2007 at 3:45 AM, a tanker truck crashed into a pylon on interstate 80 near Oakland, California, spilling 8600 
gallons of fuel that ignited. Fortunately no one died. But the heat generated from the ignited fuel, severely reduced the 
strength and stiffness of the steel beams of the interchange, causing it to collapse under its own weight (Figure 6.1a). In this 
chapter we will study the stresses, hence strength of beams. In Chapter 7 we will discuss deflection, hence stiffness of the 
beams. 

Which structural member can be called a beam? Figure 6Ab shows a bookshelf whose length is much greater than its 
width or thickness, and the weight of the books is perpendicular to its length. Girders, the long horizontal members in bridges 
and highways transmit the weight of the pavement and traffic to the columns anchored to the ground, and again the weight is 
perpendicular to the member. Bookshelves and girders can be modeled as beams — long structural member on which loads act 
perpendicular to the longitudinal axis. The mast of a ship, the pole of a sign post, the frame of a car, the bulkheads in an air- 
craft, and the plank of a seesaw are among countless examples of beams. 

The simplest theory for symmetric bending of beams will be developed rigorously, following the logic described in Figure 
3.15, but subject to the limitations described in Section 3.13. 



(a) 




(b) 




Figure 6.1 (a) 1-80 interchange collapse, (b) Beam example. 



6.1 PRELUDE TO THEORY 



As a prelude to theory, we consider several examples, all solved using the logic discussed in Section 3.2. They highlight 
observations and conclusions that will be formalized in Section 6.2. 

• Example 6.1, discrete bars welded to a rigid plate, illustrates how to calculate the bending normal strains from geometry. 

• Example 6.2 shows the similarity of Example 6.1 to the calculation of normal strains for a continuous beam. 

• Example 6.3 applies the logic described in Figure 3.15 to beam bending. 

• Example 6.4 shows how the choice of a material model alters the calculation of the internal bending moment. As we saw 
in Chapter 5 for shafts, the material model affects only the stress distribution, leaving all other equations unaffected. 
Thus, the kinematic equation describing strain distribution is not affected. Neither are the static equivalency equations 
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between stress and internal moment and the equilibrium equations relating internal forces and moments. Although we 
shall develop the simplest theory using Hooke's law, most of the equations will apply to complex material models as 
well. 



EXAMPLE 6.1 

The left ends of three bars are built into a rigid wall, and the right ends are welded to a rigid plate, as shown in Figure 6.2. The unde- 
formed bars are straight and perpendicular to the wall and the rigid plate. The rigid plate is observed to rotate due to the applied moment 
by an angle of 3.5° from the vertical plane. If the normal strain in bar 2 is zero, determine the normal strains in bars 1 and 3. 



4- v 



-30 in- 
Bar3 



Bar 2 



Barl 



Figure 6.2 Geometry in Example 6. 1 . 



M„ 




METHOD 1: PLAN 

The tangent to a circular arc is perpendicular to the radial line. If the bars are approximated as circular arcs and the wall and the rigid 
plate are in the radial direction, then the kinematic restriction of bars remaining perpendicular to the wall and plate is satisfied by the 
deformed shape. We can relate the angle subtended by the arc to the length of arc formed by CD, as we did in Example 2.3. From the 
deformed geometry, the strains of the remaining bars can be found. 



SOLUTION 

Figure 6.3 shows the deformed bars as circular arcs with the wall and the rigid plate in the radial direction. We know that the length of arc 
CD X is still 30 in., since it does not undergo any strain. We can relate the angle subtended by the arc to the length of arc formed by CD and 
calculate the radius of the arc R as 



V 



3.5 C 
180' 



(3.142 rad) = 0.0611 rad 



CD l = R\\f = 30 in. 



R = 491.1 in. 



(El) 



3.5° 



Figure 6.3 Normal strain calculations in Example 6.1. 
The arc length AB X and EF X can be found using Figure 6.3 and the strains in bars 1 and 3 calculated 




AB X = (R-2)\\f = 29.8778 in. s x = 



EF X = CR + 2)\|/ = 30.1222 in. 



A B X -AB 
AB 



-0.1222 in. 
30 in. 



EF X -EF 0.1222 in. 



EF 



30 in. 



= -0.004073 in./in. 
ANS. 
=0.004073 in./in. 

ANS. 



(E2) 

i x = -4073 juin./in. 

(E3) 

8 3 = 4073 uin./in. 



COMMENT 

1. In developing the theory for beam bending, we will view the cross section as a rigid plate that rotates about the z axis but stays per- 
pendicular to the longitudinal lines. The longitudinal lines will be analogous to the bars, and bending strains can be calculated as in 
this example. 
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METHOD 2: PLAN 

We can use small-strain approximation and find the deformation component in the horizontal (original) direction for bars 1 and 3. The 
normal strains can then be found. 



SOLUTION 

Figure 6.4 shows the rigid plate in the deformed position. The horizontal displacement of point D is zero as the strain in bar 2 is zero. 
Points B, D, and F move to B x , D x , and F x as shown. We can use point D x to find the relative displacements of points B and F as shown 
in Equations (E4) and (E5). We make use of small strain approximation to the sine function by its argument: 



Au 3 

Au x 



DF, 



D X F X sin\|/ 
B l D l siny 



2y 

:2y 



0.1222 in. 
0.1222 in. 



(E4) 
(E5) 



Figure 6.4 Alternate method for normal strain calculations in Example 6. 1 . 



«^I\ 


u 3 


\ F 2 


D' 


\ ° 2 





The normal strains in the bars can be found as 



Au l 
30 in. 



-0.1222 in. 
30 in. 



-0.004073 in./in. 



Aui 



0.1222 in. 



0.004073 in./in. 



30 in. 30 in. 

ANS. s x = -4073 \x in./in. 



(E6) 
8 3 = 4073 juin./in. 



COMMENTS 

1. Method 1 is intuitive and easier to visualize than method 2. But method 2 is computationally simpler. We will use both methods when 
we develop the kinematics in beam bending in Section 6.2. 

2. Suppose that the normal strain of bar 2 was not zero but ^ = 800 /in/in. What would be the normal strains in bars 1 and 3? We could 
solve this new problem as in this example and obtain R = 491.5 in., s x - -3272 /in./in, and s 3 = 4872 /in./in. Alternatively, we view 
the assembly was subjected to axial strain before the bending took place. We could then superpose the axial strain and bending strain 
to obtain s x - -4073 + 800 = -3273 /in./in. and s 3 = 4073 + 800 = 4873 /in./in. The superposition principle can be used only for lin- 
ear systems, which is a consequence of small strain approximation, as observed in Chapter 2. 



EXAMPLE 6.2 

A beam made from hard rubber is built into a rigid wall at the left end and attached to a rigid plate at the right end, as shown in Figure 6.5. 
After rotation of the rigid plate the strain in line CD at y - is zero. Determine the strain in line AB in terms of y and R, where y is the dis- 
tance of line AB from line CD, and R is the radius of curvature of line CD. 



Figure 6.5 Beam geometry in Example 6.2. 




DE 




PLAN 

We visualize the beam as made up of bars, as in Example 6.1, but of infinitesimal thickness. We consider two such bars, AB and CD, and 
analyze the deformations of these two bars as we did in Example 6.1. 



SOLUTION 

Because of deformation, point B moves to point B x and point D moves to point D x , as shown in Figure 6.6. We calculate the strain in AB: 



CD X - CD 
CD 



= 



CD X = CD = Ry = L 



(El) 
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AB, = (R-y)y 



= (R-y)L 



AB X -AB (R-y)L/R-L L-yL/R-L 



AB 



Figure 6.6 Exaggerated deformed geometry in Example 6.2. 



ANS. 



(E2) 

= zl 
R 




COMMENTS 

1. In Example 6.1, R = 491 A and y = +2 for bar 3, and;/ = -2 for bar 1. On substituting these values into the preceding results, we obtain 
the results of Example 6.1. 

2. Suppose the strain in CD were s CD . Then the strain in AB can be calculated as in comment 2 of Method 2 in Example 6. 1 to obtain s AB 
= s CD - ylR. The strain s CD is the axial strain, and the remaining component is the normal strain due to bending. 



EXAMPLE 6.3 

The modulus of elasticity of the bars in Example 6.1 is 30,000 ksi. Each bar has a cross-sectional area^4 = - in. 2 . Determine the external 
moment M ext that caused the strains in the bars in Example 6.1. 

PLAN 

Using Hooke's law, determine the stresses from the strains calculated in Example 6.1. Replace the stresses by equivalent internal axial 
forces. Draw the free-body diagram of the rigid plate and determine the moment M ext . 



SOLUTION 

1. Strain calculations: The strains in the three bars as calculated in Example 6.1 are 

e { = -4073 juin./in. s 2 = s 3 = 4073 uin./in. 

2. Stress calculations: From Hooke's law we obtain the stresses 



Ee x = (30,000 ksi)(-4073)(10 °) = 122.19 ksi (C) 



(El) 

(E2) 
(E3) 
(E4) 



a 3 = Ee 3 = (30,000 ksi)(4073)(10" u ) = 122.19 ksi (T) 

3. Internal forces calculations: The internal normal forces in each bar can be found as 

N { = <s x A = 61.095 kips (C) 7V 3 = a 3 A = 61.095 kips (T) (E5) 

4. External moment calculations: Figure 6.7 is the free body diagram of the rigid plate. By equilibrium of moment about point O we can 
findM- 



K = ^iOO+^sOO = (61.095 kips)(2 in.) + (61.095 kips)(2 in.) 



(E6) 

ANS. M z = 244 A in. -kips 

y = 2 
y = 2 



Figure 6.7 Free-body diagram in Example 6.3. 



M, 



N ] 
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COMMENTS 

2 

1. The sum in Equation (E6) can be rewritten V yoAA t , where cris the normal stress acting at a distance^ from the zero strain bar, 

and AA t is the cross-sectional area of the z* th bar. If we had n bars attached to the rigid plate, then the moment would be given by 

V _ yoAA t . As we increase the number of bars n to infinity, the cross-sectional area AA t tends to zero, becoming the infinitesimal 

area dA and the summation is replaced by an integral. In effect, we are fitting an infinite number of bars to the plate, resulting in a 
continuous body. 

2. The total axial force in this example is zero because of symmetry. If this were not the case, then the axial force would be given by the 

summation V oAA;. As in comment 1, this summation would be replaced by an integral as n tends to infinity, as will be shown in 
Section 6.1.1. 

6.1.1 Internal Bending Moment 



In this section we formalize the observation made in Example 6.3: that is, the normal stress cr^can be replaced by an equiva- 
lent bending moment using an integral over the cross-sectional area. Figure 6.8 shows the normal stress distribution <j xx to be 
replaced by an equivalent internal bending moment M z . Let}; represent the coordinate at which the normal stress acts. Static 
equivalency in Figure 6.8 results in 



M 7 



-J vo* 




(6.1) 




a YY dA 



Figure 6.8 Statically equivalent internal moment. 

Figure 6.8a suggests that for static equivalency there should be an axial force TV and a bending moment about the jy axis 
M However, the requirement of symmetric bending implies that the normal stress <j xx is symmetric about the axis of symme- 
try — that is, the y axis. Thus M is implicitly zero owing to the limitation of symmetric bending. Our desire to study bending 
independent of axial loading requires that the stress distribution be such that the internal axial force TV should be zero. Thus we 
must explicitly satisfy the condition 



<j YY dA = 



(6.2) 



Equation (6.2) implies that the stress distribution across the cross section must be such that there is no net axial force. That is, 
the compressive force must equal the tensile force on a cross section in bending. If stress is to change from compression to 
tension, then there must be a location of zero normal stress in bending. The line on the cross section where the bending normal 
stress is zero is called neutral axis. 

Equations (6.1) and (6.2) are independent of the material model. That is because they represent static equivalency 
between the normal stress on the entire cross section and the internal moment. If we were to consider a composite beam cross 
section or a nonlinear material model, then the value and distribution of <j xx would change across the cross section yet Equa- 
tion (6.1) relating <j xx to M z would remain unchanged. Example 6.4 elaborates on this idea. The origin of the y coordinate is 
located at the neutral axis irrespective of the material model. Hence, determining the location of the neutral axis is critical in 
all bending problems. The location of the origin will be discussed in greater detail for a homogeneous, linearly elastic, isotro- 
pic material in Section 6.2.4. 
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EXAMPLE 6.4 

Figure 6.9 shows a homogeneous wooden cross section and a cross section in which the wood is reinforced with steel. The normal strain 
for both cross sections is found to vary as s xx = -200y ju. The moduli of elasticity for steel and wood are E steel = 30,000 ksi and E wood = 
8000 ksi. (a) Write expressions for normal stress <j xx as a function of y and plot the <j xx distribution for each of the two cross sections shown, (b) 
Calculate the equivalent internal moment M z for each cross section. 



(a) 



1/4 in. 



1/4 in. 




Figure 6.9 Cross sections in Example 6.4. (a) Homogeneous, (b) Laminated 



PLAN 

(a) From the given strain distribution we can find the stress distribution by Hooke's law. We note that the problem is symmetric and 
stresses in each region will be linear iny. (b) The integral in Equation (6. 1) can be written as twice the integral for the top half since the stress 
distribution is symmetric about the center. After substituting the stress as a function of y in the integral, we can perform the integration to 
obtain the equivalent internal moment. 



SOLUTION 

(a) From Hooke's law we can write the stress in each material as 



(°xxX 



(8000ksi)(-200j)10 



-1.6y ksi 



(El) 



K*)steei = ( 3000 ° ksi)(-200.y)10- = -6y ksi (E2) 

For the homogeneous cross section the stress distribution is given in Equation (El), but for the laminated case it switches from Equation 
(El) to Equation (E2), depending on the value ofy. We can write the stress distribution for both cross sections as a function of y. 
Homogeneous cross section: 

a xx = -1.6y ksi -0.75 in. <y < 0.75 in. (E3) 



Laminated cross section: 



-6y ksi 0.5 in. < y < 0.75 in. 

-1.6j^ ksi -0.5 in. <y< 0.5 in. 
-6y ksi -0.75 in. <y < -0.5 in. 

Using Equations (E3) and (E4) the strains and stresses can be plotted as a function ofj^, as shown in Figure 6.10. 



(E4) 





y (in) I 


0.75 
0.5 

O 100 150 










150 100 



















J (in) 



s xx O) 




y(in.)A 



*► a xx (ksi) 




^^xx(ksi) 



(a) (b) (c) 

Figure 6.10 Strain and stress distributions in Example 6.4: (a) strain distribution; (b) stress distribution in homogeneous cross section; 
(c) stress distribution in laminated cross section, 
(b) The thickness (dimension in the z direction) is 2 in. Hence we can write dA = 2dy. Noting that the stress distribution is symmetric, we 
can write the integral in Equation (6.1) as 

0.75 r 0.75 -. 

M z = -j yo xx (2dy) = -2 f yo xx (2dy) (E5) 

-0.75 L J J 

Homogeneous cross section: Substituting Equation (E3) into Equation (E5) and integrating, we obtain the equivalent internal moment. 
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M 7 = -2 



\j° J5 y(-l.6yksi)(2dy)j= 6.4- 



= 6.4 



0.75' 



(E6) 



ANS. M z = 0.9 in. -kips 
Laminated cross section: Substituting Equation (E4) into Equation (E5) and integrating, we obtain the equivalent internal moment. 



M z = -2[J " y(-1.6y)(2dy) + \' y(-6y)(2dy)j = 4 1.6 



+ 6^ 



ANS. 



(E7) 
M z = 2.64 in. -kips 



COMMENTS 

1. As this example demonstrates, although the strain varies linearly across the cross section, the stress may not. In this example we con- 
sidered material nonhomogeneity. In a similar manner we can consider other models, such as elastic-perfectly plastic model, or mate- 
rial models that have nonlinear stress-strain curves. 

2. Figure 6.11 shows the stress distribution on the surface. The symmetry of stresses about the center results in a zero axial force. 

1.2 ksi 

- 4.5 ksi 




1.2 ksi 







0.8 ksi 



^3 ksi 



Figure 6.11 Surface stress distributions in Example 6.4 for (a) homogeneous cross section; (b) laminated cross section. 

3. We can obtain the equivalent internal moment for a homogeneous cross section by replacing the triangular load by an equivalent load 
at the centroid of each triangle. We then find the equivalent moment, as shown in Figure 6.12. This approach is very intuitive. How- 
ever, as the stress distribution becomes more complex, such as in a laminated cross section, or for more complex cross-sectional 
shapes, this intuitive approach becomes very tedious. The generalization represented by Equation (6.1) and the resulting formula can 
then simplify the calculations. 



0.75 in 



0.75 in 





1.2 ksi 






X 1.2 X 2 X 0.75 = 0.9 
(b) 



M z = 2 X 0.5 X N = 0.9 in-kips 
(c) 



Figure 6.12 Statically equivalent internal moment in Example 6.4. 



4. The relationship between the internal moment and the external loads can be established by drawing the appropriate free-body diagram 
for a particular problem. The relationship between internal and external moments depends on the free-body diagram and is indepen- 
dent of the material homogeneity. 



PROBLEM SET 6.1 



6.1 The rigid plate that is welded to the two bars in Figure P6. 1 is rotated about the z axis, causing the two bars to bend. The normal strains in 
bars 1 and 2 were found to be s x = 2000 /in./in. and s 2 = -1500 //in./in. Determine the angle of rotation y/ . 

^y \\ Bar 2 

Jin 



Figure P6.1 



Barl 
- 48 in - 



H 
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6.2 Determine the location h in Figure P6.2 at which a third bar in Problem 6.1 must be placed so that there is no normal strain in the third 
bar. 



\>y 



Figure P6.2 



Bar 2 



Barl 
- 48 in - 



& 



4 in 



6.3 The two rigid plates that are welded to six bars in Figure P6.3 are rotated about the z axis, causing the six bars to bend. The normal strains in bars 
2 and 5 were found to be zero. What are the strains in the remaining bars? 



I 



Bar 3 



Bar 2 



Barb 



Figure P6.3 



■ % 



1.25° 



Bar 6 



Bar 5 



Bar 4/ 



%2^ 



15 mm 

25 mm 



-3.0m^h2.5mH 



6.4 The strains in bars 1 and 3 in Figure P6.4 were found to be s x = 800 ju and s 3 = 500 ju. Determine the strains in the remaining bars. 



25 mm 



A Barl 



C Bar 2 



B Bar 3 



D Bar 4/ 



Figure P6.4 



: / SO2.0° x >03.5° 
^3.0m^h2.5mH 



6.5 The rigid plate shown in Figure P6.5 was observed to rotate by 2° from the vertical plane due to the action of the external moment M e} 



and force P, and the normal strain in bar 1 was found to be s x = 2000 //in./in. Both bars have a cross-sectional area A 
of elasticity E = 30,000 ksi. Determine the applied moment M ext and force P. 

Bar 2 I 

T4in 

Figure P6.5 



in. and a modulus 




6.6 The rigid plate shown in Figure P6.6 was observed to rotate 1.25° from the vertical plane due to the action of the external moment M ext and 

the force P. All three bars have a cross-sectional area v4 = 100 mm 2 and a modulus of elasticity E = 200 GPa. If the strain in bar 2 was measured as 
zero, determine the external moment M ext and the force P. 



Figure P6.6 





< i n m > 






Bar 3 










Bar 2 


15 mm 


Barl / 




^ P 

25 mm 






w 





Wext 



6.7 The rigid plates BD and EF in Figure P6.7 were observed to rotate by 2° and 3.5° from the vertical plane in the direction of applied 
moments. All bars have a cross-sectional area of A = 125 mm 2 . Bars 1 and 3 are made of steel E s = 200 GPa, and bars 2 and 4 are made of alu- 
minum E al = 70 GPa. If the strains in bars 1 and 3 were found to be e l = 800 // and s 3 = 500 // determine the applied moment M 1 and M 2 and the 
forces P l and P 2 that act at the center of the rigid plates. 



25 mm 



A Barl 



C Bar 2 



B Bar 3 



Bar 4/ 



Figure P6.7 



^3.0m^h2.5mH 
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6.8 Three wooden beams are glued to form a beam with the cross-section shown in Figure 6.8. The normal strain due to bending about the z 
axis is s xx = -0.0 12y, where y is measured in meters. The modulus of elasticity of wood is 10 GPa. Determine the equivalent internal moment 
acting at the cross-section. Use t w =20 mm, h =250 mm, t F = 20 mm, and d= 125 mm. 



Figure P6.8 




6.9 Three wooden beams are glued to form a beam with the cross-section shown in Figure 6.8. The normal strain at the cross due to bending 
about the z axis is s xx = -0.01 5y, where y is measured in meters. The modulus of elasticity of wood is 10 GPa. Determine the equivalent inter- 
nal moment acting at the cross-section. Use t w =10 mm, h =50 mm, t F = 10 mm, and d= 25 mm. 



6.10 Three wooden beams are glued to form a beam with the cross-section shown in Figure 6.8. The normal strain at the cross due to bend- 
ing about the z axis is s xx = 0.02y, where y is measured in meters. The modulus of elasticity of wood is 10 GPa. Determine the equivalent inter- 
nal moment acting at the cross-section. Use t w =\5 mm, h =200 mm, t F = 20 mm, and d= 150 mm. 



6.11 Steel strips (E s = 30,000 ksi) are securely attached to wood (£^=2000 ksi) to form a beam with the cross section shown in Figure 
P6.ll. The normal strain at the cross section due to bending about the z axis is s xx = -lOOy //, where y is measured in inches. Determine the 

equivalent internal moment M z . Use d = 2 in., h w =4 in., and h s = - in. 




Figure P6.ll 



h^ 



6.12 Steel strips (E s = 30,000 ksi) are securely attached to wood {E w = 2000 ksi) to form a beam with the cross section shown in Figure 
P6.ll . The normal strain at the cross section due to bending about the z axis is e xx = -50y ju, where y is measured in inches. Determine the 

equivalent internal moment M z . Use d= 1 in., h w =6 in., and h s = - in. 



6.13 Steel strips (E s = 30,000 ksi) are securely attached to wood {E w = 2000 ksi) to form a beam with the cross section shown in Figure 
P6.ll . The normal strain at the cross section due to bending about the z axis is s xx = 200y //, where y is measured in inches. Determine the equiva- 
lent internal moment M z . Use d=lin.,h w =2in., and h s = — in. 
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6.14 Steel strips (E s = 200 GPa) are securely attached to wood (E w =10 GPa) to form a beam with the cross section shown in Figure P6. 14. 
The normal strain at the cross section due to bending about the z axis is s xx = 0.02y, where y is measured in meters. Determine the equivalent 



internal moment M .Use t w =\5 mm, h w =200 mm, t F = 20 mm, and d F = 150 mm. 



Figure P6.14 




Stretch Yourself 

6.15 A beam of rectangular cross section shown in Figure 6. 1 5 is made from elastic -perfectly plastic material. If the stress distribution across 
the cross section is as shown determine the equivalent internal bending moment. 

A y 30 ksi 



z 



4 -far — — — 



Figure P6.15 



0.5 in 



30 ksi 



6.16 A rectangular beam cross section has the dimensions shown in Figure 6.16. The normal strain due to bending about the z axis was 
found to vary as e xx = -0.0 lj , with y measured in meters. Determine the equivalent internal moment that produced the given state of strain. 

The beam is made from elastic-perfectly plastic material that has a yield stress of a yield = 250 MPa and a modulus of elasticity E = 200 GPa. 
Assume material that the behaves in a similar manner in tension and compression (see Problem 3.152) 



100 mm 



Figure P6.16 



y 

100 mm 



150 mm 



150 mm 



6.17 A rectangular beam cross section has the dimensions shown in Figure 6.16. The normal strain due to bending about the z axis was 
found to vary as e xx = -0.0 lj , with y measured in meters. Determine the equivalent internal moment that would produce the given strain. 

The beam is made from a bi-linear material that has a yield stress of <r yield = 200 MPa, modulus of elasticity E l = 250 GPa, and E 2 = 80 GPa. 
Assume that the material behaves in a similar manner in tension and compression (see Problem 3.153). 



6.18 A rectangular beam cross section has the dimensions shown in Figure 6.16. The normal strain due to bending about the z axis was 
found to vary as e xx = -0.0 \y , with y measured in meters. Determine the equivalent internal moment that would produce the given strain. 



The beam material has a stress strain relationship given by a = 952 s 
and compression (see Problem 3.154). 



MPa . Assume that the material behaves in a similar manner in tension 
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6.2 THEORY OF SYMMETRIC BEAM BENDING 



In this section we develop formulas for beam deformation and stress. We follow the procedure in Section 6.1 with variables in 
place of numbers. The theory will be subject to the following limitations: 

1. The length of the member is significantly greater than the greatest dimension in the cross section. 

2. We are away from the regions of stress concentration; 

3. The variation of external loads or changes in the cross-sectional areas are gradual except in regions of stress concen- 
tration. 

4. The cross section has a plane of symmetry. This limitation separates bending about the z axis from bending about the 
y axis. (See Problem 6.135 for unsymmetric bending.) 

5. The loads are in the plane of symmetry. Load P x in Figure 6.13 would bend the beam as well as twist (rotate) the cross sec- 
tion. Load P 2 , which lies in the plane of symmetry, will cause only bending. Thus, this limitation decouples the bending prob- 
lem from the torsion problem 1 . 

6. The load direction does not change with deformation. This limitation is required to obtain a linear theory and works well 
as long as the deformations are small. 

7. The external loads are not functions of time; that is, we have a static problem. (See Problems 7.50 and 7.51 for 
dynamic problems.) 



Figure 6.13 Loading in plane of symmetry. 




Pi 

Bending only 




5 Bending and torsion 



Figure 6.14 shows a segment of a beam with the x-y plane as the plane of symmetry. The beam is loaded by transverse 
forces P x and P 2 in the y direction, moments M x and M 2 about the z axis, and a transverse distributed force/? (x). The distrib- 
uted force p (x) has units of force per unit length and is considered positive in the positive y direction. Because of external 
loads, a line on the beam deflects by v in the y direction. 

The objectives of the derivation are: 

1. To obtain a formula for bending normal stress cr xx and bending shear stress r in terms of the internal moment M z and 
the internal shear force V 

2. To obtain a formula for calculating the beam deflection v(x). 



Figure 6.14 Beam segment. 




dx 



lr The separation of torsion from bending requires that the load pass through the shear center, which always lies on the axis of symmetry. 
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To account for the gradual variation of p (x) and the cross-sectional dimensions, we will take Ax = x 2 - x l as infinitesimal 
distance in which these quantities can be treated as constants. The logic shown in Figure 6.15 and discussed in Section 3.2 
will be used to develop the simplest theory for the bending of beams. Assumptions will be identified as we move from one 
step to the next. The assumptions identified as we move from each step are also points at which complexities can later be 
added, as discussed in examples and Stretch Yourself problems. 




Figure 6.15 Logic in mechanics of materials. 

6.2.1 Kinematics 



In Example 6.1 we found the normal strains in bars welded to rigid plates rotating about the z axis. Here we state assumptions 
that will let us simulate the behavior of a cross section like that of the rigid plate. We will consider the experimental evidence 
justifying our assumptions and the impact of these assumptions on the theory. 

Assumption 1 : Squashing — that is, dimensional changes in the y direction — is significantly smaller than bending. 

Assumption 2: Plane sections before deformation remain planes after deformation. 

Assumption 3 : Plane sections perpendicular to the beam axis remain nearly perpendicular after deformation. 

Figure 6.16 shows a rubber beam with a grid on its surface that is bent by hand. Notice that the dimensional changes in 
the y direction are significantly smaller than those in the x direction, the basis of Assumption 1 . The longer the beam, the bet- 
ter is the validity of Assumption 1. Neglecting dimensional changes in thej direction implies that the normal strain in they 
direction is small 2 and can be neglected in the kinematic calculations; that is, s yy = ckldy « 0. This implies that deflection of 
the beam v cannot be a function of y: 

v = v(jc) (6.3) 

Equation (6.3) implies that if we know the curve of one longitudinal line on the beam, then we know how all other longi- 
tudinal lines on the beam bend. The curve described by v(x), called the elastic curve, will be discussed in detail in the next 
chapter. 



2 It is accounted for as the Poisson effect. However the normal strain in they direction is not an independent variable and hence is negligible in kinematics. 
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Figure 6.16 Deformation in bending. (Courtesy Professor J. B. Ligon.) 

Figure 6.16 shows that lines initially in the jy direction continue to remain straight but rotate about the z axis, validating 
Assumption 2. This implies that the displacement u varies linearly, as shown in Figure 6.17. In other words, the equation for u 
is 

u = u - y/y (6.4) 

where u is the axial displacement aty = and ^is the slope of the plane. (We accounted for uniform axial displacement u in 
Chapter 4.) In order to study each problem independently, we will assume u = 0. (See Problem 6.133 for u ^ .) 




Figure 6.17 Linear variation of axial displacement u. 

Figure 6.16 also shows that the right angle between the x and v directions is nearly preserved during bending, validating 
Assumption 3. This implies that the shear strain y is nearly zero. We cannot use this assumption in building theoretical mod- 
els of beam bending if shear is important, such as in sandwich beams (see comment 3 in Example 6.7) and Timoshenko beams 
(see Problem 7.49). But Assumption 3 helps simplify the theory as it eliminates the variable ^by imposing the constraint that 
the angle between the longitudinal direction and the cross section be always 90°. This is accomplished by relating y/to v as 
described next. 

6.2.2 Strain Distribution 



Assumption 4: Strains are small. 



The bending curve is defined by v(x). As shown in Figure 6.14, the angle of the tangent to the curve v(x) is equal to the 
rotation of the cross section when Assumption 3 is valid. For small strains, the tangent of an angle can be replaced by the 
angle itself, that is, tan y/& y/= dv/dx. Substituting ^and u = in Equation (6.4), we obtain 






(6.5) 



Figure 6.18 shows the exaggerated deformed shape of a segment of the beam. The rotation of the right cross section is 
taken relative to the left. Thus, the left cross section is viewed as a fixed wall, as in Examples 6.1 and 6.2. We assume that line 
CD representing y = has zero bending normal strain. The calculations of Example 6.2 show that the bending normal strain 
for line AB is given by 
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£rr 



y 

R 



(6.6a) 




Figure 6.18 Normal strain calculations in symmetric bending. 



We can also obtain the equation of bending normal strain by substituting Equation (6.5) into Equation (2.12a) to obtain 



du 
* ~ 8x 


d ( dv, ^ 

= —\-y—(x)\ or 

aA dx y v 


&xx ~ 


d v. x 
dx 





(6.6b) 



Equations 6.6a and 6.6b show that the bending normal strain s xx varies linearly withy and has a maximum value at either the 

top or the bottom of the beam. d 2 y/dx 2 is the curvature of the beam, and its magnitude is equal to l/R, where R is the radius 
of curvature. 

6.2.3 Material Model 



In order to develop a simple theory for the bending of symmetric beams, we shall use the material model given by Hooke's 
law. We therefore make the following assumptions regarding the material behavior. 

Assumption 5: The material is isotropic. 
Assumption 6: The material is linearly elastic. 3 
Assumption 7: There are no inelastic strains. 4 



Substituting Equation (6.6b) into Hooke's law <j xx - Es xx , we obtain 

r, d v 

°xx = ~ E y— 2 

dx 



(6.7) 



Though the strain is a linear function of j/, we cannot say the same for stress. The modulus of elasticity E could change across 
the cross section, as in laminated structures. 

6.2.4 Location of Neutral Axis 



Equation (6.7) shows that the stress o xx is a function of j;, and its value must be zero atj = 0. That is, the origin ofy must be at 
the neutral axis. But where is the neutral axis on the cross section? Section 6.1.1 noted that the distribution of <j xx is such that 

the total tensile force equals the total compressive force on a cross section, given by Equation (6.2). d 2 v/dx 2 is a function of x 
only, whereas the integration is with respect toy and z (dA = dy dz). Substituting Equation (6.7) into Equation (6.2), we obtain 



3 See Problems 6.57 and 6.58 for nonlinear material behavior. 

4 Inelastic strains could be due to temperature, humidity, plasticity, viscoelasticity, etc. See Problem 6.134 for including thermal strains. 
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d v, v 7 j d v, 



-J Ey— 2 (x) dA = -— 2 (x)\ Ey dA = 

* a dx dx J A 



(6.8a) 



The integral in Equation (6.8a) must be zero as shown in Equation (6.8b), because a zero value of d 2 v/dx 2 would imply that 
there is no bending. 



j yE dA = 



(6.8b) 



Equation (6.8b) is used for determining the origin (and thus the neutral axis) in composite beams. Consistent with the motiva- 
tion of developing the simplest possible formulas, we would like to take E outside the integral. In other words, E should not 
change across the cross section, as implied in Assumption 8: 

Assumption 8: The material is homogeneous across the cross section 5 of a beam. 



Equation (6.8b) can be written as 



E\ y dA = 

J A 

In Equation (6.8c) either E or \ y dA must be zero. As E cannot be zero, we obtain 



(6.8c) 



\ y dA = 



(6.9) 



Equation (6.9) is satisfied if y is measured from the centroid of the cross section. That is, the origin must be at the centroid of 
the cross section of a linear, elastic, isotropic, and homogeneous material. Equation (6.9) is the same as Equation (4.12a) in axial 
members. However, in axial problems we required that the internal bending moment that generated Equation (4. 12a) be zero. Here 
it is zero axial force that generates Equation (6.9). Thus by choosing the origin to be the centroid, we decouple the axial problem 
from the bending problem. 

From Equations (6.7) and (6.9) two conclusion follow for cross sections constructed from linear, elastic, isotropic, and 
homogeneous material: 

• The bending normal stress <j xx varies linearly with jy. 

• The bending normal stress <j xx has maximum value at the point farthest from the centroid of the cross section. 

The point farthest from the centroid is the top surface or the bottom surface of the beam. Example 6.5 demonstrates the use of 
our observations. 

EXAMPLE 6.5 

The maximum bending normal strain on a homogeneous steel (E = 30,000 ksi) cross section shown in Figure 6.19 was found to be s xx = 
+1000 /j. Determine the bending normal stress at point A. 



\<C\ 16hv- 

\\\ A 

4 lc 



==l ^= 1 in. 



10 in. 



Figure 6.19 T cross section in Example 6.5. 



1.5 in. 



5 See Problems 6.55 and 6.56 on composite beams for nonhomogeneous cross sections. 



August 2012 



M. Vable 



Mechanics of Materials: Symmetric Bending of Beams 



269 



PLAN 

The centroid C of the cross section can be found where the bending normal stress is zero. The maximum bending normal stress will be at 
the point farthest from the centroid. Its value can be found from the given strain and Hooke's law. Knowing the normal stress at two 
points of a linear distribution, we can find the normal stress at point A. 



SOLUTION 

Figure 6.20a can be used to find the centroid tj c of the cross section. 



Mc 



1.4 



(5 in.)(10 in.)(1.5 in.) + (10.5 in.)(16 in.)(l in.) 
(10in.)(1.5 in.) + (16in.)(l in.) 



7.84 in. 



The maximum bending normal stress will be at point B, which is farthest from centroid, and its value can be found as 

a B = Ee max = (30,000 ksi)(1000)(10" 6 ) = 30 ksi 



(a) 



y/\ 



z 



(b) 



2.16 in. 



Figure 6.20 (a) Centroid location (b) Linear stress distribution. 






B 



7.84 in. 

]_ 




(El) 



(E2) 



^ CT a 



The linear distribution of bending normal stress across the cross section can be drawn as shown in Figure 6.20b. By similar triangles we 
obtain 



30 ksi 



2.16 in. 7.84 in. 



ANS. 



(E3) 

8.27 ksi (C) 



COMMENT 



1. The stress distribution in Figure 6.20b can be represented as cr xx = -3. Sly ksi. The equivalent internal moment can be found using 
Equation (6.1). 



6.2.5 Flexure Formulas 



Note that d 2 \/dx 2 is a function of x only, while integration is with respect to y and z (dA = dy dz). Substituting <j xx from Equa- 
tion (6.8b) into Equation (6.1), we therefore obtain 



Mr 



\ Ey 

J A 



d v 

'A dx^ dx "A 



2 d V 

2 



dA 



d v r „ 2 



dA 



(6.10) 



With material homogeneity (Assumption 8), we can take E outside the integral in Equation (6.10) to obtain 



M 7 



E — - \ y dA or 
dx J A 




(6.11) 



where I zz = [ y 1 dA is the second area moment of inertia about the z axis passing through the centroid of the cross section. 

The quantity EI ZZ is called the bending rigidity of a beam cross section. The higher the value ofEI zz , the smaller will be the 
deformation (curvature) of the beam; that is, the beam rigidity increase. A beam can be made more rigid either by choosing a 
stiffer material (a higher value of E) or by choosing a cross sectional shape that has a large area moment of inertia (see Exam- 
ple 6.7). 
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Solving for d 2 v/dx 2 in Equation (6.11) and substituting into Equation (6.7), we obtain the bending stress formula or flex- 
ure stress formula: 



M z y 

"77 



(6.12) 



The subscript z emphasizes that the bending occurs about the z axis. If bending occurs about the jy axis, thenj and z in 
Equation (6.12) are interchanged, as elaborated in Section 10.1 on combined loading. 

6.2.6 Sign Conventions for Internal Moment and Shear Force 



Equation (6.1) allowed us to replace the normal stress <j xx by a statically equivalent internal bending moment. The normal 
stress <j xx is positive on two surfaces; hence the equivalent internal bending moment is positive on two surfaces, as shown in 
Figure 6.21. If we want the formulas to give the correct signs, then we must follow a sign convention for the internal moment 
when we draw a free body diagram: At the imaginary cut the internal bending moment must be drawn in the positive direc- 
tion. 

Sign Convention: The direction of positive internal moment M z on a free-body diagram must be such that it puts a 
point in the positive y direction into compression. 

k y Compressive a xx 



Figure 6.21 Sign convention for internal bending moment M z 




„y 


+M Z 










(b) 



M z may be found in either of two possible ways as described next (see also Example 6.8). 

1. In one method, on a free-body diagram M z is always drawn according to the sign convention. The equilibrium equa- 
tion is then used to get a positive or negative value for M z . Positive values of stress <j xx from Equation (6.12) are ten- 
sile, and negative values of <j xx are compressive. 

2. Alternatively, M z is drawn at the imaginary cut in a direction that equilibrates the external loads. Since inspection is 
being used in determining the direction of M z , Equation (6.12) can determine only the magnitude. The tensile and 
compressive nature of <j xx must be determined by inspection. 

Figure 6.22 shows a cantilever beam loaded with a transverse force P. An imaginary cut is made at section AA, and a free- 
body diagram is drawn. For equilibrium it is clear that we need an internal shear force V, which is possible only if there is a 
nonzero shear stress r xy . By Hooke's law this implies that the shear strain y cannot be zero. Assumption 3 implied that shear 
strain was small but not zero. In beam bending, a check on the validity of the analysis is to compare the maximum shear stress 
t to the maximum normal stress <j xx for the entire beam. If the two stress components are comparable, then the shear strain 
cannot be neglected in kinematic considerations, and our theory is not valid. 

• The maximum normal stress <j xx in the beam should be nearly an order of magnitude greater than the maximum shear stress 



T„„ 



V,A 



Figure 6.22 Internal forces and moment necessary for equilibrium. 



Clt 



M 7 \A 
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The internal shear force is defined as 



r xy dA 



(6.13) 



In Section 1 .3 we studied the use of subscripts to determine the direction of a stress component, which we can now use to 
determine the positive direction of t . According to this second sign convention, the equivalent shear force V y is in the same 
direction as the shear stress r . 



> v y Positive t. 




+ t„ 



Figure 6.23 Sign convention for internal shear force V . 

(a) (b) 

Sign Convention: The direction of positive internal shear force V y on a free-body diagram is in the direction of the pos- 
itive shear stress on the surface. 6 
Figure 6.23 shows the positive direction for the internal shear force V y . The sign conventions for the internal bending moment 
and the internal shear force are tied to the coordinate system because the sign convention for stresses is tied to the coordinate 
system. But we are free to choose the directions for our coordinate system. Example 6.6 elaborates this comment further. 

EXAMPLE 6.6 

Figure 6.24 shows a beam and loading in three different coordinate systems. Determine for the three cases the internal shear force and 
bending moment at a section 36 in. from the free end using the sign conventions described in Figures 6.21 and 6.23. 



h 



10 kips 



- 36 in - 



10 kips 



- 36 in - 



10 kips 



t 



- 36 in - 



Case 1 
Figure 6.24 Example 6.6 on sign convention. 



Case 2 



Case 3 



PLAN 

We make an imaginary cut at 36 in. from the free end and take the right-hand part in drawing the free-body diagram. We draw the shear 
force and bending moment for each of the three cases as per our sign convention. By writing equilibrium equations we obtain the values 
of the shear force and the bending moment. 



SOLUTION 

We draw three rectangles and the coordinate axes corresponding to each of the three cases, as shown in Figure 6.25. Points is on the sur- 
face that has an outward normal in the positive x direction, and hence the force will be in the positive y direction to produce a positive 
shear stress. Point B is on the surface that has an outward normal in the negative x direction, and hence the force will be in the negative y 
direction to produce a positive shear stress. Point C is on the surface where the y coordinate is positive. The moment direction is shown 
to put this surface into compression. 



6 Some mechanics of materials books use an opposite direction for a positive shear force. This is possible because Equation (6.13) is a definition, and a minus 
sign can be incorporated into the definition. Unfortunately positive shear force and positive shear stress are then opposite in direction, causing problems with 
intuitive understanding. 
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1 — ►; 



m '(\ \b c a\ \^m z m^| 



rx X -< — I 



B c A 



A c B 



\) 



M- 



y y 

Case 3 



T y T y T y T y 

Case 1 Case 2 

Figure 6.25 Positive shear forces and bending moments in Example 6.6. 

Figure 6.26 shows the free body diagram for the three cases with the shear forces and bending moments drawn on the imaginary cut as 
shown in Figure 6.25. By equilibrium of forces in the y direction we obtain the shear force values. By equilibrium of moment about point O 
we obtain the bending moments for each of the three cases as shown in Table 6.1. 
TABLE 6. 1 Results for Example 6.6. 



10 kips I 



10 kips I 



10 kips 



Case 1 



Case 2 



Case 3 



F y = -10kips 

M z = -360 in. • kips M z = 360 in. • kips 



F y =10kips 



F y = -10kips 
M z = 360 in. -kips 



"<\ 



\0 



V v h - 36 in — H 
Case 1 



M *{\\0 



M 



V v h~~ 36 in — H 
Case 2 



ci 



\0 



yJ-«— 36 in— H 
Case 3 



Figure 6.26 Free-body diagrams in Example 6.6. 



COMMENTS 

1. In Figure 6.26 we drew the shear force and bending moment directions without consideration of the external force of 10 kips. The 
equilibrium equations then gave us the correct signs. When we substitute these internal quantities, with the proper signs, into the 
respective stress formulas, we will obtain the correct signs for the stresses. 

2. Suppose we draw the shear force and the bending moment in a direction such that it satisfies equilibrium. Then we shall always obtain 
positive values for the shear force and the bending moment, irrespective of the coordinate system. In such cases the sign for the 
stresses will have to be determined intuitively, and the stress formulas should be used only for the magnitude. To reap the benefit of 
both approaches, the internal quantities should be drawn using the sign convention, and the answers should be checked intuitively. 

3. All three cases show that the shear force acts upward and the bending moment is counterclockwise, which are the directions for equilibrium. 

EXAMPLE 6.7 

The two square beam cross sections shown in Figure 6.27 have the same material cross-sectional area A. Show that the hollow cross sec- 
tion has a higher area moment of inertia about the z axis than the solid cross section. 



\^<*H^\ 



% 



Figure 6.27 Cross sections in Example 6.7. 



J' 



-%- 



IClr 



\ \ 




m)> 






~< — 1 








z 


— - 


< 2a H 



T 

a H 



PLAN 

We can find dimensions a s and % in terms of the cross-sectional area A Then we can find the area moments of inertia in terms of A and compare. 



SOLUTION 

The dimensions a s and a H in terms of area can be found as 



<*s = A 



Ja 



and 



A H = (2a H f-a 2 H = 3a 2 H = A 



JA/3 



(El) 



Let I s and /^represent the area moments of inertia about the z axis for the solid cross section and the hollow cross section, respectively. 

(E2) 



We can find I s and I H in terms of area A as 



i l 3 
Dividing I H by I s we obtain 



\2 A 



and 



r l n wo x3 1 3 15 4 15(A) 2 5 .2 

H = Y^( 2a H)( 2 a H ) ~^a H a H = —a H = — (jj = — A 



36 



1.677 



(E3) 



ANS. As I H > I s the area moment of inertia for the hollow beam is greater than that of the solid beam for the same amount of material. 
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COMMENTS 

1. The hollow cross section has a higher area moment of inertia for the same cross-sectional area. From Equations (6.11) and (6.12) this 
implies that the hollow cross section will have lower stresses and deformation. Alternatively, a hollow cross section will require less 
material (and be lighter in weight) giving the same area moment of inertia. This observation plays a major role in the design of beam 
shapes. Figure 6.28 shows some typical steel beam cross sections used in structures. Notice that in each case material from the region 
near the centroid is removed. Cross sections so created are thin near the centroid. This thin region near the centroid is called the web, 
while the wide material near the top or bottom is referred to as the flange. Section C.6 in Appendix has tables showing the geometric 
properties of some structural steel members. 



Figure 6.28 Metal beam cross sections. 
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£ 



Flange 



Flange 



We know that the bending normal stress is zero at the centroid and maximum at the top or bottom surfaces. We take material near the 
centroid, where it is not severely stressed, and move it to the top or bottom surface, where stress is maximum. In this way, we use 
material where it does the most good in terms of carrying load. This phenomenological explanation is an alternative explanation for 
the design of the cross sections shown in Figure 6.28. It is also the motivation in design of sandwich beams, in which two stiff panels 
are separated by softer and lighter core material. Sandwich beams are common in the design of lightweight structures such as aircrafts 
and boats. 
Wooden beams are usually rectangular as machining costs do not offset the saving in weight. 



EXAMPLE 6.8 

An SI 80 x 30 steel beam is loaded and supported as shown in Figure 6.29. Determine: (a) The bending normal stress at a points that 
is 20 mm above the bottom of the beam, (b) The maximum compressive bending normal stress in a section 0.5 m from the left end. 

20 kN/m 



27kN-m 



Figure 6.29 Beam in Example 6.8. 




lm 2.0 m 



2.5 m 



lm 



PLAN 

From Section C.6 we can find the cross section, the centroid, and the moment of inertia. Using free body diagram for the entire beam, we 
can find the reaction force at B. Making an imaginary cut through A and drawing the free body diagram, we can determine the internal 
moment. Using Equation (6.12) we determine the bending normal stress at points and the maximum bending normal stress in the sec- 
tion. 



SOLUTION 

From Section C.6 we obtain the cross section of SI 80 x 30 shown in Figure 6.30a and the area moment of inertia: 



(a) 



T 



A 



1 




il= 



20 mm 



Figure 6.30 (a) SI 80 x 30 cross section in Example 6.8. (b) Intensity of distributed force at points in Example 6.8 

I zx = 17.65(10 6 ) mm 4 (El) 

The coordinates of points can be found from Figure 6.30a, as shown in Equation (E2). The maximum bending normal stress will occur 
at the top or at the bottom of the cross section.The >> coordinates are 



yi 



178 mm 



20 mm 



-69 mm 



3'lt 



178 mm 



+89 mm 



(E2) 



~ v "Oiix, " -" "-"•" J max — _ 

We draw the free-body diagram of the entire beam with distributed load replaced by a statically equivalent load placed at the centroid of 
the load as shown in Figure 6.3 la. By equilibrium of moment about point D we obtain R B 

R B (5.5 m) - (27 kN • m) - (45 kN) (2.5 m) = or R B = 25.36 kN (E3) 
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(a) 



27kN-m 



■\ X 20 X 4.5 = 45 kN (b) 

1 27kN-m 




p A X2 = 8.89 kN 

_j 



h 



tv* 



(c) 27kN-m M 05 

C!=!t'j 



-0.5 m- 



-2m- 



IV4 



tf 5 = 25.36 kN 

Figure 6.31 Free-body diagrams in Example 6.8 for (a) entire beam (b) calculation of M A (c) calculation of M 5 . 
Figure 6.3 Ob shows the variation of distributed load. The intensity of the distributed load acting on the beam at points can be found 
from similar triangles, 

Pa = 20 kN/m 
2m 



or p A = 8.89 kN/m 



(E4) 



4.5 m 

We make an imaginary cut through point A in Figure 6.29 and draw the internal bending moment and the shear force using our sign con- 
vention. We also replace that portion of the distributed load acting at left of A by an equivalent force to obtain the free-body diagram 
shown in Figure 6.31b. By equilibrium of moment at points we obtain the internal moment. 



M A + (27 kN • m) - (25.36 kN)(2 m) + (8.89 kN)l | m J = 

(a) Using Equations (6.12) we obtain the bending normal stress at point A. 

= M A y A = [17.8(10 3 ) N • m][-69(10" 3 ) m] = 
4z 17.65 (10" 6 )m 4 



M A 



17.8 kN-m 



69.6(10 6 )N/m 2 



(E5) 



(E6) 



ANS. 



7 A = 69.6 MPa (T) 

(b) We make an imaginary cut at 0.5 m from the left, draw the internal bending moment and the shear force using our sign convention to 
obtain the free body diagram shown in Figure 6.30c. By equilibrium of moment we obtain 



M n 



-27 kN • m 



The maximum compressive bending normal stress will be at the bottom of the beam, where y : 
lated as 

-[27(10 3 )N-m][-89(10" 3 )m] 



17.65(10 6 )m 4 



(E7) 
>.9 (10~ 3 ) m. Its value can be calcu- 

(E8) 
ANS. g 05 = 136.1 MPa (C) 



COMMENT 

1. For an intuitive check on the answer, we can draw an approximate deformed shape of the beam, as shown in Figure 6.32. We start by 
drawing the approximate shape of the bottom surface (or the top surface). At the left end the beam deflects downward owing to the 
applied moment. At the support point B the deflection must be zero. Since the slope of the beam must be continuous (otherwise a cor- 
ner will be formed), the beam has to deflect upward as one crosses B. Now the externally distributed load pushes the beam downward. 
Eventually the beam will deflect downward, and finally it must have zero deflection at the support point D. The top surface is drawn 
parallel the bottom surface. 

Tension 




Figure 6.32 Approximate deformed shape of beam in Example 6.< 

- Tension 

2. By inspection of Figure 6.32 we see that points is in the region where the bottom surface is in tension and the top surface in compres- 
sion. If point A were closer to the inflection point, then we would have greater difficulty in assessing the situation. This once more 
emphasizes that intuitive checks are valuable but their conclusions must be viewed with caution. 



1. 

2. 


Consolidate your 

Identity five examples of beams from your daily life. 
With the book closed, derive Equations (6.11) and (6.12), 


knowledge 

Isting all the assumptions as 


you go 


along. 
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MoM in Action: Suspension Bridges 

The Golden Gate Bridge (Figure 6.33a) opened May 27, 1937, spanning the opening of San Francisco Bay. More 
than 100,000 vehicles cross it every day, and more than 9 million visitors come to see it each year. The first bridge to span 
the Tacoma Narrows, between the Olympic peninsula and the Washington State mainland, opened just three years later, 
on July 1, 1940. It quickly acquired the name Galloping Gertie (Figure 6.33Z?) for its vertical undulations and twisting of 
the bridge deck in even moderate winds. Four months later, on November 7, it fell. The two suspension bridges, one 
famous, the other infamous, are a story of pushing design limits to cut cost. 

Bridges today frequently have spans of up to 7000 ft and high clearances, for large ships to pass through. But sus- 
pension bridges are as old as the vine and rope bridges (Figure 6.33c) used across the world to ford rivers and canyons. 
Simply walking on rope bridges can cause them to sway, which can be fun for a child on a playground but can make a 
traveler very uncomfortable crossing a deep canyon. In India in the 4th century C.E., cables were introduced - first of 
plaited bamboo and later iron chains - to increase rigidity and decrease swaying. But the modern form, in which a road- 
way is suspended by cables, came about in the early nineteenth century in England, France, and America to bridge naviga- 
ble streams. Still, early bridges were susceptible to stability and strength failures from wind, snow, and droves of cattle. 
John Augustus Roebling solved the problem, first in bridging Niagara Falls Gorge and again with his masterpiece — the 
Brooklyn Bridge, completed in 1883. Roebling increased rigidity and strength by adding on either side, a truss underneath 
the roadway. 




Figure 6.33 Suspension bridges: (a) Golden Gate (Courtesy Mr. Rich Niewiroski Jr.); (b) Galloping Gertie collapse; (c) Inca's rope 
bridge 

Clearly engineers have long been aware of the impact of wind and traffic loads on the strength and motion of 
suspension bridges. Galloping Gertie was strong enough to withstanding bending stresses from winds of 120 mph. 
However, the cost of public works is always a serious consideration, and in case of Galloping Gertie it led to design 
decisions with disastrous consequences. The six-lane Golden Gate Bridge is 90 feet wide, has a bridge-deck depth of 25 
feet and a center-span length to width ratio of 47:1. Galloping Gertie's two lanes were only 27 feet wide, a bridge-deck 
depth of only 8 feet, and center-span length to width ratio of 72:1. Thus, the bending rigidity {EI) and torsional rigidity 
(GJ) per unit length of Galloping Gertie were significantly less than the Golden Gate bridge. To further save on 
construction costs, the roadway was supported by solid I-beam girders, which unlike the open lattice of Golden Gate did 
not allow wind to pass through it but rather over and under it — that is, the roadway behaved like a wing of a plane. The 
bridge collapsed in a wind of 42 mph, and torsional and bending rigidity played a critical role. 

There are two kinds of aerodynamic forces: lift, which makes planes rise into air, and drag, a dissipative force that 
helps bring the plane back to the ground. Drag and lift forces depend strongly on the wind direction relative to the 
structure. If the structure twists, then the relative angle of the wind changes. The structure's rigidity resists further 
deformation due to changes in torsional and bending loads. However, when winds reach the flutter speed, torsional and 
bending deformation couple, with forces and deformations feeding each other till the structure breaks. This aerodynamic 
instability, known as flutter, was not understood in bridge design in 1940. 

Today, wind-tunnel tests of bridge design are mandatory. A Tacoma Narrows Bridge with higher bending and tor- 
sional rigidity and an open lattice roadway support was built in 1950. Suspension bridges are as popular as ever. The Pearl 
Bridge built in 1998, linking Kobe, Japan, with Awaji-shima island has the world's longest center span at 6532 ft. Its mass 
dampers swing to counter earthquakes and wind. Galloping Gertie, however, will be remembered for the lesson it taught in 
design decisions that are penny wise but pound foolish. 
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PROBLEM SET 6.2 



Second area moments of inertia 



6.19 A solid and a hollow square beam have the same cross-sectional area A, as shown in Figure P6.19. Show that the ratio of the second 
area moment of inertia for the hollow beam I H to that of the solid beam I s is given by the equation below. 



h a #H 



a s 



Figure P6.19 



j- 



-a s - 



aa H 



P 3 



-aa H - 



T 

a H 



I H _ a + 1 



2 1 
a - 1 



6.20 Figure P6.20a shows four separate wooden strips that bend independently about the neutral axis passing through the centroid of each 
strip. Figure 6.15/? shows the four strips glued together and bending as a unit about the centroid of the glued cross section, (a) Show that I G = 
\6I S , where I G is the area moment of inertia for the glued cross section and I s is the total area moment of inertia of the four separate beams, (b) 
Also show that <j g = cr s /4, where o G and <j s are the maximum bending normal stresses at any cross section for the glued and separate beams, 
respectively. 




Separate beams 



Figure P6.20 





Glued beams 




Neutral axis 

(b) 



6.21 The cross sections of the beams shown in Figure P6.21 is constructed from thin sheet metal of thickness t. Assume that the thickness 
t « a . Determine the second area moments of inertia about an axis passing through the centroid in terms of a and t. 



Figure P6.21 




6.22 The cross sections of the beams shown in Figure P6.22 is constructed from thin sheet metal of thickness t. Assume that the thickness 
t « a . Determine the second area moments of inertia about an axis passing through the centroid in terms of a and t. 



Figure P6.22 



6.23 The cross sections of the beams shown in Figure P6.23 is constructed from thin sheet metal of thickness t. Assume that the thickness 
t « a . Determine the second area moments of inertia about an axis passing through the centroid in terms of a and t. 



Figure P6.23 
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6.24 The same amount of material is used for constructing the cross sections shown in Figures P6.21, P6.22, and P6.23. Let the maximum 
bending normal stresses be cr T , <j s , and o c for the triangular, square, and circular cross sections, respectively. For the same moment-carrying 
capability determine the proportional ratio of the maximum bending normal stresses; that is, cr T : <j s : <j c What is the proportional ratio of the 
section moduli? 



Normal stress and strain variations across a cross section 

6.25 Due to bending about the z axis the normal strain at point A on the cross section shown in Figures P6.25 is s xx = 200 ju. The modulus of 
elasticity of the beam material is E = 8000 ksi. Determine the maximum tensile and compressive normal stress on the cross-section. 

H 4 in H 



Figure P6.25 



lin 



4 in 



lin 



6.26 Due to bending about the z axis the maximum bending normal stress on the cross section shown in Figures P6.26 was found to be 40 ksi 
(C). The modulus of elasticity of the beam material is E = 30,000 ksi. Determine (a) the bending normal strain at point A. (b) the maximum 
bending tensile stress. 



Figure P6.26 
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6.27 A composite beam cross section is shown in Figure 6.27. The bending normal strain at point A due to bending about the z axis was 
found to be s xx = -200 ju. The modulus of elasticity of the two materials are E l = 200 GPa, E 2 = 70 GPa. Determine the maximum bending stress 
in each of the two materials. 

h 50 mm H 



10 mm 



Figure P6.27 



10 mm 



50 mm 



;!10mm 



6.28 A composite beam cross section is shown in Figure 6.28. The bending normal strain at point A due to bending about the z axis was 
found to be s xx = 300 ju. The modulus of elasticity of the two materials are E x = 30,000 ksi, E 2 = 20,000 ksi. Determine the maximum bending 
stress in each of the two materials. 

h 4in H 



1.75 in 



Figure P6.28 
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6.29 The internal moment due to bending about the z axis, at a beam cross section shown in Figures P6.29 is M z = 20 in. -kips. Determine the 
bending normal stresses at points A, B, and D. 



-4in- 



z 
lin-*- 



lin 



1.5 in 
2.5 in 



Figure P6.29 
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2 in 



6.30 The internal moment due to bending about the z axis, at a beam cross section shown in Figures P6.30 is M z = 10 kN-m. Determine the 
bending normal stresses at points A, B, and D. 



H 50 mm - 



10 mm 



Figure P6.30 



' 10 mm 



50 mm 



' 10 mm 



6.31 The internal moment due to bending about the z axis, at a beam cross section shown in Figures P6.3 1 is M z = -12 kN-m. Determine the 
bending normal stresses at points A, B, and D. 

1 



Figure P6.31 
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Sign convention 

6.32 A beam and loading in three different coordinate systems is shown in Figures P6.32. Determine the internal shear force and bending 
moment at the section containing points for the three cases shown using the sign convention described in Section 6.2.6. 



5kN/m 



5kN/m 



5kN/m 



E 



Figure P6.32 
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0.5 m — HH — 0.5 m — - 
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6.33 A beam and loading in three different coordinate systems is shown in Figures P6.33. Determine the internal shear force and bending 
moment at the section containing points for the three cases shown using the sign convention described in Section 6.2.6. 
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Figure P6.33 
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6.34 A beam and loading in three different coordinate systems is shown in Figures P6.34. Determine the internal shear force and bending 
moment at the section containing points for the three cases shown using the sign convention described in Section 6.2.6. 



h-0.5] 



-JX^ 



•A x 



-0.5 m 4*" 0.5 m -J; 
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Figure P6.34 
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Sign of stress by inspection 



6.35 Draw an approximate deformed shape of the beam for the beam and loading shown in Figure P6.35. By inspection determine whether 
the bending normal stress is tensile or compressive at points A and B. 



Figure P6.35 



F 



H 



6.36 Draw an approximate deformed shape of the beam for the beam and loading shown in Figure P6.36. By inspection determine whether 
the bending normal stress is tensile or compressive at points A and B. 

A \ B 

Figure P6.36 m 



6.37 Draw an approximate deformed shape of the beam for the beam and loading shown in Figure P6.37. By inspection determine whether 
the bending normal stress is tensile or compressive at points A and B. 

P 
I A \ \ B 

Figure P6.37 -^= ^jz 



6.38 Draw an approximate deformed shape of the beam for the beam and loading shown in Figure P6.38. By inspection determine whether 
the bending normal stress is tensile or compressive at points A and B. 

A \ \ 



Figure P6.38 



t 



■331- 



6.39 Draw an approximate deformed shape of the beam for the beam and loading shown in Figure P6.39. By inspection determine whether 
the bending normal stress is tensile or compressive at points A and B. 

\ \ \ A 



Figure P6.39 



6.40 Draw an approximate deformed shape of the beam for the beam and loading shown in Figure P6.40. By inspection determine whether 
the bending normal stress is tensile or compressive at points A and B. 



Figure P6.40 



B^ 






Bending normal stress and strain calculations 



6.41 A W150 x 24 steel beam is simply supported over a length of 4 m and supports a distributed load of 2 kN/m. At the midsection of the 
beam, determine (a) the bending normal stress at a point 40 mm above the bottom surface; (b) the maximum bending normal stress. 



6.42 A W10 x 30 steel beam is simply supported over a length of 10 ft and supports a distributed load of 1.5 kips/ft. At the midsection of the 
beam, determine (a) the bending normal stress at a point 3 in below the top surface; (b) the maximum bending normal stress. 
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6.43 An S 12 x 35 steel cantilever beam has a length of 20 ft. At the free end a force of 3 kips acts downward. At the section near the built-in 
end, determine (a) the bending normal stress at a point 2 in above the bottom surface; (b) the maximum bending normal stress. 



6.44 An S250 x 52 steel cantilever beam has a length of 5 m. At the free end a force of 15 kN acts downward. At the section near the built- 
in end, determine (a) the bending normal stress at a point 30 mm below the top surface; (b) the maximum bending normal stress. 



6.45 Determine the bending normal stress at point A and the maximum bending normal stress in the section containing point A for the beam 
and loading shown in Figure P6.45. 

500 lb/ft 
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Figure P6.45 
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6.46 Determine the bending normal stress at point A and the maximum bending normal stress in the section containing point A for the beam 
and loading shown in Figure P6.46. 
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Figure P6.46 
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6.47 Determine the bending normal stress at point A and the maximum bending normal stress in the section containing point A for the beam 
and loading shown in Figure P6.47. 

5kN/m 



is 



> 1 4 



- 3 m 4* 3 m 



Figure P6.47 
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6.48 A simply supported beam with its cross section is shown in Figure P6.48. The intensity of distributed load reaches a maximum value of 
5 kN/m. Determine the bending normal stress at points and the maximum bending normal stress in the section containing points. 

5kN/m 




L_50mm_J 
ky 



10 mm— >■ 



Figure P6.48 
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6.49 A cantilever beam with cross section is shown in Figure P6.49. The distributed load reaches its maximum intensity of 300 lb/in. Deter- 
mine the bending normal stress at point A and the maximum bending normal stress in the section containing point A for the beam and loading 
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Figure P6.49 
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6.50 Determine the bending normal stress at point A and the maximum bending normal stress in the section containing point A for the beam 
and loading shown in Figure P6.50. 

iy h — 4 in — H 



lOin-kips 



2 kips 



^ 



Figure P6.50 
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6.51 A wooden rectangular beam (£=10 GPa), its loading, and its cross section are as shown in Figure P6.51. If the distributed force 
w = 5 kN/m, determine the normal strain e xx at point A on the bottom of the beam. 



wkN/m 



Figure P6.51 
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6.52 A wooden rectangular beam {E = 10 GPa), its loading, and its cross section are as shown in Figure P6.51. The normal strain at point A 
was measured as s xx = -600 ju. Determine the distributed force w that is acting on the beam. 



6.53 A wooden beam (E = 8000 ksi), its loading, and its cross section are as shown in Figure P6.53. If the applied load P = 6 kips, determine 
the normal strain e xx at point A. 
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Figure P6.53 
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6.54 A wooden beam (E = 8000 ksi), its loading, and its cross section are as shown in Figure P6.53. The normal strain at point A was mea- 
sured as s xx = -250 ju. Determine the load P. 



Stretch Yourself 

6.55 A composite beam made from n materials is shown in Figure 6.55. If Assumptions 1 through 7 are valid, show that the location of neu- 
tral axis T| c is given by Equation (6.14), where T] ? Ej, and Aj are location of the centroid, the modulus of elasticity, and cross sectional area of the 
j th material. 



Figure P6.55 
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(6.14) 
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6.56 A composite beam made from n materials is shown in Figure 6.55. If Assumptions 1 through 7 are valid, show that the moment curva- 
ture relationship and the equation for bending normal stress (o xx ) . in the i th material are as given by 

(<X„.). = -E;V 

(6.15) 



M. 



2 

d v 



dx 



I*/U- 



-7=1 



(.°xx)t = ~ E <y 



IW/ 



(6.16) 



where Ej and (I zz )j are the modulus of elasticity and cross sectional area, and second area moment of inertia of the j th material. Show that if 
E 1 =E 2 =...=E n =E then Equations (6.15) and (6.16) reduce to Equations (6.11) and (6.12). 



6.57 The stress-strain curve in tension for a material is given by <j= K^ 5 . For the rectangular cross section shown in Figure P6.57, show 
that the bending normal stress is given by the equations below. 



Figure P6.57 
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6.58 The hollow square beam shown in Figure P6.58 is made from a material that has a stress-strain relation given by <j= K^ A . Assume the 
same behavior in tension and in compression. In terms of K, L, a, and M ext determine the bending normal strain and stress at point A. 



Figure P6.58 
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6.3 SHEAR AND MOMENT BY EQUILIBRIUM 



Equilibrium equations at a point on the beam are differential equations relating the distributed force p r the shear force V, and 
the bending moment M z . The differential equations can be integrated analytically or graphically to obtain V y and M z as a func- 
tion of x. These in turn can be used to determine the maximum values of V and M z , and hence the maximum values of the 
bending normal stress from Equation (6.12) and the maximum bending shear stress, as discussed in Section 6.6. M z as a func- 
tion of x is also needed when integrating Equation (6.1 1) to find the deflection of the beam, as we will discuss in Chapter 7. 

Consider a differential element Ax of the beam shown at left in Figure 6.34. Recall that a positive distributed force p y acts 
in the positive y direction, as shown in Figure 6.14. Internal shear forces and the internal moment change as one moves across 
the element, as shown in Figure 6.34. By replacing the distributed force by an equivalent force, we obtain the diagram on the 
right of Figure 6.34. 



Figure 6.34 Differential beam element. 

By equilibrium of forces in the y direction, we obtain 

-V y + (V y + AV y )+p y Ax 
As Ax — » 0, we obtain 
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(6.17) 



By equilibrium of moment in the z direction about an axis passing through the right side, we obtain 
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Ax AM V D Ax 

M z + (M z + AM Z ) + V y Ax + (PyAx)^ = or ~^ +] ~ 



As Ax — » 0, we obtain 



Jx 



= -K, 



(6.18) 



Equations (6.17) and (6.18) are differential equilibrium equations that are applicable at every point on the beam, except where 
V and M z are discontinuous. In Example 6.10 we shall see that V y and M z are discontinuous at the points where concentrated 
(point) external forces or moments are applied. We shall consider two methods for finding V and M z as a function of x: 

1. We can integrate Equation (6.17) to obtain V y and then integrate Equation (6. 1 8) to obtain M z . The integration constants can 
be found from the values of V and M z at the end of the beam, as illustrated in Example 6.9. 

2. Alternatively, we can make an imaginary cut at some location defined by the variable x and draw the free-body dia- 
gram. We then determine V and M z in terms of x by writing equilibrium equations. We can check our results by substi- 
tuting the expressions of V and M z in Equations (6.17) and (6.18), respectively. 

The first approach, by integration, is a general approach. This is particularly useful ifp is represented by a complicated func- 
tion. But for uniform and linear variations of p the free-body diagram method is simpler. Example 6.9 compares the two 
methods, and Example 6.10 elaborates the use of the free-body diagram approach further. 

EXAMPLE 6.9 

Figure 6.35 shows two models of wind pressure on a light pole. Find V y and M z as a function of x for the two distributions shown. 
Neglect the weights of the light and the pole. 

(a) 




Figure 6.35 Light pole in Example 6.9. (a) Uniform distribution, (b) Quadratic distribution. 



PLAN 

For uniform distribution we can find V y and M z as a function of x by making an imaginary cut at a distance x from the bottom and draw- 
ing the free-body diagram of the top part. For the quadratic distribution we can first integrate Equation (6.17) to find V y and then inte- 
grate Equation (6.18) to fmdM z . To find the integration constants, we can construct a free-body diagram of infinitesimal length at the top 
(x = L) and obtain the boundary conditions on V and M z . Using boundary conditions and integrated expressions, we can obtain V and 
M z as a function of x for the quadratic distribution. 



SOLUTION 
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Figure 6.36 Shear force and bending moment by free-body diagram. 
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Uniform distribution: We can make an imaginary cut at location x and draw the free-body diagram of the top part, as shown in Figure 
6.36.We then replace the distributed load by an equivalent force and write the equilibrium equations. 



V y = Po(L~x) M z = p (L-x) 



L-x 



Po, 2 T . r 2. 

— (x -2xL + L ) 



(El) 



^f = - poiL - x) 



Check: Differentiating Equation (El), we obtain 

dV v dM.. 

Hx- = - p « = ~ p y 

Equation (E2) shows that the equilibrium Equations (6.17) and (6.18) are satisfied. 

2 2 

Quadratic distribution: Substituting p = p (x /L ) into Equation (6.17) and integrating, we obtain 

— x +Q 
3L J 

Substituting Equation (E3) into Equation (6.18) and integrating, we obtain 

M z = ^-]-C x x+C 2 (E4) 

We make an imaginary cut at a distance Ax from the top and draw the free-body diagram shown in Figure 6.37.By equilibrium of forces in 
the y direction and equilibrium of moment about point O and letting Ax tend to zero we obtain the boundary conditions: 

or 



(E2) 



(E3) 



lim [V(x = L)+pAx] = 
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lim \M(x = L)+£^-~\ = 

Ax^oL 2 J 



V y (x = L) = 

M z {x = L) = 



(E5) 
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ps 
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Figure 6.37 Boundary conditions on shear force and bending moments. 



V y (x = L) 



M z (x = L) 



Substituting x-L into Equation (E3) and using the condition Equation (E5), we obtain 

n Po L 
or C x = — 

Substituting Equation (E7) into Equation (E3), we obtain the shear force, 



3L y 
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Substituting x = L into Equation (E4), and using Equations (E6) and (E7), we obtain 

— ij)-— W + ^2 = or 



Po L 



From Equation (E4) we obtain the moment 



M, 



PqX_ 
12L 2 



Po T ^Po L 



ANS. 



M 7 = 



(E9) 



(E10) 



-^-(x 4 -4xZ 3 + 3L 4 ) 
12L 1 



COMMENTS 

1. Suppose that for the uniform distribution we integrate Equation (6. 17) after substituting^ =p . We would obtain V 



-p x + C 3 . On 



substituting this into Equation (6.18) and integrating, we would obtain M z = p (x /2) - C 3 x + C 4 . Substituting x = L in the expres- 

sions of V y mdM z and equating the results to zero, we obtain C 3 = p L and C 4 = p L /2 . Substituting these in the expressions of 
V y and M z , we obtain Equation (El). 
2. The free-body diagram approach is simpler than the integration approach for uniform distribution for two reasons. First, we did not 
have to perform any integration to obtain the equivalent load/?^ or to determine its location when we constructed the free-body dia- 
gram in Figure 6.36. Second, we do not have to impose zero boundary conditions on the shear force and bending moments at x = L, 
because these conditions are implicitly included in the free-body diagram in Figure 6.36. 
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3. The free-body diagram approach would present difficulties for the quadratic distribution, as we would need to find the equivalent load 
and its location. Both involve the same integrals as obtained from Equations (6.17) and (6.18). Thus for simple distributions the free- 
body diagram approach is preferred, whereas the integration approach is better for more complex loading. 



EXAMPLE 6.10 



(a) Write the equations for the internal shear force V and the internal bending moments M z as a function of x for the entire beam shown 
in Figure 6.38. (b) Determine the values of V y and M z just before and after point B. 

5 kN 12 kN-m 

X-L 
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4kN/m 



t t t 
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Figure 6.38 Beam in Example 6.10. 
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PLAN 

By considering the free-body diagram of the entire beam we can determine the reactions at supports A and D. (a) The loading changes at 
points B and C. Thus shear force and bending moment will be represented by different functions in AB, BC, and CD. We draw free body 
diagrams after making imaginary cuts in AB, BC, and CD and determine shear force and bending moment by equilibrium. We can use 
Equations (6.17) and (6.18) to check our answers, (b) By substituting x = 2 m in the expressions for V y and M z in segment AB we can 
find the values just before B, and by substituting x = 2 in segment BC we find the values just after B. 



SOLUTION 

(a) We replace the distributed loads by equivalent forces and draw the free-body diagram of the entire beam as shown in Figure 6.39.By 
equilibrium of moment about point D and equilibrium offerees in the y direction we obtain the reaction forces. 
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Figure 6.39 Free-body diagram of entire beam in Example 6. 10. 

Segment AB, < x < 2: We make an imaginary cut at some location x in segment AB. We take the left part of the cut and draw the free- 
body diagram after replacing the distributed force over the distance x by a statically equivalent force, as shown in Figure 6.40a. We write 
the equilibrium equations to obtain V and M z as a function of x. 
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Figure 6.40 Free body diagrams in Example 6. 10 after imaginary cut in (a) AB (b) BC (c) CD. 
Check: Differentiating the shear force and bending moment, we obtain 

dV y _ _ dM z 

dx • y ' dx 

Equation (E5) shows that Equations (6.17) and (6.18) are satisfied. 

Segment BC, 2 < x < 3: We make an imaginary cut at some location x in segment BC. We take the left part of the cut and draw the free- 
body diagram after replacing the distributed force by a statically equivalent force, as shown in Figure 6.40b. We write the equilibrium 
equations to obtain V and M z as a function of x. 



10kN-5 kN = 
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M z -(10kN)(x-l) + (12kN-m) + (5kN)(jc-2) = or M z = (5x- 12) kN-m (E7) 

ANS. V y = -5 kN M z = (5x- 12) kN-m 

Check: Differentiating shear force and bending moment, we obtain 

dV v dM z 

if " ° " -?> ~ x ! = 5 = ~ y y (E8) 

Equation (E8) shows that Equations (6.17) and (6.18) are satisfied. 

Segment CD, 3 < x < 6: We make an imaginary cut at some location x in segment CD. We take the right part of the cut and note that left 
part is x m long and the right part hence is 6 - x m long. We draw the free-body diagram after replacing the distributed force by a stati- 
cally equivalent force, as shown in Figure 6.40c.We write the equilibrium equations to obtain V y and M z as a function of x, 

J/+(4)(6-x)kN-(7kN) = or V y = (4x - 17) kN (E9) 

M z +[4(6-jc)kN]f^y^-(7kN)(6-x) = or M z = (-2x 2 + 17* -30) kN • m (E10) 

ANS. V y = (4x - 17) kN M z = (- 2x 2 + 17x - 30) kN • m 

Check: Differentiating shear force and bending moment, we obtain 

dV v dM z 

-g-4--p,. -£-^x + n-v 7 (Ell) 

Equation (Ell) shows that Equations (6.17) and (6.18) are satisfied. 

(b) Substituting x = 2 m into Equations (E3) and (E6) we obtain the values of V y and M z just before point B, 

ANS. V y {2~) = -10 kN, Af r (2") = +10 kN-m 

where the superscripts - refer to just before x = 2 m. Substituting x = 2 m into Equations (E4) and (E7) we obtain the values of V y and M z 
just after point B, 

ANS. V y (2 + ) = -5 kN, M z (2 + ) = -2 kN-m 

where the superscripts + refer to just after x = 2m. 



COMMENTS 

1. In Figures 6.40a and 6.40b the left part after the imaginary cut was taken and the distance from A was labeled x. In Figure 6.40c the 
right part of the imaginary cut was taken, and the distance from the right end was labeled (6 - x). These free-body diagrams empha- 
size that x defines the location of the imaginary cut, irrespective of the part used in drawing the free-body diagram. Furthermore, the 
distance (coordinate) x is always measured from the same point in all free-body diagrams, which in this problem is point A. 

2. We note that V y (2 + ) - V y (2~) = 5 kN, which is the magnitude of the applied external force at point B. Similarly, M z (2 + ) - M z (2~) = 
-12 kN-m, which is the magnitude of the applied external moment at points. This emphasizes that the external point force causes a jump 
in internal shear force, and the external point moment causes a jump in the internal bending moment. We will make use of these observa- 
tions in the next section in plotting the shear force — bending moment diagrams. 

3. We can obtain V y and M z in each segment by integrating Equations (6.17) and (6.18). Observe that the shear force and bending moment 
jump by the value of applied force and moment, respectively causing additional difficulties in determining integration constants. Thus, the 
free-body approach is easier then the method of integration in this case. 

4. For beam deflection, Section 7.4* introduces a method based on the integration approach, that eliminates drawing free-body diagrams 
for each segment to account for jumps in the loading. But that method requires an additional concept — discontinuity functions (also 
called singularity functions). 



6.4 SHEAR AND MOMENT DIAGRAMS 

Shear and moment diagrams are plots of internal shear force and internal bending moment as a function of x. By looking at 
these plots, we can immediately see the maximum values of the shear force and the bending moment, as well as the location of 
these maximum values. One way of making these plots is to determine the shear force and bending moment as a function of x, 
as in Section 6.3, and plot the results. However, for simple loadings there exists an easier alternative. We first discuss how the 
distributed forces are accounted, then how to account for the point forces and moments. 



6.4.1 Distributed Force 



The graphical technique described in this section is based on the interpretation of an integral as the area under a curve. The 
minus signs 7 in Equations (6.17) and (6.18) lead to positive areas being subtracted and negative areas being added. To over- 
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come this problem of flip-flop of sign in the graphical procedure, we introduce V=-V y . Let V x and V 2 be the values of Fat x x 
and x 2 , respectively. Let M x and M 2 be the of values of M z at x x and x 2 , respectively. Equations (6. 17) and (6. 1 8) can be written 
in terms of V as dVldx = p y and dMJdx = V. Integration then yields 



V 2 = V x +j 2 p y dx 



(6.19) 



M 9 = Mi + 



f 2 

\ Vdx 



(6.20) 



The key idea is to recognize that the values of the integrals in Equations (6.19) and (6.20) are the areas under the load curve p y 
and the curve defining V, respectively. If we know V l and M 1? then by adding or subtracting the areas under the respective 
curves, we can find V 2 and M 2 . We then move to point 2, where we now know the shear force and bending moment, and con- 
sider it as point 1 for the next segment of the beam. Moving in this bootstrap manner, we go across the beam accounting for 
the distributed forces. 

Shear force curve 

Recall that/? is positive in the positive y direction. Thus in Figure 6.41a and b, p y = +w, and from Equation (6.19) we obtain 
V 2 =V 1 + w(x 2 - Xj ). Similarly, in Figure 6.46c and d,p = -w, and from Equation (6.19) we obtain V 2 = V 1 - w(x 2 - x x ). The 
term w(x 2 - x x ) is the area of the rectangle and represents the magnitude of the integral in Equation (6. 19). The line joining the 
values of Vj and V 2 is a straight line because the integral of a constant function will result in a linear function. 
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Figure 6.41 Shear and moment diagrams for uniformly distributed load. 

Bending moment curve 

The integral in Equation (6.20) represents the area under the curve defining V, that is, the areas of the trapezoids shown by 
the shaded regions in Figure 6.41. In Figure 6.41a and c, Fis positive and we add the area to M x to get M 2 . In Figure 
6.41Z? and d, Fis negative and we subtract the area from M x to get M 2 . As Fis linear between x x and x 2 , the integral in 
Equation (6.20) will generate a quadratic function. But what would be the curvature of the moment curve, concave or 
convex? To answer this question, we note that the derivative of the moment curve — that is, the slope of the tangent — is 
equal to the value on the shear force diagram. To avoid some ambiguities associated with the sign 8 of a slope, we consider 
the inclination of the tangent to the moment curve, \dM z /dx\ = \V\ . If the magnitude of Fis increasing, the inclination 
of the tangent to the moment curve must increase, as shown in Figure 6.41a and d. If the magnitude of Fis decreasing, 
the inclination of the tangent to the moment curve must decrease, as shown in Figure 6.4 lb and c. 



7 This is a consequence of trying to stay mathematically consistent while keeping the directions of shear force and shear stress the same. See footnote 6. 
8 We avoid statements such as "increasing negative slope," which could mean more negative or less negative. "Decreasing negative slope." is similarly ambiguous. 
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An alternative approach to getting the curvature of the moment curve is to note that if we substitute Equation (6.18) 
into Equation (6.17), we obtain d M z /dx = p y . If/? is positive, then the curvature of the moment curve is positive, and 
hence the curve is concave, as shown in Figure 6 Ala and b. If/? is negative, then the curvature of the moment curve is 
negative, and the curve is convex, as shown in Figure 6.41c and d. 

We call our conclusions the curvature rule for quadratic M z curves: 



The curvature of the M z curve must be such that the incline of the tangent to the M z curve must increase 


(or decrease) as the magnitude of V increases (or decreases). 








or 






(6.21) 


The curvature of the moment curve is concave if p is positive, 


and convex 


if/? is negative. 





6.4.2 Point Force and Moments 



It was noted in Comment 2 of Example 6.10 that the values of the internal shear force and the bending moment jump as one 
crosses an applied point force and moment, respectively. In Section 4.2.8 on axial force diagrams and in Section 5.2.6 on 
torque diagrams we used a template to give us the correct direction of the jump. We use the same idea here. 

A template is a small segment (Ax tends to zero in Figure 6.42) of a beam on which the external moment M ext and an 
external force F QXt are drawn. The directions of F ext and M ext are arbitrary. The ends at +Ax and -Ax from the applied external 
force and moment represent the imaginary cut just to the left and just to the right of the applied external forces and moments. 
On these cuts the internal shear force and the internal bending moment are drawn. Equilibrium equations are written for this 
2 Ax segment of the beam to obtain the template equations. 

(a) v x V 2 (b) 



f i \ \ **i(\ (**** zi ;: 



Ax— +— Ax 



Mo 

Ax > I < Ax - 



Template Equations V 2 = V x + F ext M 2 = M x + M ext 

Figure 6.42 Beam templates and equations for (a) Shear force (b) Moment. 

Shear force template 

Notice that the internal forces V 2 and V 2 are drawn opposite to the direction of positive internal shear forces, as per the defini- 
tion V=—V which is an additional artifact of the procedure to remember. To avoid this, we note that the sign of F ext is the 
same as the direction in which V 2 will move relative to V v In the future we will not draw the shear force template but use the 
following observation: 

• V will jump in the direction of the external point force. 
Moment template 

On the moment template, the internal moments are drawn according to our sign convention, discussed in Section 6.2.6. Unlike 
the observation about the jump in V, there is no single observation that is valid for all coordinate systems. Thus the moment 
template must be drawn and the corresponding template equation used as follows. 

If the external moment on the beam is in the direction of the assumed moment M ext on the template, then the value of M 2 
is calculated according to the template equation. If the external moment on the beam is opposite to the direction of M ext on the 
template, then M 2 is calculated by changing the sign of M ext in the template equation. 

6.4.3 Construction of Shear and Moment Diagrams 



Figure 6.43 is used to elaborate the procedure for constructing shear and moment diagrams as we outline it next. 
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Step 1 Determine the reaction forces and moments. 

The free-body diagram for the entire beam is drawn, and the reaction forces and moments are calculated at the supports 
at A and B, as shown in Figure 6.43. 

Step 2 Draw and label the vertical axes for V and M z along with the units to be used. 

We show V= -V on the axis to remind ourselves that the positive and negative values read from the plots are for V 9 
whereas the formula that will be developed in Section 6.6 for the bending shear stress will be in terms of V . 

Step 3 Draw the beam with all forces and moments. At each change of loading draw a vertical line. 

The vertical lines define the segments of the beam between two points x x and x 2 where the values of shear force and 
moment will be calculated. The vertical lines also represent points where Fand M z values may jump, such as at point C 
in cases 2 and 3 in Figure 6.43. 
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Figure 6.43 Construction of shear and moment diagrams. 
Step 4 Consider imaginary extensions on the left and right ends of the beam. V and M z are zero in these imaginary exten- 
sions. 

In the imaginary left extension, LA at the beams shown in Figure 6.43, V 1 andM 7 are zero, and we can start our process 
at this segment. Point A (the start of the beam) can now be treated like any other point on the beam at which there is a 
point force and/or point moment. At the right imaginary extension BR, the values of the shear force and bending 
moment must return to zero, providing a check on our solution procedure. 

Shear force diagram 

Step 5 If there is a point force, then increase the value of Fin the direction of the point force. 

Just before point A in Figure 6.43, V 1 = as we are in the imaginary extension. As we cross point A, the value of V 
jumps upward (positive) by the value of the reaction force R A , which is in the upward direction. 

At point C in case 2 we jump in the direction of P, which is pointed downward; that is, we subtract P from the value of 
Vj. In other words, V 2 = bPIL -P = (b- L)PIL = -aPIL just after point C, as shown. 

The reaction force R B is upward in cases 1 and 2, so we add the value of R B to V v In case 3 R B is downward, so we sub- 
tract the value of R B from V v As expected in all cases, we return to a zero value for force Fin the imaginary extension 
BR. 

Step 6 Compute the area under the curve of the distributed load. Add the area to the value of V l ifp is positive, and subtract 

it if/? is negative, to obtain the value of V 2 . 
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In case 1 the area under the distributed force is wL andp y is negative. Therefore we subtract wL from the value of Fjust 

after A (+wL/2) to get the value of Fjust before B (-wL/2). 
Step 7 Repeat Steps 5 and 6 until the imaginary extension at the right of the beam is reached. If the value of V is not zero in 
the imaginary extension, then check Steps 5 and 6 for each segment of the beam. 

For the three simple cases considered in Figure 6.43, this step is not required. 
Step 8 Draw additional vertical lines at any point where the value Fis zero. Determine the location of these points by using 
geometry. 

The points where Fis zero represent the location of the maximum or minimum values of the bending moment because 
dM z /dx = at these points. In case 1 V= at point C. The location can be found by using similar triangles. 

Step 9 Calculate the areas under the V curve and between two adjacent vertical lines. 

Areas A x andA 2 can be found and recorded as shown in Figure 6.48. 

Moment diagram 

Step 10 If there is a point moment, then use the moment template and the template equation to determine the direction of the 
jump. 

In case 3 there is a point moment at point C. Comparing the direction of the moment at C to that in the template in Fig- 
ure 6.42, we conclude that M ext = -M. Just before C, M 1 = aMIL. As per the template equation, M 2 = aMIL -M=(a- 
L)MIL = -bMIL, which is the value just after C. 

In all three cases there is no point moment at A, hence our starting value is zero. If there were a point moment at A, we 
would use the moment template and the template equation to determine the starting value as we move from the imagi- 
nary segment to just right of A. 

Step 11 To move from the right of one vertical line to the left of the next vertical line, add the areas under the V curve if Fis 
positive, and subtract the areas if Fis negative. Draw the curve according to the curvature rule in Equation (6.21). 

In all three cases the area A l is positive and we add the value of the area to the value of the moment at points to obtain 
the moment just before C. In cases 1 and 2 the area^4 2 is negative. Hence we subtract the value of A 2 from the moment 
value just after C to get a zero value just before B. In case 3 A 2 is positive and we add the value of A 2 to the moment 
value just after C. 

In cases 2 and 3 the F curve is constant in each segment, and hence the M z curve is linear in each segment. In case 1 the 
F curve is linear. Hence the M z curve is quadratic and we need to determine the curvature of the curve. The inclination 
of the tangent to the M z curve at A is nonzero, and it decreases to zero at C. Thus the inclination of the tangent 
decreases as the magnitude of F decreases. Similarly, as we move from C to 2?, the inclination of the tangent increases 
from zero to a nonzero value, consistent with the increasing magnitude of F 

Alternatively, in case 1 p = -w, and hence the curvature of the moment curve is convex. 
Step 12 Repeat Steps 10 and 11 until you reach the imaginary extension on the right of the beam. If the value of M z is not 
zero in the imaginary extension, then check Steps 10 and 11 for each segment of the beam. 

This procedure is applied and elaborated in Examples 6.11 and 6.12. 

6.5 STRENGTH BEAM DESIGN 

This section addresses two issues. The first relates to choosing a standard, commonly manufactured beam cross section that 
will be cheapest to use. The second issue relates to determining the maximum tensile or compressive bending normal stress. 

6.5.1 Section Modulus 



In the design of steel beams, the tensile and compressive strength are usually assumed to be equal. We calculate the magnitude 
of the maximum bending normal stress using Equation (6.12), which can be written as <r max = M max y max /I zz , where M max is the 
magnitude of the maximum internal bending moment, and y max the distance of the point farthest from the neutral axis. The 
moment of inertia I zz andj/ max depend on the geometry of the cross section. Thus, Equation (6.12) requires two variables to 
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determine the best geometric shape in a particular design. A variable called section modulus S, simplifies the equation for the 
maximum bending normal stress 



S = 



M m 



Jn- 



^may 



(6.22) 



Section C.6 give the section modulus S for steel beams of standard shapes and Example 6.12 shows its use in design. 

6.5.2 Maximum Tensile and Compressive 
Bending Normal Stresses 

Section 3.1 observed that a brittle material usually ruptures when the maximum tensile normal stress exceeds the ultimate ten- 
sile stress of the material. Cracks in materials propagate due to tensile stress. Adhesively bonded material debonds from ten- 
sile normal stress called peel stress. Thus a structure designed for maximum normal stress may fail when the maximum tensile 
stress is less in magnitude than the maximum compressive stress. Similarly, failure may occur when the maximum compres- 
sive normal stress is less than the maximum tensile normal stress. This may happen because buckling, which is discussed in 
Chapter 11. Proper beam design must take into account failure due to tensile or compressive normal stresses. 

To account for these stresses, it may be necessary to determine two stress values — the maximum tensile and compressive 
bending normal stress. These may differ when the top and the bottom of the beam are at different distances from the neutral 
axis of the cross section. Since both M z and v affect the sign of the bending normal stress in Equation (6.12), stresses must be 
checked at four points: 

• On the top and bottom surfaces on the cross-section location where M z is a maximum positive value. 

• On the top and bottom surfaces on the cross-section location where M z is a maximum negative value. 

Example 6.11 elaborates this issue. 

EXAMPLE 6.11 

Figure 6.44 shows a loaded beam and cross section, (a) Draw the shear force and bending moment diagrams for the beam, and determine 
the maximum shear force and bending moment, (b) Determine the maximum tensile and compressive bending normal stress in the beam. 
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Figure 6.44 Beam and loading in Example 6.11. 



I 77 



lin 

= 47.7 in 4 



PLAN 



(a) We can determine the reaction force and moment at wall C and follow the procedure for drawing shear and moment diagrams 
described in Section 6.4.3. (b) We can find <j xx from Equation (6. 12) at points E and F at those cross sections where the M z value is max- 
imum positive and maximum negative. From these four values we can find the maximum tensile and compressive bending normal 
stresses. 



SOLUTION 

(a) We draw the shear force and bending moment diagram as per the procedure outlined in Section 6.4.3. 

Step 1: From the free-body diagram shown in Figure 6.45 we can determine the value of the reaction force R w by equilibrium offerees 
in the;; direction. By equilibrium of moment about point C, we can determine the reaction moment M w The values of these reactions are 

i? w = 10kips (El) 

M w = 3 ft-kips (E2) 
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Step 2: We draw and label the axes for Fand M z and record the units. 

Step 3: The beam is shown in Figure 6.45 with all forces and moments acting on it. Vertical lines at points A, B, and C are drawn as 

shown. 



M= 18 ft-kips 



6 kips/ft 
I 1 1 1 M w 




(ft -kips) 

Figure 6.45 Shear and moment diagrams in Example 6.11. 

Step 4: We draw imaginary extensions LA and CR to the beam. 
Shear force diagram in Figure 6.45 

Steps 5, (5, 7: In segment LA the shear force is zero, and hence V 1 - 0. The 8-kips force at A is upward, so we jump to a value of 
V 2 = +8 kips just to the right of point A. p = in segment AB, and hence the value of V remains at 8 kips just before B. Since there is no 
point force at B, there is no jump in VaiB. 

In segment BC the area under the distributed load is 18 kips. Asp y is negative, we subtract the area from 8 kips to get a value of - 
10 kips just before C. We join it by a straight line as^ is uniform in BC. 

The reaction force R w is upward, so we add the value to -10 kips to get a zero value just after C, confirming the correctness of our 
solution. 

Step 8: At point D, where V= 0, we draw another vertical line. To find the location of point D, we use the two similar triangles on either 
side of point D to get the value of h in Equation (E3). 

8 kips _ 10 kips 
h ~3ft-h 
Step 9: We calculate areas A lf A 2 , and^4 3 as 

, 1, 



A = 1.333 ft 



(E3) 



= 24 



(8)(/0 = 5.33 



10(3 -A) = 8.33 



(E4) 



Moment diagram in Figure 6.45 

Steps 10, 11, 12: In segment LA the bending moment is zero, and hence M 1 = 0. Comparing the 18-ft-kips couple at points with M ext in 
the moment template in Figure 6.47, we obtain M ext = — 18 ft -kips. Hence from the template equation M 2 = -18 ft -kips just to the right of 
points. 

The area^ is positive, so we add its value to -18 ft -kips to obtain M 2 = +6 ft -kips just before B. As Fwas constant in AB, we join 
the moments at points A and B by a straight line, as shown. 

The area^4 2 is positive, so we add its value to +6 ft -kips to obtain M 2 = +11.33 ft -kips just before D. As Vis linear between B and 
D, the integral will result in a quadratic function. The magnitude of the shear force is decreasing. Hence the incline of the tangent to the 
moment curve must decrease as we move from point B toward point D, resulting in the convex curve shown between B and D. Alterna- 
tively, since p is negative between B and D, the curve is convex. 

The area v4 3 is negative, so we subtract its value from 11.33 ft -kips to obtain +3 ft -kips just before C. As Fis linear between D and 
C, the integral will result in a quadratic function. Since the magnitude of the shear force is increasing. Hence the incline of the tangent to 
the moment curve must increase as we move from point D toward C, resulting in the convex curve shown between D and C. 

Comparing the moment M w at C with M ext in the template in Figure 6.42, we obtain M ext = -M w = -3 ft -kips. Hence from the tem- 
plate equation M 2 = just to the right of point C. That is, in the imaginary segment CR the moment is zero as expected, confirming the 
correctness of our construction. 

From Figure 6.45 we see that the maximum values of VmdM z are -10 kips and -18 ft -kips, respectively. Recollect that, V = - 
V . This gives us the maximum values of the shear force and the bending moment. 

ANS- (V y ) m = 10 kips (M 2 ) max = -18 ft-kips 

(b) The maximum positive moment occurs at D (M D = +11.33 ft-kips =136 in -kips) and the maximum negative moment occurs at A 
(M A = -18 ft-kips = -216 in. -kips). We can evaluate the bending normal stress at points E (y E = +2.6 in) and F (y F = -4.4 in.) on the 
cross sections at A and D using Equation (6.12): 

• On cross section A, at point E, the bending normal stress is 
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= _ (-216in,kips)(2.6m.) = +n g ^ 
47.7 in. 
• On cross section A, at point F, the bending normal stress is 

= J-216in,kips)(-4.4in.) = _ 1M ^ 



(E5) 



(E6) 



-7.4 ksi 



47.7 in. 

• On cross section D, at point E, the bending normal stress is 

(136 in. -kips) (2. 6 in.) 

G DE ~ ~ 4 

47.7 in. 

• On cross section D, at point F, the bending normal stress is 

= _ (136in,kips)(-4.4in.) = +126k§ . 
47.7 in. 

From the results in Equations (E5), (E6), (E7), and (E8), it is clear that the maximum tensile bending normal stress occurs at point F on 
the cross section at D. The maximum compressive bending normal stress occurs instead at point F on the cross section at A. 

ANS. g df = 12.6 ksi (T) a AF = 19.9 ksi (C) 



(E7) 



(E8) 



COMMENTS 

1. In practice we need not write each step. Equations (E3) through (E4) suffice for drawing the shear and moment diagrams. 

2. In Figure 6.45 we see that at point D, where shear force is zero, there is a local maximum in the bending moment. But the maximum 
moment in the beam is at points, where a point moment is applied. 

3. If we were determining the magnitude of the maximum bending normal stress, then we need to evaluate stress one point only — where 
the moment is a maximum (cross section A) and where y is also a maximum (point F). 

4. We could use the template shown in Figure 6.46 to determine the direction of the jump in the moment. It can be verified that the 
moment jumps at A and C will be as before. This shows that the direction of M ext on the template is immaterial. Thus there is no need 
to memorize the template, which can be drawn before starting on the shear and moment diagrams. 

Template Equation: M 2 = M x - M e? 

Figure 6.46 Alternative template and equation. 



M 



— exi 

) 

H- Ax -*+*- Ax -H 



Mn 



EXAMPLE 6.12 

Consider the beam shown in Figure 6.38. Select the lightest W- or S-shaped beams from these given in Appendix E if the allowable 
bending normal stress is 53 MPa in tension or compression. 



PLAN 

We can draw the shear and moment diagrams using the procedure described in Section 6.4.3. From the moment diagram we can find the 
maximum moment. Using the allowable bending normal stress of 53 MPa and Equation (6.22), we can find the minimum sectional mod- 
ulus. Using Section C.6, we can make a list of the beams for which the sectional modulus is just above the one we determined and 
choose the lightest beam we can use. 



SOLUTION 

Step 1: The reaction forces at points A and D were determined in Example 6. 10. 

Step 2: The beam with all forces and moments acting on it is shown in Figure 6.47. Vertical lines at points A,B,C, and D are shown as drawn. 

R A =0\ 5kN| ^12k N-m 4kN/m 



L\___A 
5kN/m 



H 2.0 m +-1.0 m4 



I ^izJcN-m 4kN/m 

\i \ \ \ 

B* ) C 



-3.0m- 



\R 

# D = 7kN 



v y =-v 

(kN) 



M z 
(kN-m) 



Figure 6.47 Shear and moment diagrams in Example 6.12. 
Step 3: We draw imaginary extensions LA and DR to the beam. 
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Step 4: We label the axes for Fand M z and record the units. 
Shear force diagram in Figure 6.47 

Steps 5, 6, 7: In segment LA, V 1 = 0. Since R A is zero, there is no jump at A and we start our diagram at zero. 

In segment AB,p = +5 kN/m. Hence we add the area of 5 x 2 = lOkNto obtain V 2 = 10 kN just before points and draw a straight 
line between the values of Vat A and B, as shown in Figure 6.47. At B the point force of 5 kN is downward. Thus we jump downward by 
5 kN to obtain V 2 = 5 kN just after point B. 

In segment BC,p = 0; hence the value of V does not change until point C. 

In segment CD, p = -4 kN/m. Hence we subtract the area of 4x3 = 12kNto obtain V 2 = -7 kN just before point D and draw a 

straight line between the values of Fat C and D, as shown in Figure 6.47. The reaction force atZ) is upward, so we jump upward by 7 kN 

to obtain V 2 = kN just after point D. That is, in the imaginary segment DR the shear force is zero as expected, confirming the correctness 

of our construction. 

Step 8: At point E, where V y = 0, we draw another vertical line. To find the location of point E, we use the two similar triangles on either 

side of point E to obtain h: 

5 m 7 m , t ._ rci . 

— — = - or h = 1.25 m (El) 

h 3m-h v J 

Step 9: We calculate the areas A x through A 4 

^ = ^10x2=10 i 2 = 5xl =5 ^3 = ^5/^ = 3.125 A 4 = ^7(3 -h) = 6.125 (E2) 

Bending moment diagram in Figure 6.47 

Steps 10, 11, 12: In segment LA the bending moment is zero, and hence M 1 = 0. As there is no point moment at^4, we start our moment 
diagram at zero. 

As Fis positive in segment AB, we add the area A 1 to obtain M 2 = +10 kN-m just before B. As Fis linear in AB, the integral will 
result in a quadratic function between^ and B. As the magnitude of the shear force is increasing, the incline of the tangent to the moment 
curve must increase as we move from point A toward point B, resulting in the concave curve shown between A and B. Alternatively, 
since p is positive in AB, the moment curve is concave. 

Comparing the moment 12 kN-m at B with M ext in the template in Figure 6.42, we obtain M ext = -12 kN-m. Hence from the tem- 
plate equation M 2 = 10- 12 = -2 kN-m just to the right of point B. 

As Fis positive in segment BC, we add the area ^4 2 to obtain the value of M 2 = +3 kN-m just before C. As Fis constant between B 
and C, the integral will result in a linear function, so we draw a straight line between B and C. 

As Fis positive in segment CE, we add the area^ 3 to obtain the value of M 2 = +6.125 kN-m just before E. As Fis linear between 
C and E, the integral will result in a quadratic function. As the magnitude of the shear force is decreasing, the incline of the tangent to the 
moment curve must also decrease as we move from point C toward E, resulting in the convex curve between C and E, as shown. Alter- 
natively, since p is negative in CE, the moment curve is convex. 

As Fis positive in ED, we add the area A 4 to obtain the value of M 2 = just before D. As Fis linear between E and D, the integral 
will result in a quadratic function. As the magnitude of the shear force is increasing, the incline of the tangent to the moment curve must 
also increase as we move from point E toward D, resulting in the convex curve between E and D, as shown. Alternatively, since p is 
negative in ED, the moment curve is convex. 

As there is no point moment at D, there will be no jump in the moment at D. Hence we obtain a zero value for the moment in the imag- 
inary segment DR as expected, confirming the correctness of our construction. 

From the moment diagram in Figure 6.47 the maximum moment is M max = 10 kN-m. Noting that the allowable bending normal 
stress is 53 MPa, Equation (6.22) yields 

<W = 10 ^Q )N <53(10 6 )N/m 2 or S>188.7(10 3 ) mm 3 (E3) 

From Section C.6 we obtain the following list of W- and S-shaped beams that have a section modulus close to that given in Equation (E3): 

W150 x 29.8 S = 219 x 10 3 mm 3 S200 x 27.4 S = 236 x 10 3 mm 3 

and 
W200 x 22.5 s = 194 . 2 x io 3 mm 3 S180 x 30 s = 198 . 3 x 10 3 mm 3 



The lightest beam is W200 x 22.5 as it has a mass of only 22.5 kg/m. 



ANS. W200 x 22.5 



COMMENTS 

1. This example demonstrate the use of the section modulus in selecting the beam cross section from a set of standard shapes. But the 
section modulus can also be used with nonstandard shapes. 

2. The alternative template shown in Figure 6.46 could have been used in this example. It would result in the same jumps as shown in 
Figure 6.47. 

3. Again, only Equations (El) through (E2) are needed to obtain the shear and moment diagrams. From here on, the shear and moment 
diagrams will be drawn without additional explanations. 
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QUICK TEST 6.1 



Time: 20 minutes/Total: 20 points 



Answer true or false and justify each answer in one sentence. Grade yourself with the answers given in Appendix E. 
Assume linear elastic, homogeneous material unless stated otherwise. 

1. If you know the geometry of the cross section and the bending normal strain at one point on a cross section, 
then the bending normal strain can be found at any point on the cross section. 

If you know the geometry of the cross section and the maximum bending normal stress on a cross section, then 
the bending normal stress at any point on the cross section can be found. 

A rectangular beam with a 2-in. x 4-in. cross section should be used with the 2-in. side parallel to the bending 
(transverse) forces. 

The best place to drill a hole in a beam is through the centroid. 

In the formula o xx = -M z y/I zz , y is measured from the bottom of the beam. 

The formula a xx = -M z y/I zz can be used to find the normal stress on a cross section of a tapered beam. 

The equations [ g xx dA = and M z = -[ yo xx dA cannot be used for nonlinear materials. 

The equation M z = -f ya xx dA can be used for nonhomogeneous cross sections. 

J A 

The internal shear force jumps by the value of the applied transverse force as one crosses it from left to right. 

10. The internal bending moment jumps by the value of the applied concentrated moment as one crosses it from 
left to right. 



PROBLEM SET 6.3 



Equilibrium of shear force and bending moment 

6.59 (a) Write the equations for shear force and bending moments as a function of x for the entire beam shown in Figure P6.59; (b) show that 
your results satisfy Equations (6.17) and (6.18). 



Figure P6.59 



5kN/m 




111 


- i 


>-x 


-4 



h 



-3m- 



-I 



6.60 (a) Write the equations for shear force and bending moments as a function of x for the entire beam shown in Figure P6.60; (b) show that 
your results satisfy Equations (6.17) and (6.18). 



H 



Figure P6.60 
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6.61 (a) Write the equations for shear force and bending moments as a function of x for the entire beam shown in Figure P6.61 ; (b) show that 
your results satisfy Equations (6.17) and (6.18). 



5kN/m 



Figure P6.61 



^ 



^ 



h 



-3m- 



6.62 (a) Write the equations for shear force and bending moments as a function of x for the entire beam shown in Figure P6.62; (b) show that 
your results satisfy Equations (6.17) and (6.18). 

72 in 



t 



Figure P6.62 



3 kips/in. 



6.63 (a) Write the equations for shear force and bending moments as a function of x for the entire beam shown in Figure P6.63; (b) show that 
your results satisfy Equations (6.17) and (6.18). 

W 5 kN/m 



Figure P6.63 



h 



-0.5 m- 



+ 



-0.5 m- 



6.64 (a) Write the equations for shear force and bending moments as a function of x for the entire beam shown in Figure P6.64; (b) show that 
your results satisfy Equations (6.17) and (6.18). 

w(kips/in.) 



wL z (in -kips) i! 



>_E^i 



Figure P6.64 
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L(in)- 



-L(in)- 



6.65 (a) Write the equations for shear force and bending moments as a function of x for the entire beam shown in Figure P6.65; (b) show that 
your results satisfy Equations (6.17) and (6.18). 

w (kips/in) 



Figure P6.65 
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h L(in) HH 



-L(in)- 



"^ 



6.66 (a) Write the equations for shear force and bending moments as a function of x for the entire beam shown in Figure P6.66; (b) show that 
your results satisfy Equations (6.17) and (6.18). 



f 






w (kips/in) 


1 


1 


1 . 




Y 











Figure P6.66 
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6.67 Consider the beam shown in Figure P6.67. (a) Write the shear force and moment equations as a function of x in segments AB and BC. 
(b) Show that your results satisfy Equations (6.17) and (6.18). (c) What are the shear force and bending moment values just before and just after 
points? 



10kN-m 12 kN 



12kN/m^ 1UKi> m lz . Ki> 
~TlJ( 16kN-mJ ^ 

~^- C | I I I ^1 12 kN/m 






Figure P6.67 
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6.68 Consider the beam shown in Figure P6.67. (a) Write the shear force and moment equations as a function of x in segments CD and DE. 
(b) Show that your results satisfy Equations (6.17) and (6.18). (c) What are the shear force and bending moment values just before and just after 
point D? 



6.69 Consider the beam shown in Figure P6.69. (a) Write the shear force and moment equations as a function of x in segments AB and BC. 
(b) Show that your results satisfy Equations (6.17) and (6.18). (c) What are the shear force and bending moment values just before and just after 
point Bl 



10 kN 



kN/m 



| | | | | 



: : 



B C 



Figure P6.69 
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6 kN/m 
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6kN 
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H- 
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H 



6.70 Consider the beam shown in Figure P6.69. (a) Write the shear force and moment equations as a function of x in segments CD and DE. 
(b) Show that your results satisfy Equations (6.17) and (6.18). (c) What are the shear force and bending moment values just before and just after 
point Dl 



6.71 During skiing, the weight of a person is often all on one ski. The ground reaction is modeled as a distributed force p(x) and a concen- 
trated fore P is modeled as shown in Figure P6.71. (a) Find shear force and bending moment as a function of x across the ski. (b) The ski is 
50 mm wide and the thickness of the ski varies as shown. Determine the maximum bending normal stress. Use of spread sheet recommended. 

792 N 



Thicknes; 



Figure P6.71 




Shear and moment diagrams 

6.72 Draw the shear and moment diagrams for the beam and loading shown in Figure P6.72. 



Figure P6.72 



h 



Y Y 



6.73 Draw the shear and moment diagrams for the beam and loading shown in Figure P6.73. 



M 



M 



^=t=a 



Figure P6.73 



6.74 For the beam shown in Figure P6.59, draw the shear force bending moment diagram. Determine the maximum values of shear force 
and bending moment. 



6.75 For the beam shown in Figure P6.60, draw the shear force bending moment diagram. Determine the maximum values of shear force 
and bending moment. 



6.76 A man whose mass is 80 kg is sitting in the middle of a flat bottom boat, as shown in Figure 6.76. The weight of the boat per unit length 
between A and B is 130 N/m. To a first approximation assume the resisting water pressure acts between A and B and is uniform. Draw the shear 
force and bending moment diagram between A and B. 



^r 



x^_ 



Figure P6.76 
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6.77 Draw the shear and moment diagrams for the beam and loading shown in Figure P6.77. Determine the maximum values of shear force 
and bending moment. 



\t X X 



Figure P6.77 



ZL 



6.78 Draw the shear and moment diagrams for the beam and loading shown in Figure P6.78. Determine the maximum values of shear force 
and bending moment. 

w w 

" X X > i 



\t X \r m 



Figure P6.78 



3_ 



6.79 Determine the maximum values of shear force and bending moment for the beam shown in Figure P6.67. 



6.80 Determine the maximum values of shear force and bending moment for the beam shown in Figure P6.69. 



6.81 Determine the maximum values of shear force and bending moment for the beam shown in Figure P6.8 1 . 

3 kN/m 
16 kN-m \ \ \ J 
8kN-m( 



Figure P6.81 
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6.82 Determine the maximum values of shear force and bending moment for the beam shown in Figure P6.82. 
4 kips 2 kips 



k2ftH^3ftHH 4 ft A 

{^ ~r~ ^5ft-ki P s n 



Figure P6.82 
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6.83 Determine the maximum values of shear force and bending moment, for the beam shown in Figure P6.83. 



3kN/m 



> i X X 



3kN| 



Figure P6.83 
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6.84 Determine the maximum values of shear force and bending moment for the beam shown in Figure P6.84. 

Old 

_ 



40 kN 40 kN/m |90kN 

20 kN/m 



Figure P6.84 
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6.85 Determine the maximum value of the shear force and bending moment for the beam shown in Figure 6.85. 

4 kips I 



4 kips I 
2 kips/ft I . I 

t t t t t u_ 

A B C D 



Figure P6.85 
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6.86 Determine the maximum values of shear force and bending moment for the beam shown in Figure P6.86. 

2 kips/ft 



Figure P6.86 
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Maximum bending normal stress 



6.87 A diver weighing 200 lb stands at the edge of the diving board, as shown in Figure 6.87. The diving board cross section is 16 in. x 1 in. 
Determine the maximum bending normal stress in the diving board. 

3r 



Figure P6.87 




6.88 A diver weighing 200 lb stands at the edge of the diving board, as shown in Figure 6.87. The diving board cross section is 16 in. x 1 in. 
and has a weight of 60 lb. Model the weight of the diving board as a uniform distributed load of 0.5 lb/in. along the length. Determine the max- 
imum bending normal stress in the diving board. 



6.89 The diving board shown in Figure 6.87 has a cross section of 18 in. x 1 in. The allowable bending normal stress 10 ksi. What is the 
maximum force to the nearest pound that the board can sustain when the diver jumps on it before a dive. Neglect the weight of the diving board. 



6.90 A father and his son are playing on a seesaw, as shown in Figure 6.90. The wooden plank of the see saw is 12 ft x 10 in. x 1.5 in. and is 
hinged in the middle. The weights of the father and son are 225 lb and 80 lb, respectively. The mass of the father m F and mass of the son m s 
times the acceleration a are the inertial forces acting on them at the time the plank is horizontal. Neglecting the weight of the plank, determine 
the maximum bending normal stress. 

m F a A ± m s a 

O 



Figure P6.90 
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6.91 A mother and her daughter are on either side of the seesaw with the teenager son standing in the middle as shown in Figure 6.91. The 
wooden plank of the seesaw is 3.5 mx 250 mm x 40 mm and is hinged in the middle. The mass of the mother, son, and daughter are 
m m = 70 kg, m s = 80 kg, and m d = 40 kg, respectively. At the time the plank is horizontal, inertial forces of mass times the acceleration a acts on 
the mother and daughter. Neglecting the weight of the plank, determine the maximum bending normal stress. 

O 



Son 



Figure P6.91 
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Design problems 

6.92 A beam, its loading, and its cross section are as shown Figure P6.92. Determine the intensity w of the distributed load if the maximum 
bending normal stress is limited to 10 ksi (C) and 6 ksi (T). The second area moment of inertia is 7 ZZ = 47.73 in. 4 . 
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Figure P6.92 
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6.93 Two pieces of lumber are glued together to form the beam shown in Figure P6.93. Determine the intensity w of the distributed load if the 
maximum tensile bending normal stress in the glue is limited to 800 psi (T) and the maximum bending normal stress in wood is limited to 1200 psi. 

2 in 
w (lb/in) hH 

f * * * * 1 



Figure P6.93 
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6.94 The beam shown in Figure P6.64 has a load w = 25 lb/in. and L = 12 in. Select the lightest W- or S-shaped beam from Section C.6 if the 
allowable bending normal stress is 2 1 ksi in tension and compression. 



6.95 The beam shown in Figure P6.65 has a load w = 0.4 kips/in. and L = 48 in. Select the lightest W- or S-shaped beam from Section C.6 if 
the allowable bending normal stress is 16 ksi in tension and compression. 



6.96 The beam shown in Figure P6.66 has a load w = 0. 15 kips/in. and L = 48 in. Select the lightest W- or S-shaped beams from Section C.6 
if the allowable bending normal stress is 21 ksi in tension and compression. 



6.97 Consider the beam shown in Figure P6.67. Select the lightest W- or S-shaped beam from Section C.6 if the allowable bending normal 
stress is 180 MPa in tension and compression. 



6.98 Consider the beam shown in Figure P6.69. Select the lightest W- or S-shaped beam from Section C.6 if the allowable bending normal 
stress is 225 MPa in tension and compression. 



6.99 The wind pressure on a signpost is approximated as a uniform pressure, as shown Figure P6.99. A similar signpost is to be designed 
using a hollow square steel beam for the post. The outer dimension of the square is to be 12 in. If the allowable bending normal stress is 24 ksi 

and the pressure/? = 33 lb/ft 2 , determine the inner dimension of the lightest hollow beam to the nearest - in. 



Figure P6.99 
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Stress concentration 

6.100 The allowable bending normal stress in the stepped circular beam shown in Figure P6. 100 is 200 MPa and P = 200 N. Determine the smallest 
fillet radius that can be used at section B. Use stress concentration graphs given in Section C.4. 

P 
50 mm 
A J_ B 



Figure P6.100 




1.5m H^lmH 



6.101 The allowable bending normal stress in the stepped circular beam shown in Figure P6.101 is 48 ksi. Determine the maximum intensity of 
the distributed load w assuming the fillet radius is: (a) 0.3 in.; (b) 0.5 in. Use stress concentration graphs given in Section C.4. 



Figure P6.101 




h2fH 



August 2012 



M. Vable 



Mechanics of Materials: Symmetric Bending of Beams 



301 



Fatigue 

6.102 The fillet radius is 5 mm in the stepped aluminum circular beam shown in Figure P6.100. What should be the peak value of the cyclic 
load P to ensure a service life of one-half million cycles? Use the S-N curve shown in Figure 3.36. 



6.103 The beam in Figure P6.101 is made from a steel alloy that has the S-N curve shown in Figure 3.36. The peak intensity of the cyclic dis- 
tributed load is w = 80 lbs/in. and the fillet radius is 0.36 in. What is the predicted service life of the beam? 



Stretch Yourself 

6.104 A simply supported 3-m-long beam has a uniformly distributed load of 10 kN/m over the entire length of the beam. If the beam has the com- 
posite cross section shown in Figure P6.104, determine the maximum bending normal stress in each of the three materials. Use £^ = 70 GPa, 
E w = 10 GPa, mdE s = 200 GPa. [Hint: Use Equations (6.14) and (6.16)]. 

- 80 mm - 



Aluminum 



Figure P6.104 
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6.105 A steel (£ steel = 200 GPa) tube of outside diameter of 240 mm is attached to a brass (E hTass = 100 GPa) tube to form the cross section 
shown in Figure P6.105. Determine the maximum bending normal stress in steel and brass. [Hint: Use Equation (6.16)] 
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Figure P6.105 




6.6 SHEAR STRESS IN THIN SYMMETRIC BEAMS 



In Section 6.2.6 we observed that the maximum bending shear stress has to be nearly an order of magnitude less than the max- 
imum bending normal stress for our theory to be valid. But shear stress plays an important role in bending, particularly when 
beams are constructed by joining a number of beams together to increase stiffness. In this section we develop a theory that can 
be used for calculating the bending shear stress. 

Figure 6.48a and b shows the bending of four wooden strips that are separate and glued together, respectively. In Figure 
6.48a each wooden strip slides relative to the other in the longitudinal direction. But in Figure 6. 486 the relative sliding is pre- 
vented by the shear resistance of the glue — that is, the shear stress in the glue. One may thus hypothesize that in any beam 
there will be shear stresses on imaginary surfaces parallel to the axis of the beam. 




Relative sliding 



No relative sliding 




Figure 6.48 Effect of shear stress in bending, (a) Separate beams, (b) Glued beams. 

Notice that the beam in Figure 6.48a has significantly more curvature (it bends more) than that in Figure 6.486, even 
though the forces exerted in both cases are approximately the same. This phenomenon of increasing stiffness (see Problem 
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6.20) at the expense of introducing shear stress is exploited in the design of lightweight structures. In metal beams, the flanges 
are designed for carrying most of the normal stress in bending, and the webs are designed for carrying most of the shear stress 
(see Figure 6.28). In sandwich beams two stiff panels are separated by a soft core material. The stiff panels are designed to 
carry the normal stress and the soft core is designed to carry the shear stress. 

6.6.1 Shear Stress Direction 



Before developing formulas, it is worthwhile to understand the character of the shear stresses in bending and to determine 
their direction by inspection. 

Consider the beam in Figure 6.49a. The beam is constructed by gluing five pieces of wood together. From the evidence of 
the photographs in Figure 6.48, we know that shear stress will exist at each glued surface to resist the relative sliding of the 
wood strips. If we take a small element Ax of strips 3 and 5, we obtain Figure 6.49c and d. On the glued surface between 
wooden strips 2 and 3 there will be a shear stress r zx as the outward normal of the surface is in the z direction and the internal 
shear force is in the x direction. On the glued surface between wooden strips 4 and 5 there will be a shear stress r yx , as the out- 
ward normal of the surface is in the jy direction and the internal shear force is in the x direction. 

Because of the bending load P, a normal stress distribution across the cross section will develop as shown in Figure 6.496. 
From Equation (6.12), we know the bending normal stress <j xx will vary along the length of the beam as the moment M z varies. 
The bending normal stress distribution is such that there is no resultant axial force over the entire cross section. But if we only 
take dipart of the cross section, as in Figure 6.496 and c, then there will be an axial force generated that varies along the length 
as shown in Figure 6.49c and d. 

On the small element Ax, the equivalent shear force from the bending shear stresses must balance the change in the equiv- 
alent normal axial force, as shown Figure 6.54c and/ Thus in bending, the shear stress must balance the variations in the nor- 
mal stress <j xx along the length of the beam. 9 
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Normal stress distribution 
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Figure 6.49 Shear stress on different surfaces in bending. 









The preceding shows that shear stress develops on surfaces cut parallel to the axis of the beam. But from the symmetry of 
shear stresses r xy = r yx and r xz = r zx . These stresses, r xy and t xz , are on the cross sections perpendicular to the axis of the beam. 



9 From the field of elasticity it is known that in the absence of body forces, the equilibrium at a point requires do xx /dx + di yx /dy + dT zx /dz = (see 
Problem 1.105). Thus if o xx varies with x, then r (or r ) must vary withj, and t zx (or t xz ) must vary with z. See Problem 6.136 for additional details. 
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We know from Equation (6.10) that on the cross section of the beam the resultant of the shear stress r distribution is the shear 
force V Thus the direction (sign) of r xy should be the same as that of V . But the shear force V z that would be statically equiva- 
lent to t xz must be zero, as there is no external force in the z direction. This means that r xz must reverse sign (and direction) on 
the cross section if the net force from it is zero. We also know that the y axis is the axis of symmetry, and the loading is in the 
plane of symmetry. Therefore all stresses including z xz must be symmetric about the y axis. In other words, the shear stress z xz 
will reverse its direction as one crosses the y axis on the cross section. This sometimes implies that the shear stress r xz will be 
zero at the y axis. 

Consider now a circular cross section that is glued together from nine wooden strips, as shown in Figure 6.50a. Once 
more shear stresses will develop along each glued surface, to resist relative sliding between two adjoining wooden strips, and 
the shear stress value must balance the change in axial force due to the variation in cr xx . The outward normal of the surface will 
be in a different direction for each glued surface on which we consider the shear stress. If we define a tangential coordinate s 
that is in the direction of the tangent to the center line of the cross section, then the outward normal to the glued surface will be 
in the s direction and the shear stress will be r sx . Once more by the symmetry of shear stresses, r xs = r sx . At a point if the s 
direction and the y direction are the same, then r xs will equal ±r xy If the s direction and the z direction are the same at a point, 
then ^ will equal ±r xz 

It should be noted that in Figure 6A9e and/and in Figure 6.50Z? the shear force that balances the change in the axial force 
TV is shown on only one surface. The surface on the other end of the free-body diagram is always assumed to be a free surface. 
That is, the shear stress is zero on these other surfaces. The origin of the s coordinate is chosen to be one of the free surfaces 
and will be used in the next section in developing shear stress formulas. In a beam cross section the top and bottom and the 
side surfaces are always assumed to be surfaces on which shear stress is zero. 

In Figure 6A9e and/and in Figure 6.50Z? we notice that the shear force expression contains the product of the shear stress 
and the thickness t of the cross section at that point. This product is the shear flow q. 



<l=Txst 



Free surface 



Free surface 

\ 



(6.23) 



Free surface 




Figure 6.50 Shear stress in circular cross section 



The units of the shear flow are force per unit length. The terminology is from fluid flow in channels, but it is used extensively 
to discuss shear stresses in thin cross sections, probably because of the image of an actual flow helps in discussing shear stress 
directions, as elaborated further in the next section and Example 6.13. 

6.6.2 Shear Flow Direction by Inspection 

The shear flow and shear stress along the center line of the cross section are drawn in a direction that satisfies the following 
rules: 

1. The resultant force in the jy direction is in the same direction as V . 

2. The resultant force in the z direction is zero. 

3. It is symmetric about the y axis. This requires that shear flow change direction as one crosses the y axis on the center 
line. Sometimes this will imply that shear stress is zero at the point(s) where the center line intersects the jy axis. 
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EXAMPLE 6.13 

Assuming a positive shear force V , sketch the direction of the shear flow along the center line on the thin cross sections shown in Figure 
6.51. 



>P ; 



|) ; 



\i\ 




L. 



(a) 
Figure 6.51 Cross sections in Example 6.13. 



(b) 



(c) 



(d) 



PLAN 

With the outward normal of the cross section in the positive x direction, the positive shear force V will be in the positive y direction 
according to the sign convention in Section 6.2.6. We can determine the direction of the flow in each cross section to satisfy the rules 
described at the end of Section 6.6.2. 



SOLUTION 

(a) On the cross section shown in Figure 6.52a the shear flow (shear stress) from C to A will be in the positive y direction, since V on 
the cross section is in the positive y direction. At point A in the flange the flow will break in two and go in opposite directions, as shown 
in Figure 6.52a. The resultant force due to shear flow from A to D will cancel the force due to shear flow from^ to E, satisfying the con- 
dition of zero resultant force in the z direction and the condition of symmetric flow about they axis. 

(b) On the cross section shown in Figure 6.52b, the shear flow from C to E and from D to F will be in the positive y direction. This sat- 
isfies the condition of symmetry about the y axis and is consistent with direction of V . In the flange the two flows will approach point A 
from opposite directions. The resultant force due to shear flow from AtoE will cancel the force due to shear flow from A to F, satisfying 
the condition of zero resultant force in the z direction and the condition of symmetric flow about the;; axis. 



D 



Figure 6.52 Shear flow in Example 6.13. 



1 1 1 

c 

(a) 





(b) 









(c) On the cross section shown in Figure 6.52c the shear flows from points C and D will approach point A in opposite directions. This 
ensures the condition of symmetry, and the condition of zero force in the z direction is met. 

(d) The shear flow from C to D and the shear flow from EtoF have to be in the positive y direction to satisfy the condition of symmetry 
about the y axis and to have the same direction as V . At points A and B the shear flows must change direction to ensure symmetric shear 
flows about the y axis. The force from the shear flows in BC and DA will cancel the force from the shear flows in BE and FA, ensuring 
the condition of a zero force in the z direction. 



COMMENTS 

1. The shear flow (shear stress) is zero at the following points because these points are on the free surface: points C, D, and E in Figure 
6.52a; points C and D in Figure 6.52Z? and c. 

2. At point A in Figure 6.52b, c, and d the shear flow will be zero, but it will not be zero in Figure 6.52a as we can appreciate by analogy 
to fluid flow. In Figure 6.52a the shear flows at point A in branches AD and AE add up to the value of shear flow at point A in branch 
CA. With no other branch at points in Figure 6.52Z?, c, and d the values of the shear flow are equal and opposite, which is possible 
only if the value of shear flow is zero. 

3. The tQvmflow invokes an image that helps in visualizing the direction of shear stress. 

4. By examining the direction of the stress components in the Cartesian system, we can determine whether a stress component is posi- 
tive or negative z xy or z xz , as shown in Figure 6.53. Note that z is positive in all cases, a consequence of positive shear force V . But 
z xz can be positive or negative, depending on the location of the point. 
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Positive r xz Negative t xz Negative t x 
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♦ 



Positive t. 



xy 



Positive t~ 



T^^t, 



Positive t^ 



C 



D 



(a) (b) 

Figure 6.53 Directions and signs of stress components in Example 6. 13. 



Negative t ) 



Positive T r 




Positive t xz Negative t xz 

(c) 



6.6.3 Bending Shear Stress Formula 



The previous section and Example 6.13 highlight that the bending shear stress is r in the web and r xz m the flange, whereas 
for symmetric curvilinear cross sections it depends on the location of the point. To develop a single formula applicable to all 
situations, we define a tangential coordinate s in the direction of the tangent to the center line of the cross section, starting 
from a free surface. In this section we derive the formula for bending shear stress r xs . 

Free surface 




Free surface 



N, + dN, 



N s * = \cr xx dA><¥< 



Figure 6.54 Differential element of beam for shear stress calculations 



Consider a differential element of a wooden beam with circular cross section, as shown in Figure 6.54a. Consider the 
shear stress acting on the surface between wooden pieces 3 and 4. We can consider two possible free-body diagrams, shown in 
Figure 6.54Z? and c. The axial force N s (or N s *) acting on the part of cross section A s (or A s *) varies because of the variation of 
the bending stress a xx along the length of the beam. If the shear stress does not change across the thickness, the shear force V 
(or V*) is equal to the product of the shear stress multiplied by the area t dx, as shown. The assumption of constant shear stress 
in the thickness direction is a good approximation if the thickness is small. 

Assumption 9: The beam is thin perpendicular to the center line of the cross section. 



By equilibrium of forces in Figure 6.54c, we obtain N s + dN s -N s + r sx t dx = or 

dN s dc AA 



(6.24) 
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Substituting Equation (6.12) into Equation (6.24) and noting that the moment M z and the area moment of inertia I zz do not 
vary over the cross section, we obtain 



T - t = iifj/ dA 



d (M 2 Q : 



'zz'A s ' d%\ I zz 

where Q z '\s referred to as the first moment of the area A and is defined as 



Q z = f y dA 

J A 



(6.25) 



(6.26) 



Assumption 10: The beam is not tapered. 



Assumption 10 implies that / zz and Q z are not a function of x, and these quantities can be taken outside the derivative sign. 
We obtain 



t s J = (Q z /I zz )dM z /dx 
Substituting Equation (6.18), we obtain the formula for bending shear stress: 



VyQ: 



(6.27) 



In Equation (6.27) the shear force V y can be found either by equilibrium or by drawing the shear force diagram. Also, t is the 
thickness at the point where the shear stress is being found, and I zz is known from the geometry of the cross section. The direc- 
tion of s, identification of the area^4 5 , and the calculation of Q z are the critical new elements. We record the following observa- 
tions before discussing in detail the calculation of Q z . 

• Area A s is the area between the free surface and the point where the shear stress is being evaluated. 

• s is the direction from the free surface in the area A s used in the calculation of Q z . 

6.6.4 Calculating Q z 



Figure 6.55 shows the area A s between the top free surface and the point at which the shear stress is being found (line s-s). 
From Equation (6.26) we note that Q z is the first moment of the area A s about the z axis. The integral in Equation (6.26) is the 
numerator in the definition of the centroid of the slyqslA s . Analogous to the moment due to a force, the first moment of an area 
can be found by placing the area A s at its centroid and finding the moment about the neutral axis. That is, Q z is the product of 
area^4 5 and the distance of the centroid of the slvqslA s from the neutral axis, as shown in Figure 6.55. Alternatively, Q z can be 
found by using the bottom surface as the free surface, shown as Q z * in Figure 6.55. 



Line along 
which shear 
stress is 
being found 



^Centroid of A s 

Q z = A *y s 
-y s 



Figure 6.55 Calculation of Q z . 



Centroid of A 




At the top surface, which is a free surface, the value of Q z is zero, as the area A s is zero. When we reach the bottom sur- 
face after starting from the top, the value of Q z is once more zero because A S = A, and from Equation (6.9), J y dA = . If Q z 
starts with a zero value at the top and ends with a zero value at the bottom, then it must reach a maximum value somewhere on 
the cross section. 

To see where Q z reaches a maximum value, consider the change in Q z as the line s-s moves downward in Figure 6.55. 
Toward the neutral axis, the moment of the area Q z increases as we add the moments from the additional areas. When the line 
s-s crosses the neutral axis, then the new additional area below the axis produces a negative moment because the centroid of 
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this area is in the negative y direction. In other words, Q z increases up to the neutral axis and then starts decreasing. Thus Q z is 
maximum at the neutral axis. From Equation (6.27), it follows that bending shear stress is maximum at the neutral axis of a 
cross section. In summary 

• Q z is zero at the top and bottom surface. 

• Q z is maximum at the neutral axis. 

• The maximum bending shear stress on a cross section is at the neutral axis. 

• The maximum bending shear stress in the beam will be at the neutral axis on a cross section where V is maximum. 

We can write A =A S +A S * in Equation (6.9) and write the integral as \ A ydA +\ A ydA = to obtain Q z + Q z * = 0. This 

implies that Q z and Q z * will have the same magnitude but opposite signs. Thus, if we used Q z or Q z * in Equation (6.27), we 

would get the same magnitude of the shear stress, but which would give the correct sign (or direction)? 10 The answer is that 
both will give the correct sign, provided the s direction in Equation (6.27) is measured from the free surface used in the calcu- 
lation of Q z . 

We can find the magnitude and the direction of the bending shear stress in two ways: 

1. Use Equation (6.27) to find the magnitude of the shear stress. Use the rules described in Section 6.6.2 to determine the 
direction of the shear stress. 

2. Alternatively, follow the sign convention described in Section 6.2.6 to determine the shear force V . The shear stress is 
found from Equation (6.27), and the direction of the shear stress is determined using the subscripts, as elaborated in 
Section 1.3. 

6.6.5 Shear Flow Formula 



The formula for shear flow can be obtained by substituting Equation (6.27) into Equation (6.23) to get 



VyQz 



(6.28) 



Equation (6.28) can be used in two ways. It can be used for finding the magnitude of the shear flow at a point, and the direc- 
tion of shear flow can then be found by inspection following the rules described in Section 6.6.2. Alternatively, the sign con- 
vention for the shear force V is followed and the shear flow is determined from Equation (6.28). A positive value of shear 
flow implies that the flow is in the positive s direction, where s is measured from the free surface used in the calculation of Q z . 

One application of Equation (6.28) is the determination of the spacing between mechanical fasteners holding strips of 
beams together. Nails or screws are examples of mechanical fasteners used in wooden beams. Bolts or rivets are examples of 
mechanical fasteners used in metal beams. Figure 6.56 shows two strips of beams held together by a row of mechanical fasten- 
ers. Suppose the fasteners are spaced at intervals As, and each fastener can support a shear force V F Then the row of fasteners 
can support an average shear force per unit length of V F /As, which can be approximated as the shear flow in the beam, or, 
q « V F /As . 



Figure 6.56 Spacing in mechanically fastened beams 




10 In many textbooks the bending shear stress formula gives only the correct magnitude. The correct sign (or direction) has to be found by inspection. In this 
book inspection as well as subscripts in the formulas will be used in determining the direction of shear stress. 
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Thus once we know the shear flow from Equation (6.28), we can find the spacing in a row of fasteners as As « V F /q . If 
there is more than one row of fasteners holding two pieces of wood together, then each row of fasteners can carry an average 
shear flow of V F /As. Thus the total shear flow carried by two rows is 2V F /As, which is then approximated by the shear flow in 
the beam, q = 2 V F /As . Thus once we know the shear flow from Equation (6.28), we can use it to determine the spacing 
between the fasteners, once the shear force that the fasteners can support is known. Alternatively, if the spacing is known, then 
we can find the shear force carried by each fastener. Example 6.18 further elaborates on this discussion. 

6.6.6 Bending Stresses and Strains 



In symmetric bending about the z axis, the significant stress components in Cartesian coordinates are errand r in the web and 
errand r xz in the flange. We can find <j xx from Equation (6.12), but from Equation (6.27) we get r xs . How do we get r xy or r xz 
from r xs l There are two alternatives. 

1. Follow the sign convention for the shear force to determine V. Using Equation (6.27), get t xs Note that the positive s 
direction is from the free surface to the point where the shear stress is found. Draw the stress cube using the argument 
of subscripts as described in Section 1.3. Now look at the shear stress in the Cartesian coordinates and determine the 
direction and sign of the stress component (r or r xz ). 

2. Alternatively, use Equation (6.27) to find the magnitude of t xs , and determine the direction of the shear stress by 
inspection, as described in Section 6.6.1. Draw the stress cube. Now look at the shear stress in the Cartesian coordi- 
nates and determine the direction and sign of the stress component (r xy or r xz ). 






T 

yx 










r xy 








\ / 

























(d) 



Figure 6.57 Stress elements in symmetric bending of beams: (a) top or bottom; (b) neutral axis; (c) any point on web. (d) any point on 
flange. 

In beam bending problems there are four possible stress elements, as shown in Figure 6.57. At the top and bottom sur- 
faces of the beam the bending shear stress r is zero, and the bending normal stress <j xx is maximum at a cross section. The 
state of stress at the top and bottom is shown on in Figure 6.51a. No arrows are shown in the figures, as the normal stress 
could be tensile or compressive. At the neutral axis <j xx is zero and r is maximum in a cross section, as shown by the stress 
element in Figure 6.57b. At any point on the web <j xx and r are nonzero, whereas at any point in the flange a xx and t xz slvq non- 
zero, as shown in Figure 6.57c and d. 

From the generalized Hooke's law given by Equations (3.12a) through (3.12/), we obtain the strains 



&rr 



' E 



= - V£ Y 



£W = 



V°x> 

E 



= - V£ r 



ixy 



Yxz = 



(6.29) 



The normal strains in the y and z directions are due to the Poisson effect. 



Consolidate your knowledge 

1. With the book closed, derive Equation (6.27). 



August 2012 



M. Vable 



Mechanics of Materials: Symmetric Bending of Beams 



309 



EXAMPLE 6.14 

A positive shear force Facts on the thin rectangular cross section shown in Figure 6.58. Determine the shear stress r xs due to bending 
about the z axis as a function of s and sketch it. 



T 



Figure 6.58 Cross section in Example 6.14. 



T 



PLAN 

We can find Q z by taking the first moment of the area between the top surface and the surface located at an arbitrary point s. By substitut- 
ing Q z as a function of s in Equation (6.27), we can obtain t xs as a function of s. 



SOLUTION 

We can draw the area A s between the top surface and some arbitrary location s in Figure 6.59a and determine the first moment about the 
z axis to find Q z . 



fi.-<|-5) 



b s\ _ st(b-s) 



Substituting Equation (El) and the area moment of inertia I zz = tb 111 into Equation (6.27), we obtain 

= Vst(b-s)/2 
(tb /\2)t 



(El) 



(E2) 



ANS. t v 



-6Vs(b-s) 



b 3 t 



Suppose we take the positive x direction normal to this page. Since we obtain a negative sign for the shear stress, the direction of the 
shear stress has to be in the negative s direction, as shown in Figure 6.59Z?. 



(a) 



b _s_ 

2 2 



(b) J 



Figure 6.59 (a) Calculation of Q z in Example 6.14. (b) Shear stress distribution in Example 6.14 



3V 
2bt' 



COMMENTS 

1. Figure 6.59Z? shows that the shear stress is zero at the top (s = 0) and the bottom (s = b) and is maximum at the neutral axis, as 
expected. The maximum bending shear stress at a cross section can be written r max = 1.5V/A, where A is the cross-sectional area. 

2. The shear force is in the positive y direction. Hence the shear stress on the cross section should be in the positive direction, as shown 
in Figure 6.59Z?. 

3. Note that the s direction is in the negative y direction. Hence r xy = — r xs , which is confirmed by the direction of shear stress in Fig- 
ure 6.59b. 



4. Substituting x 



6Vs(b-s)/b t into Equation (6. 13) and noting that dA = t ds, we obtain by integration 



Vfbs s 



= r b 6Vs(b-s) ,6V 

y y L u\ tas ^V2 3 



J o b J t 



= V 



which once more confirms our results. 
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EXAMPLE 6.15 

A positive shear force V = 30 kN acts on the thin cross sections shown in Figure 6.60 (not drawn to scale). Determine the shear stress at 
points B, C, D, and E. Report the answers as r xy or r xz . 

50 mm 



50 mm 



-^ uA 



10 mm 



Figure 6.60 Cross sections in Example 6.15. 



£ 
B vo 

© 



100 mm H H- 

10 mm 10 mm 

/ =6.8 X 10 6 mm 4 



PLAN 

Vp I zz and t in Equation (6.27) are known. Hence the shear stress will be determined if Q z is determined at the given points. We make an 
imaginary cut perpendicular to the center line, and we draw the area A s between the bottom and the imaginary cut and calculate Q z . 



SOLUTION 

Figure 6.61 shows the areas A s that can be used for finding Q z at points B, C, D, and E. The distance from the centroid of the areas A s to 
the z axis can be found and multiplied by the area A s to obtain Q z at each point: 

(Qz) B = (°- 05 m )( - 01 m)[-(0.0706 m- 0.025 m)] = -22.8(10" 6 ) m 3 

-6x 3 



(fix) 



(fiz)c = (0.0706 m)(0.01 m)[-0.0706/2 m] = -24.92(10 ) in 
(Qz) D = (0- 10 m)(0.01 m)[-(0.0706 m-0.05 m)] = -20.6(10~ 6 ) m 3 
, (0.10m)(0.01 m)[-( 0.0706 m-0.05 m)] + (0.05 m)(0.01 m)(0.105 m- 0.0706 m) or 
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Figure 6.61 Area As for calculations of Q z in Example 6.15. 
The shear stress at the points can be found from Equation (6.27): 

-V y (Qz) B ~] _ [30(10 3 )N][-22.8(10" 6 )m 3 ] 
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10.99(10°) N/m 



c 
V y (Q z ) D 



[6.8(10" 6 )m 4 ](0.01 m) 

[30(10 3 ) N][-24.92(10" 6 ) m 3 ] 
[6.8(10" 6 )m 4 ](0.01 m) 

J30(10 3 )Nir-20.6(10-Wl = 9 . 09(1 o^N/ m 2 
[6.8(10 )m ](0.01 m) 



( i* s )e 



[30(10 3 )N][-3.4(10 6 )m 3 ] 



[6.8(10 ")m 4 ](0.01 m) 



1.5(10 )N/m 



(E5) 
(E6) 
(E7) 
(E8) 



I Ue \ 

In Figure 6.61, the s direction is in the positive y direction at points B, C, and D and negative z direction at point E. Thus, the stress 
results are 



ANS. (T xy ) B = 10.5 MPa (x xy ) c 



11.0 MPa 



(x xy ) D = 9.1 MPa (T xy ) B 



-1.5 MPa 
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COMMENTS 

1. The signs of the bending shear stress components in this example are consistent with those in Figure 6.53b where they were deter- 
mined by inspection. 

2. In Equation (E4) we added the first moment of the area of the horizontal piece in Figure 6.6 Id to the (Q Z ) D calculated in Equation 
(E3). We could also have written the integral over the entire area A s as a sum of integrals over its parts. 

3. The maximum bending shear stress will occur at point C — that is, at the neutral axis. 

4. The bending shear stress at A will be zero, because the shear flow will go in opposite direction at the axis of symmetry. 

EXAMPLE 6.16 



A positive shear force V = 30 N acts on the thin cross sections shown in Figure 6.62 (not drawn to scale). Determine the shear flow 
along the center lines and sketch it. 

r 

h 100 mm H I 



c 



Figure 6.62 Cross sections in Example 6.16. 



\E 10 mm 



C 

10 mm 



1 77 = 2.35 X 10 6 mm 4 



PLAN 

V y and I zz are known in Equation (6.28). Hence the shear flow along the center line will be determined if Q z is determined along the cen- 
terline. Noting that the cross section is symmetric about the;; axis, the shear flow needs to be found only on one side of the y axis. 



SOLUTION 

(a) Figure 6.63 shows the areas A s that can be used for finding the shear flows in DA and CA of the cross section in Figure 6.62a. The 
parameters s l and s 2 are defined from the free surface to the point where the shear flow is to be found. The distance from the centroid of 
the areas A s to the z axis can be found and Q z calculated as 



Q x = ^(0.01 m)(0.105 m-0.0775 m) = 0.275^(10 J ) in 
Q 2 = (,s 2 (0.01 m))[-(0.0775 m- s 2 /2)] = -(0.775s 2 - 5s 2 2 )(l0~ 3 ) m 3 



(El) 
(E2) 



Free surface 



Figure 6.63 Calculation of Q z in part (a) of Example 6. 1 6. 










^ — ► 


> 


0.01m 




D— t 




0.105 




0.0775 







0.0775 - s 2 /2 
s 2 /2 



O 



n) 7 

o 






0.01m 

(b) 



Free surface 



Substituting V y , I zz , and Equations (El) and into Equation (6.28), we find the shear flow in DA and CA of the cross section in Figure 
6.62a: 



q 2 



(30 N)[0.275j!(10 ) m] 
2.35(10" 6 )m 4 

(30N)[-(0.775s 2 -5^)(10~ 3 ) m 3 ] 
2.35(10" 6 )m 4 



(9.89^ 2 - 63.83^) kN/m 



(E3) 



(E4) 



ANS. q x = -3.51 $! kN/m q 2 = (9.89s 2 - 63.83^) kN/m 
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The shear flow q x is negative, implying that the direction of the flow is opposite to the direction of s x . The values of q x can be calculated 
and plotted as shown in Figure 6.64a. By symmetry the flow in AE can also be plotted. The values of q 2 are positive between C and A, 
implying the flow is in the direction of s 2 . The values of q 2 can be calculated from and plotted as shown in Figure 6.64a. 

Intensity of 
shear flow 



175.5 N/m 



Figure 6.64 Shear flows on cross sections in Example 6.16. 




COMMENTS 

1. In Example 6.13 the direction of flow was determined by inspection, whereas in this example it was determined using formulas. A 
comparison of Figures 6.64 and 6.52a shows the same results. Thus, inspection can be used to check our results. Alternatively, we 
could calculate the magnitude of the shear flow (or stress) from formulas and then determine the direction of the shear flow by 
inspection. 

2. In Figure 6.64 the flow value at point A in CA is 351 N/m, which is the sum of the flows in AD and AE. Thus the behavior of shear 
flow is similar to that of fluid flow in a channel. 

3. Figure 6.64 shows that the shear flow in the flanges varies linearly. The shear flow in the web varies quadratically, and its maximum 
value is at the neutral axis. 



EXAMPLE 6.17 

A beam is loaded as shown in Figure 6.65. The cross section of the beam is shown on the right and has an area moment of inertia 
I zz - 40.83 in. 4 (a) Determine the maximum bending normal and shear stresses, (b) Determine the bending normal and shear stresses at 
point D on a section just to the right of support^. Point D is just below the flange, (c) Show the results of parts (a) and (b) on stress cubes. 



-4in- 
E 



iD 



2200 lb 



800 ft -lb 



Figure 6.65 Beam and loading in Example 6. 17. 




z 
lin-H 



2100ft-lb 



F 

h«-2iiH 

(b) 



lin 



1.5 in 



2.5 in 



lin 



PLAN 

We can draw the shear force and bending moment diagrams and determine the maximum bending moment M max , the maximum shear 
force (V y ) max , and the value of the bending moment M A and the shear force (V) A just to the right of support A. Using Equations (6.12) 
and (6.27), we can determine the required stresses and show the results on a stress cube. 



SOLUTION 

By considering the free-body diagram of the entire beam, we can find the reaction forces at A and B and draw the shear force and bend- 
ing moment diagrams in Figure 6.66. The areas under the shear force curve are 

A 1 = 500x3 = 1500 A 2 = 1000x3 = 3000 A 3 = 1200x3 = 3600 (El) 

From Figure 6.66 we can find the maximum shear force and moment, as well as the values of shear force and moment just to the right of 
support^: 



(*a 



1200 lbs 



M m 



2300 ft- lbs 



(Vyh 



-1000 lbs 



M A 



-700 ft- lbs 



(E2) 
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2200 lb 



800 



V= -V, 




)2100ft-lb 



Figure 6.66 Shear force and bending moment diagrams in Example 6. 17. 

(a) Point F is the point farthest away from the neutral axis. Hence the maximum bending normal stress will occur at point F. Substituting 
y F = -3.5 and M max into Equation (6. 12), we obtain 

= J(2300)(12)in,lbsl(-3.5in.) _ ^ ? ^.^ 
40.83 in. 

ANS. a max = 2366 psi (T) 
The maximum bending shear stress will occur at the neutral axis in the section where V is maximum. We can draw the area A s between the 
top surface and the neutral axis (NA) as shown in Figure 6.67 and determine the first moment about the z axis to find Q z , in Equation (E4) 

(a) T y (b) \y 



h 



I 



-4in- 
E 



-H 






2 in 



Figure 6.67 Calculation of Q z in Example 6. 1 7 (a) at neutral axis 
(b)atZ). 



lin 



-4 in- 



4^ 



2 in 



1.5 in 
0.75 in I 

c ""na 

1 in 



lin 



D 

1.5 in 

C NA j_ 



Q NA = (4 in.)(l in.)(2 in.) + (1.5 in.)(l in.)(0.75 in.) = 9.125 in/ 



Substituting V max and Equation (E4) into Equation (6.27), we obtain 



( T *X, 



(1200 1bs)(9.125 in/) . „ . „ ,. 2 
- 1 ^ = -268.2 lbs/m. 



(E4) 



(E5) 



(40.83 in. )(1 in.) 

ANS. (x x J max = -268 psi 

(b) Substituting^ =1.5 in.andM A into Equation (6.12), we obtain the value of the normal stress at point/) on a section just right of^4 as 

(E6) 



_ J(-700)(12)in,lbsl(1.5in.) = ^ ^.^ 
(40.83 in. ) 



ANS. (a«) fl = 309 psi (T) 
We can draw the area A s between the free surface at the top and point D as shown in Figure 6.67b and find Q z at D. 



Q D = (4 in.)(l in.)(2 in.) = 8 in. 



(E7) 



Substituting ( V y ) A and Equation (E7) into Equation (6.27), we obtain the value of the shear stress at point D on a section just right of A as 



(Xxs)d = J-1000 lbs)(8 in. 3 ) = 1% 1Win 2 



(40.83 in. )(1 in.) 



^y 



(E8) 
ANS. (t^ = 196 psi 



2366 psi 



► 268 psi 






196 psi 
309 psi 












Figure 6.68 Stress elements in Example 6.17. (a) Maximum bending normal stress, (b) Maximum bending shear stress, (c) Bending 
and normal shear stresses at point D just to the right of A. 
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(c) In Figures 6.67a and b the coordinate s is in the opposite direction to y at points D and the neutral axis. Hence at both these points 
x xy = -t xs , and from Equations (E5) and (E8) we obtain 

ANS - i^y\na X = 268 psi (x xy ) D = -196 psi 

We can show these results along with the normal stress values on the stress elements in Figure 6.68. 



COMMENTS 

1. The maximum value of Fis -1200 lbs but V— -V . Hence the maximum value of V is a positive value, as given in Equation (E2). 

2. V is positive in Equation (E2), thus we expect (r ) max to be positive. Just after support^ the shear force V is negative, thus we expect 
that (T xy ) D will be negative, as shown in Figure 6.68. 

3. Note that the maximum bending shear stress in the beam given by Equation (E5) is nearly an order of magnitude smaller than the 
maximum bending normal stress given by Equation (E3). This is consistent with the requirement for validity of our beam theory, as 
was remarked in Section 6.2.6. If in some problem the maximum bending shear stress were nearly the same as the maximum bending 
normal stress, then that would indicate that the assumptions of beam theory are not valid and the theory needs to be modified to 
account for shear stress. 



EXAMPLE 6.18 

A wooden cantilever box beam is to be constructed by nailing four pieces of lumber in one of the two ways shown in Figure 6.69. The 
allowable bending normal and shear stresses in the wood are 750 psi and 150 psi, respectively. The maximum force that the nails can 
support is 100 lb. Determine the maximum value of load P to the nearest pound, the spacing of the nails to the nearest half inch, and the 
preferred nailing method. 



Joining Method 1 

h 8ft H 

Figure 6.69 Wooden beams in Example 6.18. 



-6 in- 



1 

lin 

T 

4 in 

1 

lin 

T 



Joining Method 2 



H*^ 



-8 ft- 



-H H"4in- 
lin 



6 in 



lin 



PLAN 

The maximum bending normal and shear stresses for both beams can be found in terms of P. These maximum values can be compared to 
the allowable stress values, and the limiting value on force P can be found. The shear flow at the junction of the wood pieces can be 
found using Equation (6.28). The spacing of the nails for each joining method can be found by dividing the allowable force in the nail by 
the shear flow. The method that gives the greater spacing between the nails is better as fewer nails will be needed. 



SOLUTION 

We can draw the shear force and bending moment diagrams for the beams as shown in Figure 6.70a and calculate the maximum shear 
force and moment 

-P lb M mnY = -8P ft • lb = -96P in • lb 



iVy\ 



(El) 



= ~Vy 


P 


(lb) 


l> X 


M z 




(fflb) 
8P 





< lin T 



-=£ 






2.5 in 



lin 



4 in 



~J~i in , , 



lin 
2 in 



5 in- 



\ y 

h— 4 in — H 



2.5 in 



;lin 



2 in 



2.5 in 



lin 



2 in 



lin 



(a) 



(d) 



(b) (c) 

Figure 6.70 (a) Shear and moment diagrams, (b) Q z at neutral axis, (c) Q z at nails in joining method 1. (d) Q z at nails in joining method 
2 
The area moment of inertia about the z axis can be found as 

1 



I zz = ^(6 in.)(6 in.) 3 - ~(4 in.)(4 in.) J 



86.67 in. 



(E2) 



Substituting Equations (El) and (E2) andj/ max = ±3 in, we can find the magnitude of the maximum bending normal stress from Equation 
(6.12) in terms of P. Using the allowable normal stress as 750 psi, we can obtain one limiting value oni^ 



M v 

max./ i 



maxs max 



i- 7 



(96/>)(3in.) < 7501bs/ . 



P< 225.7 lbs 



86.67 in. 



(E3) 
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Figure 6.70b shows the slyq2lA s for the calculation of Q z at the neutral axis: 

Q NA = (6 in.)(l in.)(2.5 in.) + 2(2 in.)(l in.)(l in.) = 19 in. 3 (E4) 

We also note that at the neutral axis, the thickness perpendicular to the center line is t = 1 in. + 1 in. = 2 in. Substituting Equations (El), 
(E2), and (E4) and t = 2 in. into Equation (6.27), we can obtain the magnitude of the bending shear stress in terms of P. Using the allow- 
able shear stress as 150 psi, we can obtain another limiting value on P. 

P(19in. 3 ) 



< 150 lbs/ in. or P < 1368 lbs (E5) 

(86.67 in. H )(2 in.) 

If the maximum value of P is determined from Equation (E3), then Equation (E5) will be satisfied. Rounding downward we determine the 
maximum value of force P to the nearest pound. 

ANS. P max = 225 lbs 
To find the shear flow on the surface joined by the nails, we make imaginary cuts through the nails and draw the area^4 5 , as shown in Fig- 
ure 6.70c and d. We can then find Q z for each joining method: 

Q x = (6 in.)(l in.)(2.5 in.) = 15 in. 3 Q 2 = (4 in.)(l in.)(2.5 in.) = 10 in. 3 (E6) 

From Equations (El) and (E3) we obtain the shear force as K,= -225 lb. Substituting this value along with Equations (E2) and (E6) 
into Equation (6.28), we obtain the magnitude of the shear flow for each joining method, 



^2 



V V Q, 


l zz 


VyQl 



(225 lbs)(15 in. 3 ) 
86.67 in. 4 



39.94 lbs/in. 



(E7) 



I„ 



26.96 lbs/in. 



(225 lbs)(10in. J ) 
86.67 in. 4 

This shear flow is to be carried by two rows of nails for each of the joining methods. Thus each row resists half of the flow. Using this 
fact, we can find the spacing between the nails, 

2(100 lbs) 
39.94 lbs/in. 



100 lbs _ q\ 



100 

As 9 



As, 



5.1 in. 



(E8) 



(E9) 



2 



As 9 



2(100 lbs) 
26.96 lbs/in. 



7.7 in. 



(E10) 



As As 2 > As^, fewer nails will be used in joining method 2. Rounding downward to the nearest half inch, we obtain the nail spacing. 

ANS. Use joining method 2 with a nail spacing of 7.5 in. 



COMMENTS 

1. In this particular example only, the magnitudes of the stresses were important; the sign did not play any role. This will not always be 
the case, particularly in later chapters when we consider combined loading and stresses on different planes. 

2. From visualizing the imaginary cut surface of the nails, we observe that the shear stress component in the nails is r in joining 
method 1 and r zx in joining method 2. 

3. In Section 6.6.1 we observed that the shear stresses in bending balance the changes in axial force due to <j xx . The shear stresses in the 
nails balance cr xx , which acts on a greater area in joining method 1 (6 in. wide) than in joining method 2 (4 in. wide). This is reflected 
in the higher value of Q z , which led to a higher value of shear flow for joining method 1 than for joining method 2, as shown by Equa- 
tions (E7) and (E8). 

4. The observations in comment 3 are valid as long as <j xx is the same for both joining methods at any location. If I zz andj/ max were different, 
then it is possible to arrive at a different answer. See Problem 6.126 



PROBLEM SET 6.4 



Bending normal and shear stresses 



6.106 For a positive shear force V y (a) sketch the direction of the shear flow along the center line on the thin cross sections shown in Figure 
P6.106. (b) At points A, B, C, and D, determine whether the stress component is r xy or r xz and whether it is positive or negative. 



Figure P6.106 



\c 



._A_J_ 
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6.107 For a positive shear force V , (a) sketch the direction of the shear flow along the center line on the thin cross sections shown in Figure 
P6.107. (b) At points A, B, C, and D, determine whether the stress component is r xy or r xz and whether it is positive or negative 



*>' 



Figure P6.107 



J! 



6.108 For a positive shear force V , (a) sketch the direction of the shear flow along the center line on the thin cross sections shown in Figure 
P6.108. (b) At points A, B, C, and D, determine whether the stress component is r xy or r xz and whether it is positive or negative. 



Figure P6.108 









< 


j 








r 


~*A 


"r~r 


— 


"T" 


-J)— 


--\ 












1 













6.109 For a positive shear force V y , (a) sketch the direction of the shear flow along the center line on the thin cross sections shown in Figure 
P6.109. (b) At points A, B, C, and D, determine whether the stress component is r xy or r xz and whether it is positive or negative. 



Figure P6.109 
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J 






— T - 


~B— 




T~(r" 




1 






i 
i 

\D 

i 
i 






z 





6.110 For a positive shear force V , (a) sketch the direction of the shear flow along the center line on the thin cross sections shown in Figure 
P6.109. (b) At points A, B, C, and D, determine whether the stress component is r xy or r xz and whether it is positive or negative. 

ky 



Figure P6.110 




6.111 For a positive shear force V , (a) sketch the direction of the shear flow along the center line on the thin cross sections shown in Figure 
P6. 1 1 1 . (b) At points A, B, C, and D, determine whether the stress component is r xy or r xz and whether it is positive or negative. 



Figure P6.111 




6.112 For a positive shear force V , (a) sketch the direction of the shear flow along the center line on the thin cross sections shown in Figure 
P6. 112. (b) At points A, B, C, and D, determine whether the stress component is r xy or r xz and whether it is positive or negative. 



Figure P6.112 



I : 
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6.113 A cross section (not drawn to scale) of a beam that bends about the z axis is shown in Figure 6.113. The shear force acting at the cross 
section is 5 kips. Determine the bending shear stress at points A, B, C, and D. Report your answers as positive or negative x xy or x xz . Point B is 
just below the flange. 

4inr 

~7T 



•<- 



^ 



lin. 



1 in 



-D 



T' 



1.5 in. 



2.5 in. 



lin. 



Figure P6.113 



2 in. 



6.114 A cross section (not drawn to scale) of a beam that bends about the z axis is shown in Figure 6.71. The shear force acting at the cross 
section is -10 kN. Determine the bending shear stress at points A, B, C, and D Report your answers as positive or negative x xy or x xz . Point B is 
just below the flange. 



k0 50 mm 



^d-E>| 
10 mm 



•<- 



10 mm 



Figure 6.71 



-H 



10 mm 



50 mm 



10 mm 



D 



10 mm 



6.115 A cross section of a beam that bends about the z axis is shown in Figure 6.115. The internal bending moment and shear force acting at 
the cross section are M z = 50 in.-kips and V y = 10 kips, respectively. Determine the bending normal and shear stress at points A, B, and C and 
show it on stress cubes.Point B is just below the flange. 



A 



0.5 in ! 



1 



7 in 



-<£- 



Figure P6.115 



0.5 in _ [ 



•«- 0.5 in 
C 



3.158 in. 



th 



6.116 Determine the magnitude of the maximum bending normal stress and bending shear stress in the beam shown in Figure P6. 116. 



4 kips 

2 ft, 



3 ft 



4 ft 



2 kips c ross section 



5 ft -kips 



Figure P6.116 



2 kips/ft 



t T 2ft-kit 



2ft-kips 



JjL 



2 in 



6.117 For the beam, loading, and cross section shown in Figure P6. 117, determine (a) the magnitude of the maximum bending normal stress, 
and shear stress; (b) the bending normal stress and the bending shear stress at points. Points is just below the flange on the cross section just 
right of the 4 kN force. Show your result on a stress cube. The area moment of inertia for the beam was calculated to be I zz = 3.6 x 10 6 mm 4 . 
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3kN/m 



8 kN-m f \-+xm A F~ 



^16kN-m 



\< — 160 mm — >\ I 



Figure P6.117 



^ 



t t t t 

2kN/mi 

4 m -4*- 4 m -+\ 



z + 



4kN 



r 

78.4 mm 

1 



A J f 
100 mm 

I 



15 mm 



6.118 For the beam, loading, and cross section shown in Figure P6.118, determine (a) the magnitude of the maximum bending normal stress 
and shear stress; (b) the bending normal stress and the bending shear stress at point A. Point A is on the cross section 2 m from the right end. 
Show your result on a stress cube. The area moment of inertia for the beam was calculated to be I zz — 453 (10 6 ) mm 4 . 

30 kN 8 kN 



Figure P6.118 



J 1 11 kN 


•m 


X 




\\\h kN/m ; 




I 3 m 1 . 



25 mm-^ 
z 

120 mm J 






: = 25 mm 



-A 



20 kN 



300 mm 



300 mm 

= 25 mm 



6.119 Determine the maximum bending normal and shear stress in the beam shown in Figure 6.119a. The beam cross section is shown in 
Figure 6.1196. 



(a) 



( 



y 

3 kips 



3 ft -kips 



j 



6 kips 



(b) ,J:L 



3 ft -kips 



Figure P6.119 



6 kips 



6ft-kips | 
3 kips I 



+71H- 



1.5 ft ' 1ft ' 2 ft ' 1.5 ft 



WtxH 



T 



-6in-H 



6.120 Two pieces of lumber are nailed together as shown in Figure P6.120. The nails are uniformly spaced 10 in apart along the length. 
Determine the average shear force in each nail in segments AB and BC. 

10in 18001b r^JL, 



A^ 



Figure P6.120 



B C\ 

3^ 

I- 6ft^|-4ft^ 2 



lin 
4 in 



6.121 A cantilever beam is constructed by nailing three pieces of lumber, as shown in Figure P6. 12 1 . The nails are uniformly spaced at inter- 
vals of 75 mm. Determine the average shear force in each nail. 

200 mm 



Figure P6.121 



k 



1.5 kN 



2.5 m- 



25 mm 



25 mm 25 mm 



6.122 A cantilever beam is constructed by nailing three pieces of lumber, as shown in Figure P6. 122. The nails are uniformly spaced at inter- 
vals of 75 mm. (a) Determine the shear force in each nail, (b) Which is the better nailing method, the one shown in Problem 6.99 or the one in 
this problem? 

25 mm 



t 



1.5 kN 



Figure P6.122 



■2.5 m- 



T 



u 200 mm 



25 mm 25 mm 
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Design problems 

6.123 The planks in a park bench are made from recycled plastic and are bolted to concrete supports, as shown in Figure P6.123. For the 
purpose of design the front plank is modeled as a simply supported beam that carries all the weight of two individuals. Assume that each person 
has a mass 100 kg and the weight acts at one-third the length of the plank, as shown. The allowable bending normal stress for the recycled plas- 
tic is 10 MPa and allowable bending shear stress is 2 MPa. The width d of the planks that can be manufactured is in increments of 2 cm, from 
12 to 20 cm. To design the lightest bench, determine the corresponding values of the thickness t to the closest centimeter for the various values 
of d. 



10 c: 



Figure P6.123 




6.124 Two pieces of wood are glued together to form a beam, as shown in Figure P6.124. The allowable bending normal and shear 
stresses in wood are 3 ksi and 1 ksi, respectively. The allowable bending normal and shear stresses in the glue are 600 psi (T) and 
250 psi, respectively. Determine the maximum moment M ext that can be applied to the beam. 



~^rr 



M ext 

a.) 



100 in - 



HMOinH 



Figure P6.124 



::lin 



4 in 



2 in 



6.125 A wooden cantilever beam is to be constructed by nailing two pieces of lumber together, as shown in Figure P6.125. The allowable 
bending normal and shear stresses in the wood are 7 MPa and 1.5 MPa, respectively. The maximum force that the nail can support is 300 N. 
Determine the maximum value of load P to the nearest Newton and the spacing of the nails to the nearest centimeter. 
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Figure P6.125 
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6.126 A wooden cantilever box beam is to be constructed by nailing four 1-in.x 6-in. pieces of lumber in one of the two ways shown in Figure 
P6.126. The allowable bending normal and shear stresses in the wood are 750 psi and 150 psi, respectively. The maximum force that a nail can 
support is 100 lb. Determine the maximum value of load P to the nearest pound, the spacing of the nails to the nearest half inch, and the preferred 
nailing method 



Joining method 1 



Joining method 2 



\M 



Figure P6.126 
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Historical problems 

6.127 Leonardo da Vinci conducted experiments on simply supported beams and drew the following conclusion: "If a beam 2 braccia long 
{L) supports 100 libbre (W), a beam 1 braccia long {LI 2) will support 200 libbre {2W). As many times as the shorter length is contained in the 
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longer (L /a), so many times more weight (aW) will it support than the longer one." Prove this statement to be true by considering the two sim- 
ply supported beams in Figure P6.127 and showing that W 2 = aW for the same allowable bending normal stress. 

\W 

\ \W 



^ 



~^D- 



Figure P6.127 






-L/a- 
(b) 



6.128 Galileo believed that the cantilever beam shown in Figure P6. 128a would break at point B, which he considered to be a fulcrum point 
of a lever, with AB and BC as the two arms. He believed that the material resistance (stress) was uniform across the cross section. Show that the 
stress value crthat Galileo obtained from Figure P6.1286 is three times smaller than the bending normal stress predicted by Equation (6.12). 

(a) iSB^' <W i°" A 



Figure P6.128 Galileo's beam experiment. 




Fulcrum 



P 



6.129 Galileo concluded that the bending moment due to the beam's weight increases as the square of the length at the built-in end of a canti- 
lever beam. Show that Galileo's statement is correct by deriving the bending moment at the built-in end in the cantilever beam in terms of specific 
weight y, cross-sectional area A, and beam length L. 



6.130 In the simply supported beam shown in Figure P6.130. Galileo determined that the bending moment is maximum at the applied load 
and its value is proportional to the product ab. He then concluded that to break the beam with the smallest load P, the load should be placed in 
the middle. Prove Galileo's conclusions by drawing the shear force and bending moment diagrams and finding the value of the maximum bend- 
ing moment in terms of P, a, and b. Then show that this value is largest when a — b. 



Figure P6.130 




6.131 Mariotte, in an attempt to correct Galileo's strength prediction, hypothesized that the stress varied in proportion to the distance from the 
fulcrum, point B in Figure P6.128. That is, it varied linearly from point B. Show that the maximum bending stress value obtained by Mariotte is 
twice that predicted by Equation (6.12). 



Stretch Yourself 

6.132 A beam is acted upon by a distributed load/?(x). Let M A and V A represent the internal bending moment and the shear force at A. Show 
that the internal moment at B is given by 



M B = M A ~ V a( X B ~ X a) + f ( X B ~ X)P( X ) dx 



(6.30) 



6.133 The displacement in the x direction in a beam cross section is given by u = u (x) -y(dvldx)(x). Assuming small strains and lin- 
ear, elastic, isotropic, homogeneous material with no inelastic strains, show that 

dUa 



dUa d V 

N = EA-/-EAy c — 2 
" x dx 



M, 



~EAy c 



dx 



EI — 

ZZ J 2 

dx 



where y c is the y coordinate of the centroid of the cross section measured from some arbitrary origin, A is the cross-sectional area, I zz is the area 
moment of inertia about the z axis, and TV and M z are the internal axial force and the internal bending moment. Note that if y is measured from 
the centroid of the cross section, that is, if y c — 0, then the axial and bending problems decouple. In such a case show that a xx = N/A - M^/I zz . 



6.134 Show that the bending normal stresses in a homogeneous, linearly elastic, isotropic symmetric beam subject to a temperature change 
AT(x, y) is given by 
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M 7 y M T y 



(6.31) 



where M T = Ea\ yAT(x,y) dA, a is the coefficient of thermal expansion, and E is the modulus of elasticity. 



6.135 In unsymmetrical bending of beams, under the assumption of plane sections remaining plane and perpendicular to the beam axis, the dis- 
placement u in the x direction can be shown to be u = - y dvldx - z dwldx, where y and z are measured from the centroid of the cross section, and v and 
w are the deflections of the beam in the y and z directions, respectively. Assume small strain, a linear, elastic, isotropic, homogeneous material, and no 
inelastic strain. Using Equations (1.8b) and (1.8c), show that 



2 2 

M y = EI y*—2 +EI yy—2 
ax ax 



M z = ElJ^- 2+ EI y P{ 
dx dx 



I VV M Z -I VZ M ■ 
I I -I 2 

yy zz *~yz 



L 7 M-fM 7 



I I -I 

yy^zz x y: 



(6.32) 



Note that if either y or z is a plane of symmetry, then / = 0. From Equation (6.32), this implies that the moment about the z axis causes defor- 
mation in the y direction only and the moment about the y axis causes deformation in the z direction only. In other words, the bending problems 
about the y and z axes are decoupled. 



6.136 The equation da x J dx + dz yx l dy = was derived in Problem 1.105. Into this equation, substitute Equations (6.12) and (6.18) and inte- 
grate with y for beam cross section in Figure P6.136 and obtain the equation below. 



T 



Figure P6.136 



6VJb 2 /4-y 2 ) 



Computer problems 

6.137 A cantilever, hollow circular aluminum beam of 5-ft length is to support a load of 1200 lb. The inner radius of the beam is 1 in. If the 
maximum bending normal stress is to be limited to 10 ksi, determine the minimum outer radius of the beam to nearest — in. 



6.138 Table P6.138 shows the values of the distributed loads at several points along the axis of the rectangular beam shown in Figure 
P6.138. Determine the maximum bending normal and shear stresses in the beam. 

Table P6.138 Data for Problem 6.138 Table P6.138 Data for Problem 6.138 

Cross section 




x 
(ft) 



2 in 



Figure P6.138 



Pix) 
(lb/ft) 

275 

348 

398 

426 

432 

416 



X 

(ft) 


Pix) 
(lb/ft) 


6 


377 


7 


316 


8 


233 


9 


128 


10 






6.139 Let the distributed load/?(x) in Problem 6.138 be represented by p(x) = a + bx + ex 2 . Using the data in Table P6.138, determine the 
constants a, b, and c by the least-squares method. Then find the maximum bending moment and the maximum shear force by analytical 
integration and determine the maximum bending normal and shear stresses. 

6.7* CONCEPT CONNECTOR 

Historically, an understanding of the strength of materials began with the study of beams. It did not, however, follow a simple 
course. Instead, much early work addressed mistakes, regarding the location of the neutral axis and the stress distribution 
across the cross section. The predicted values for the fracture loads on a beam did not correlate well with experiment. To 
make the pioneers' struggle in the dark more difficult, near fracture the stress-strain relationship is nonlinear, which alters the 
stress distribution and the location of the neutral axis. 
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6.7.1 History: Stresses in Beam Bending 

The earliest known work on beams was by Leonardo da Vinci (1452-1519). In addition to his statements on simply sup- 
ported beams, which are described in Problem 6.127, he correctly concluded that in a cantilevered, untapered beam the cross 
section farthest from the built-in end deflects the most. But it was Galileo's work that had the greatest early influence. 

Galileo Galilei (1564-1642) (Figure 6.72) was born in Pisa. In 1581 he enrolled at the University of Pisa to study medi- 
cine, but the work of Euclid, Archimedes, and Leonardo attracted him to mathematics and mechanics. In 1589 he became pro- 
fessor of mathematics at the university, where he conducted his famous experiments on falling bodies, and the field of 
dynamics was born. He concluded that a heavier object takes the same time as a lighter object to fall through the same height, 
in complete disagreement with the popular Aristotelian mechanics. He paid the price for his views, for the proponents of Aris- 
totelian mechanics made his stay at the university untenable, and he left in early 1592. 




Figure 6.72 Galileo Galilei. 

Fortunately, by the end of 1592 he was appointed professor of mathematics at the University of Padua. During this period 
he discovered his interest in astronomy. Based on sketchy reports, he built himself a telescope. On seeing moons in orbit 
around Jupiter in 1610, he found evidence for the Copernican theory, which held that the Earth is not the center of the uni- 
verse. In 1616 Copernicus was condemned by the Church, and the Inquisition warned Galileo to leave theology to the Church. 
In 1632, however, he published his views, under the mistaken belief that the new pope, Maffeo Barberini, who was Galileo's 
admirer, would be more tolerant. Galileo was now condemned by the Inquisition and put under house arrest for the last eight 
years of his life. During this period he wrote Two New Sciences, in which he describes his work in mechanics, including the 
mechanics of materials. We have seen his contribution toward a concept of stress in Section 1.6. Here we discuss briefly his 
contributions on the bending of beams. 

Figure P6.128 shows Galileo's illustration of the bending test. We described two of his insights in Problems 6.129 and 
6.130. Three other conclusions of his, too, have influenced the design of beams ever since. First, a beam whose width is greater 
than its thickness offers greater resistance standing on its edge than lying flat, because the area moment of inertia is then 
greater. Second, the resisting moment — and thus the strength of the beam — increases as the cube of the radius for circular 
beams. Thus, the section modulus increases as the cube of the radius. Finally, the cross-sectional dimensions must increase at 
a greater rate than the length for constant strength cantilever beam bending due to its own weight. However, as we saw in 
Problem 6.128, Galileo incorrectly predicted the load-carrying capacity of beams, because he misjudged the stress distribution 
and the location of the neutral axis. 

Credit for an important correction to the stress distribution goes to Edme Mariotte (1620-1684), who also discovered the 
eye's blind spot. Mariotte became interested in the strength of beams while trying to design pipes for supplying water to the 
palace of Versailles. His experiments with wooden and glass beams convinced him that Galileo's load predictions were 
greatly exaggerated. His own theory incorporated linear elasticity, and he concluded that the stress distribution is linear, with 
a zero stress value at the bottom of the beam. Mariotte 's predicted values did not correlate well with experiment either, how- 
ever. To explain why, he argued that beams loaded over a long time would have failure loads closer to his predicted values. 
While true, this is not the correct explanation for the discrepancy. 

As we saw in Problem 6.131, the cause lay instead in an incorrect assumption about the location of the neutral axis. This 
incorrect location hindered many pioneers, including Claude-Louis Navier (1785-1836), who also helped develop the formulas 
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for fluid flow, and the mathematician Jacob Bernoulli (1654-1705). (We saw some of Navier's contribution in Section 1.6 and 
will discuss Bernoulli's in Chapter 7 on beam deflection.) As a result, engineers used Galileo's theory in designing beams of 
brittle material such as stone, but Mariotte's theory for wooden beams. 

Antoine Parent (1666-1716) was the first to show that Mariotte's stress formula does not apply to beams with circular 
cross section. Born in Paris, Parent studied law on the insistence of his parents, but he never practiced it, because he wanted to 
do mathematics. He also proved that, for a linear stress distribution across a rectangular cross section, the zero stress point is 
at the center, provided the material behavior is elastic. Unfortunately Parent published his work in a journal that he himself 
edited and published, not in the journal by the French Academy, and it was not widely read. More than half a century later, 
Charles Augustin Coulomb, whose contributions we saw in Section 5.5, independently deduced the correct location of the 
neutral axis. Coulomb showed that the stress distribution is such that the net axial force is zero (Equation (6.2)), independent 
of the material. 

Jean Claude Saint- Venant (see Chapter 5) rigorously examined kinematic Assumptions 1 through 3. He demonstrated that 
these are met exactly only for zero shear force: the beam must be subject to couples only, with no transverse force. However, 
the shear stresses in beams had still not received much attention. 

As mentioned in Section 1.6, the concept of shear stress was developed in 1781, by Coulomb, who believed that shear 
was only important in short beams. Louis Vicat's experiment in 1833 with short beams gave ample evidence of the importance 
of shear. Vicat (1786-1861), a French engineer, had earlier invented artificial cement. D. J. Jourawaski (1821-1891), a Russian 
railroad engineer, was working in 1844 on building a railroad between St. Petersburg and Moscow. A 180-ft-long bridge had 
to be built over the river Werebia, and Jourawaski had to use thick wooden beams. These thick beams were failing along the 
length of the fibers, which were in the longitudinal direction. Jourawaski realized the importance of shear in long beams and 
developed the theory that we studied in Section 6.6. 

In sum, starting with Galileo, it took nearly 250 years to understand the nature of stresses in beam bending. Other histori- 
cal developments related to beam theory will appear in Section 7.6. 

6.8 CHAPTER CONNECTOR 

In this chapter we established formulas for calculating normal and shear stresses in beams under symmetric bending. We saw 
that the calculation of bending stresses requires the internal bending moment and the shear force at a section. We considered 
only statically determinate beams. For these, the internal shear force and bending moment diagrams can be found by making 
an imaginary cut and drawing an appropriate free-body diagram. Alternatively, we can draw a shear force-bending moment 
diagram. The free-body diagram is preferred if stresses are to be found at a specified cross section. However, shear force- 
moment diagrams are the better choice if maximum bending normal or shear stress is to be found in the beam. 

The shear force-bending moment diagrams can be drawn by using the graphical interpretation of the integral, as the area 
under a curve. Alternatively, internal shear force and bending moments can be found as a function of the x coordinate along 
the beam and plotted. Finding the bending moment as a function of x is important in the next chapter, where we integrate the 
moment-curvature relationship. Once we know how to find the deflection in a beam, we can solve problems of statically inde- 
terminate beams. 

We also saw that, to understand the character of bending stresses, we can draw the bending normal and shear stresses on 
a stress element. In many cases, the correct direction of the stresses can be obtained by inspection. Alternatively, we can fol- 
low the sign convention for drawing the internal shear force and bending moment on free-body diagrams, determine the direc- 
tion using the subscripts in the formula. It is important to understand both methods for determining the direction of stresses. 
Shear-moment diagrams yield the shear force and the bending moment, following our sign convention. Drawing the bending 
stresses on a stress element is also important in stress or strain transformation, as described later. 

In Chapter 8, on stress transformation, we will consider problems in which we first find bending stresses, using the stress 
formulas in this chapter. We then find stresses on inclined planes, including planes with maximum normal and shear stress. In 
Chapter 9, on strain transformation, we will find the bending strains and then consider strains in different coordinate systems, 
including coordinate systems in which the normal and shear strains are maximum. In Section 10.1 we will consider the com- 
bined loading problems of axial, torsion, and bending and the design of simple structures that may be determinate or indeter- 
minate. 
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POINTS AND FORMULAS TO REMEMBER 



Our Theory is limited to (1) slender beams; (2) regions away from the neighborhood of stress concentration; (3) gradual 
variation in cross section and external loads; (4) loads acting in the plane of symmetry in the cross section; and (5) no 
change in direction of loading during bending. 

dv 



-M z = -j A ya xx dA (6.1) u = -y£, v = v(x) (6.5) 



small strain, s YY = - „ = -y — - (6.6a, b) 
R dx 2 

where M z is the internal bending moment that is drawn on the free-body diagram to put a point with positive y coordinate 
in compression; u and v are the displacements in the x and y directions, respectively; <j xx and s xx are the bending (flexure) 
normal stress and strain; y is the coordinate measured from the neutral axis to the point where normal stress and normal 
strain are defined, and d 2 v/dx 2 is the curvature of the beam. 

The normal bending strain s xx is a linear function of y. 

The normal bending strain e xx will be maximum at either the top or the bottom of the beam. 

Equations (6.1), (6.6a), and (6.6b) are independent of the material model. 

The following formulas are valid for material that is linear, elastic, and isotropic, with no inelastic strains. 

For homogeneous cross section: 



d\ , M z y 

z — (6.11) g xx = -— 

dx L zz 



•M t = ElJ^ (6.11) <J XX = — f- (6.12) 



where y is measured from the centroid of the cross section, and I zz is the second area moment about the z axis passing 
through the centroid. 

EI zz is the bending rigidity of a beam cross section. 

Normal stress <j xx in bending varies linearly with y on a homogeneous cross section. 

Normal stress <j xx is zero at the centroid (y = 0) and maximum at the point farthest from the centroid for a homogeneous 
cross section. 

The shear force V will jump by the value of the applied external force as one crosses it from left to right. 

M z will jump by the value of the applied external moment as one crosses it from left to right. 

•V y = \ T xy dA (6.13) t xs = -^f (6.27) 

J A l zz l 

where Q z is the first moment of the area A s about the z axis passing through the centroid, t is the thickness perpendicular 
to the centerline, A s is the area between the free surface and the line at which the shear stress is being found, and the coor- 
dinate s is measured from the free surface used in computing Q z . 

The direction of shear flow on a cross section must be such that (1) the resultant force in the y direction is in the same 
direction as V; (2) the resultant force in the z direction is zero; and (3) it is symmetric about they axis. 

Q z is zero at the top and bottom surfaces and is maximum at the neutral axis. 

Shear stress is maximum at the neutral axis of a cross section in symmetric bending of beams. 

The bending strains are 

XX XX XX XV XZ f s r\r\\ 

£xx = y £ yy = ~~e~ = ~ V£xx Gzz = ~~e~ = ~ v£xx Yxy = g Yxz = ~G ( ^ 
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CHAPTER SEVEN 

DEFLECTION OF SYMMETRIC BEAMS 



Learning Objective 

1. Learn to formulate and solve the boundary- value problem for the deflection of a beam at any point. 



Greg Louganis, the American often considered the greatest diver of all time, has won four Olympic gold medals, one silver 
medal, and five world championship gold medals. He won both the springboard and platform diving competitions in the 1984 
and 1988 Olympic games. In his incredible execution, Louganis and all divers (Figure 7.1a) makes use of the behavior of the 
diving board. The flexibility of the springboard, for example, depends on its thin aluminum design, with the roller support 
adjusted to give just the right unsupported length. In contrast, a bridge (Figure 7.1b) must be stiff enough so that it does not 
vibrate too much as the traffic goes over it. The stiffness in a bridge is obtained by using steel girders with a high area moment 
of inertias and by adjusting the distance between the supports. In each case, to account for the right amount of flexibility or 
stiffness in beam design, we need to determine the beam deflection, which is the topic of this chapter 



(a) 



ISIS 


i \ m - 


WlkT 


'ni 



(b) 





|giSiii|iipli^pasa--™^^|P 



Figure 7.1 Examples of beam: (a) flexibility of diving board; and (b) stiffness of steel girders. 

We can obtain the deflection of a beam by integrating either a second-order or a fourth-order differential equation. The 
differential equation, together with all the conditions necessary to solve for the integration constants, is called a boundary- 
value problem. The solution of the boundary-value problem gives the deflection at any location x along the length of the 
beam. 

7.1 SECOND-ORDER BOUNDARY-VALUE PROBLEM 



Chapter 6 considered the symmetric bending of beams. We found that if we can find the deflection in the y direction of one 
point on the cross section, then we know the deflection of all points on the cross section. In other words, the deflection at a 
cross section is independent of the y and z coordinates. However, the deflection can be a function of x, as shown in Figure 7.2. 
The deflected curve represented by v(x) is called the elastic curve. 




Figure 7.2 Beam deflection. 



P(x) I 
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The deflection function v(x) can be found by integrating Equation (6. 1 1) twice, provided we can find the internal moment as 
a function ofx, as we did in Section 6.3. Equation (6.11), this second-order differential equation is rewritten for convenience: 



M, 



dx 



(7.1) 



The two integration constants generated from Equation (7. 12. a) are determined from boundary conditions, as discussed 
next, in Section 7.1.1. 

As one moves across the beam, the applied load may change, resulting in different functions ofx that represent the internal 
moment M z . In such cases there are as many differential equations as there are functions representing the moment M z . Each addi- 
tional differential equation generates additional integration constants. These additional integration constants are determined 
from continuity (compatibility) equations, obtained by considering the point where the functional representation of the moment 
changes character. The continuity conditions will be discussed in Section 7.1.2. The mathematical statement listing all the differ- 
ential equations and all the conditions necessary for solving for v(x) is called the boundary-value problem for the beam deflec- 
tion. 

7.1.1 Boundary Conditions 



The integration of Equation (7.1) will result in v and dv/dx. Thus, we are seeking conditions on v or dv/dx. Figure 7.3 shows 
three types of support and the associated boundary conditions. 

Note that for a second-order differential equation we need two boundary conditions. If on one end there is only one bound- 
ary condition, as in Figure 13b or c, then the remaining boundary condition must come from another location. Doubts about a 
boundary condition at a support can often be resolved by drawing an approximate deformed shape of the beam. 




V(x A ) = 

dv. 




V{x A ) = 



(x A ) = 






(x A ) = 



(a) (b) (c) 

Figure 7.3 Boundary conditions for second-order differential equations, (a) Built-in end. (b) Simple support, (c) Smooth slot. 

7.1.2 Continuity Conditions 

Suppose that because of change in the applied loading, the internal moment M z in a beam is represented by one function to the 
left of Xj and another function to the right of x r Then there are two second-order differential equations, and integration will 
produce two different displacement functions, one for each side of x j9 together, these will contain a total of four integration 
constants. Two of these four integration constants can be determined from the boundary conditions, as discussed in Section 
7.1.1. The remaining two constants will have to be determined from conditions at Xj. Figure 7.4 shows that a discontinuous 
displacement at x- implies a broken beam, and a discontinuous slope at x- implies that a beam is kinked at x.. 

Assuming that the beam neither breaks nor kinks, then the displacement functions must satisfy the following conditions: 

Vi(*,) = v 2 (Xj) (7.2.a) 



dv } 
dx 



(Xj) 



dv 2 
dx 



(Xj) 



(7.2.b) 



where y { and v 2 are the displacement functions to the left and right of Xj. The conditions given by Equations (7.2) are the con- 
tinuity conditions, also known as compatibility conditions or matching conditions. 
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(a) 



A V W 




v 2 (x) 



Discontinuous 
Displacement 
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Figure 7.4 (a) Broken beam, (b) Kinked beam. 



• Example 7.1 demonstrates the formulation and solution of a boundary- value problem with one second-order differential 
equation and the associated boundary conditions. 

• Example 7.2 demonstrates the formulation and solution of a boundary- value problem with two second-order differential 
equations, the associated boundary conditions, and the continuity conditions. 

• Example 7.3 demonstrates the formulation only of a boundary- value problem with multiple second-order differential 
equations, the associated boundary conditions, and the continuity conditions. 

• Example 7.4 demonstrates the formulation and solution of a boundary- value problem with variable area moment of 
inertia, that is, I zz is a function of x. 



EXAMPLE 7.1 

A beam has a linearly varying distributed load, as shown in Figure 7.5. Determine: (a) The equation of the elastic curve in terms of is, i, 
w, L, and x. (b) The maximum intensity of the distributed load if the maximum deflection is to be limited to 20 mm. Use E = 200 GPa, 
I = 600 (10 6 ) mm 4 , and L = 8 m. 

wx/L yk 



w(N/m) 



Figure 7.5 Beam and loading in Example 7.1. 




PLAN 

(a) We can make an imaginary cut at an arbitrary location x and draw the free-body diagram. Using equilibrium equations, the moment 
M z can be written as a function of x. By integrating Equation (7.1) and using the boundary conditions that deflection and slope dXx-L 
are zero, we can find v(x). (b) The maximum deflection for this problem will occur at the free end and can be found by substituting x - 
in the v(x) expression. By requiring that |v max | < 0.02 m , we can find w max . 



SOLUTION 

(a) Figure 7.6 shows the free-body diagram of the right part after making an imaginary cut at some location x. Internal moment and shear 
forces are drawn according to the sign convention discussed in Section 6.2.6. The distributed force is replaced by an equivalent force, 
and the internal moment is found by equilibrium of moment about point O. 



M^ = 



l wx z 
~2 L 



I wx 
"6 L 



(El) 




M_ 



O^ 



Vy\* 



*/3 



1 wx 
2~T 



(b) 



Figure 7.6 Free-body diagram in Example 7.1. (a) Imaginary cut on original beam, (b) Statically equivalent diagram. 
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We substitute Equation (El) into Equation (7.1) and note the zero slope and deflection at the built-in end. The boundary- value problem 
can then be stated as follows: 



Differential equation: 



• Boundary conditions: 



Equation (E2) can be integrated to obtain 



zz dx 24 L 
Substituting x = L in Equation (E5) and using Equation (E4) gives the constant cf. 

1 wL A wL 



n.—2--rr w 

dx ° L 



v(Z) = (E3) 

Tx {L) = ° (E4) 



. rT dv 1 wx . ^-v 

EI *ZAZ = ~-A— +C l ( E5 ) 



24 Z 1 ' 24 

Substituting Equation (E6) into Equation (E5) we obtain 



c x = or c l = -^j- (E6) 



1 dx 24 L 24 
Equation (E7) can be integrated to obtain 



vt dv 1 wx ^wL ,__. 



120 L 24 
Substituting x = L in Equation (E8) and using Equation (E3) gives the constant c 2 : 

1 wL , wL r , ^ wL 



^/ zz v = --——— + ——x + c 2 (E8) 



120 1 24 L + ^ = ° ° r C ^ = -^0- (E9) 

The deflection expression can be obtained by substituting Equation (E9) into Equation (E8) and simplifying. 

ANS - vW ^-T2ofe (x5 - 5 ^ + 4l5) 

Dimension check: We note that all terms in the parentheses have the dimension of length to the power of five, that is, 0(L 5 ). Thus the 
answer is dimensionally homogeneous. But we can also check whether the left-hand side and any one term of the right-hand side has the 
same dimension, 



5 f /z7/^^^5 A 



(F\ (F\ 4 wx f (F/L)L 

w->0 7 x^O(L) E^O[- 2 ) I zz ^O(L 4 ) v^O(L) ^f— -> 0\ 2 4 

yLJ v ' \L 2 ) zz \ j v j EI L [(F/L)0(L)L 



O(L) -> checks 



(b) By inspection it can be seen that the maximum deflection for this problem will occur at the free end. Substituting x - in the deflec- 
tion expression, we obtain v max = -wL / 30 EI ZZ . The minus sign indicates that the deflection is in the negative y direction, as expected. 
Substituting the given values of the variables and requiring that the magnitude of the deflection be less than 0.02 m, we obtain 

|v max | = ^- = 9 Wmax( 2 8 m) ^^< 0.02 m or w max < 17.58 (10 3 ) N/m (E10) 

30EI zz 30[200(10 9 N/m 2 )] [600(10 6 ) m 4 ] 

ANS. w v = 17.5 kN/m 



COMMENTS 

1. From calculus we know that the maximum of a function occurs at the point where the slope of the function is zero. But the slope at 
x = L, where the deflection is maximum, is not zero. This is because v(x) is a monotonic function — that is, a continuously increasing 
(or decreasing) function. For monotonic functions the maximum (or minimum) always occurs at the end of the interval. We intu- 
itively recognized the function's monotonic character when we stated that the maximum deflection occurs at the free end. 

2. If the dimension check showed that some term did not have the proper dimension, then we would backtrack, check each equation for 
dimensional homogeneity, and identify the error. 
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EXAMPLE 7.2 

For the beam and loading shown in Figure 7.7, determine: (a) the equation of the elastic curve in terms of E, /, L, P, andx; (b) the maxi- 
mum deflection in the beam. 

2PL 



c 



A 


r 


C 


►x 


B 


(\ 



Figure 7.7 Beam and loading in Example 7.2. 



H L -I- L 



PLAN 

(a) The internal moment due to the load P at B will be represented by different functions in AB and BC, which can be found by making 
imaginary cuts and drawing free-body diagrams. We can write the two differential equations using Equation (7. 1), the two boundary con- 
ditions of zero deflection at A and C, and the two continuity conditions at B. The boundary- value problem can be solved to obtain the 
elastic curve, (b) In each section we can set the slope to zero and find the roots of the equation that will give the location of zero slope. 
We can substitute the location values in the elastic curve equation derived in part (a) to determine the maximum deflection in the beam. 



SOLUTION 

(a) The free-body diagram of the entire beam can be drawn, and the reaction at^4 found as R A = 3P/2 upward, and the reaction at C 
found asR c = P/2 downward. Figure 7.8 shows the free body diagrams after imaginary cuts have been made and then internal shear 
force and bending moment drawn according to our sign convention. 

(a) 2PL 



J5\tf 



M, 



(b) 



2PL 



H^i 



C 



^4 



■3P/2 



A 






B 2 \ 




T 


— x- 




: 


< 




H 



M 2 

o 

V 2 



Ra 



3P/2 



Figure 7.8 Free body diagrams in Example 7.2 after imaginary cut in (a) AB (b) BC. 
By equilibrium of moments in Figure 7.8a and b we obtain the internal moments 

-\> 

l 2 i z.j 1,-iv^A i l y^-L.) - kj ui ±r± 2 = 2^ 

Check: The internal moment must be continuous at B, since there is no external point moment at B. Substituting x = L in Equations (El) 
and (E2), we find M 1 = M 2 at x = L. 

The boundary-value problem can be stated using Equation (7.1), (El), and (E2), the zero deflection at points A and C, and the continuity 
conditions at B as follows: 



M x + 2PL-R A x 



M 2 + 2PL - R A x + P(x - L) 



M, 



M 7 



-Px-2PL 
\px-2PL-P(x-L) 



(El) 
(E2) 



Differential equations: 



EL. 



J 1 
a Vi 



dx 



-Px-2PL, 



0<x<L 



EL, 



d v 



dx 



Boundary conditions: 



• Continuity conditions: 



-Px-2PL-P{x-L), 



vi(0) = 



L<x<2L 



v 2 (2Z) = 



Vl (L) = v 2 (Z) 



d\ ] 

dx 



(L) 



dv 2 

dx 



(L) 



Integrating Equations (E3) and (E4) we obtain 



Jv, 3 2 
EI zz-T = - A Px -2PLx + c x 

zz dx 4 l 



dv 2 

" zz dx 



3 P 2 

4 P " 



■f 



(E3) 
(E4) 

(E5) 
(E6) 

(E7) 
(E8) 

(E9) 
(E10) 
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Substituting x = L in Equations (E9) and (E10) and using Equation (E8), we obtain 

or 



\pL 2 -2PL 2 + c, 

4 [ 



\pL 2 - 2PL 2 - + c 9 



Substituting Equation (Ell) into Equation (E10) and integrating Equations (E9) and (E10), we obtain 

1 3 2 

EI zz v l = -Px -PLx + c x x + c 3 

EI zz v 2 = iPx -PLx --(x-L) +c x x + c A 

Substituting x = L in Equations (El 2) and (El 3) and using Equation (E7), we obtain 

^PL 3 - PL 3 + c x L + c 3 = ^PL 3 -PL 3 -0 + c x L + c 4 or c 3 = c 4 

Substituting x = in Equation (El 2) and using Equation (E5), we obtain 

c 3 = 
From Equation (El 4), 



Substituting x = 2L and Equation (El 6) into Equation (El 3) and using Equation (E6), we obtain 

or 



\P{2L) 3 -PL{2L) 2 -|(L) 3 + c x {2L) = 



C = UPL 2 



-i 



12 



Substituting Equations (El 5), (El 6), and (El 7) into Equations (El 2) and (El 3) and simplifying, we obtain the answer: 



ANS. Vi (jc) 



P (3x 3 -12Lx 2 +l3L 2 x) 



\2EI 77 



0<x<L 



ANS. v 2 (x) 



P -[3x 3 -l2Lx 2 +13L 2 x-2(x-L) 3 ] 



L<x<2L 



(Ell) 

(E12) 
(E13) 

(E14) 

(E15) 
(E16) 

(E17) 

(E18) 
(E19) 



12EI ZZ 

Dimension check: All terms in parentheses are dimensionally homogeneous, as all have the dimensions of length cubed. But we can also 
check whether the left-hand side and any one term of the right-hand side have the same dimension: 



0(F) 



x^>0(L) 



-<5 



l zz ^O(V) 



0(L) 



Px^ 
EL. 



-^O 



FV 



(F/L 2 )L 4 



-> O(L) -> checks 



(b) Let dv l /dx be zero atx = x 1 Differentiating Equation (El 8), we obtain 
P (9x 2 l -24Lx l + l3L 2 ) = or 



12EL 



9x 2 -24Lx, + \3L 2 = 



(E20) 



The roots of the quadratic equation are x { = 1.91L and x 1 = 0.156L. . The admissible root is x x = 0.156L. , since Equation (El 8), and 
hence Equation (E20), are valid only in the range from to L. Substituting this root into Equation (El 8), we obtain 



v 1 (0.756L) 



P (3 x 0.756L 3 - 12Z x 0.756L 2 + \3L 2 x 0.756Z) - 0355FL 



12 EL 



EL, 



To find the maximum deflection in BC, assume dv 2 /dx to be zero dXx-x 2 Differentiating Equation (El 9) we obtain 

or 3xo-12Lx 9 + 7L 2 = 



P [9x 2 2 -24Lx 2 + 13L 2 -6(x 2 -L) 2 ] = 



12EL 



(E21) 



(E22) 



The roots of the quadratic equations in Equation (E22) are x 2 = 0.709L and x 2 = 3.29L. Both roots are outside the range of L to 2L 

and hence are inadmissible. Thus in this problem the slope is zero only at 0.756L, and the maximum deflection is given by Equation 
(E21). 

ANS. Vtt 



0.355PL* 



EI„ 



COMMENT 

1. When we made the imaginary cut in BC, we took the left part for drawing the free-body diagram. Had we taken the right part, we 
would have obtained the moment expression M 2 = (Px/2) - PL, which is the simplified form of Equation (E21). We can start with 

this moment expression and obtain our results from integration and the conditions as shown. The values of the integration constants 
will be different, and there will be slightly more algebra, but the final result will be the same. The form of the moment expression 
used in the example made use of the observation that the continuity conditions are dXx-L and the terms in powers of (x - L) will be 
zero. This form results in less algebra and simplified relations for the constants, as given by Equations (Ell) and (El 4). 
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EXAMPLE 7.3 

Write the boundary- value problem for solving the deflection at any point x of the beam shown in Figure 7.9. Do not integrate or solve. 



4 



5kN 



Figure 7.9 Beam and loading in Example 7.3. 



1 I 1 15 kN/m ~ 

H 2.0 m 4* 1-0 m-H- 



4 kN/m 

Tv T I I T 

)!2kN-m f\D 



■3.0 m- 



PLAN 

The moment expressions in each interval were found in Example 6.10. The differential equations can be written by substituting these 
moment expressions into Equation (7.1). We can also write the zero-deflection conditions at points ^4 andD and the continuity conditions 
at points B and C to complete the boundary- value problem statement. 



SOLUTION 

From the free body diagram of the entire beam the reactions at A and D in Example 6.10 were found to be R A = and R D = 7 kN 
Figure 7.10 shows the free body diagrams used in Example 6.10 to obtain the internal moments 

r 5 2 



M x = I -x I kN • m < x < 2 m 

M 2 = (5x - 12) kN • m 2 m < x < 3 m 

M 3 = (-2x 2 + 11 x - 30) kN • m 3 m < x < 6 m 



(El) 

(E2) 
(E3) 



(a)i* A = o 



(b) 



h 



5x 
— xm 



1-7»H V > 



t>. 



Ra = 



5kN 



(c) 



B 



10 






-l.0m-4-l.0m-H 
llOkN 

-xm 



12kN-m \y 



H 



Figure 7.10 Free body diagrams in Example 7.3 after imaginary cut in (a) AB (b) BC (c) CD. 
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|4(6- 


-x)kN 


o 3 






1 


(6- 


x)/2 m 1 




(6 — x) m 





/? n = 7kl 



The boundary value problem can be written as described below. 
• Differential equations: 



EI ZZ — 7 = ^x kN • m < x < 2 m 

dx 2 V2 y 

,2 

E/ Z2 — ^ = (5x - 12) kN • m 2 m < x < 3 m 

dx 



(E4) 
(E5) 



£/.. 



Boundary conditions: 



Continuity conditions: 



d 2 v 3 
dx 



(-2x +17x-30)kN-m 3m<x<6m 

vi(0) = 
v 3 (6) = 

vi(2) = v 2 (2) 



Jv, 



dv 



^ (2) - ^ (2) 

v 2 (3) = v 3 (3) 
dv-, rfv, 



(E6) 

(E7) 
(E8) 

(E9) 
(E10) 
(Ell) 

(E12) 
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COMMENTS 

1. Equations (E4), (E5), and (E6) are three differential equations of order 2. Integrating these three differential equations would result in 
six integration constants. We have two boundary conditions and four continuity conditions. A properly formulated boundary-value 
problems will always have exactly the right number of conditions needed to solve a problem. 

2. In Example 7.3 there were two differential equations and the resulting algebra was tedious. This example has three differential equa- 
tions, which will make the algebra even more tedious. Fortunately there is a method, discussed in Section 7.4*, which reduces the 
algebra. This discontinuity method introduces functions that will let us write all three differential equations as a single equation and 
implicitly satisfy the continuity conditions during integration. 



EXAMPLE 7.4 

A cantilever beam with variable width b(x) is shown in Figure 7.11. Determine the maximum deflection in terms of P, b L , t, L, and E. 




T 



X 



Figure 7.11 (a) Geometry of variable-width beam in Example 7.4. (b) Top view, (c) Front view. 



PLAN 

The area moment of inertia and the bending moment can also be found of x and substituted into Equation (7.1) to obtain the differential 
equation. The zero deflection and slope atx = L are the boundary conditions necessary to solve the boundary- value problem for the elas- 
tic curve. The maximum deflection will be at x = and can be found from the equation of the elastic curve. 



SOLUTION 

Noting that b(x) is a linear function of x that passes through the origin and has a value of b L at x = L, we obtain b(x) = b L x/L and the area 
moment of inertia as 

3 



b(x)f = (bjf 



(El) 



12 V12L; 

Figure 7.12 shows the free body diagram after an imaginary cut can be made at some location x. By equilibrium of moment at about O, 
we obtain the internal moment, 

M z = -Px (E2) 



Figure 7.12 Free-body diagram in Example 7.4. 



M 7 



O 



->\K 



D 



The boundary- value problem can be written as follows: 
• Differential equation: 



d v 
dx 



= -Px = UPL 

EI zz E(b L t 3 /l2L)x Eb L t 3 



(E3) 
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Boundary conditions: 



Integrating Equation (E3) we obtain 



v(Z) = 
dv, 



(L) = 



dx 



dv = UPL 
dx / 



x + c 



Substituting Equation (E6) into Equation (E5), we obtain 



n 12PL t + 

= -L + c x 

Eb L t 3 



= \2PL 
Eb T t 



Substituting Equation (E7) into Equation (E6) and integrating, we obtain 



UPLfx 2 ^ ^ 12PL 2 
Eb L f K2J Eb L f 



Substituting Equation (E8) into Equation (E4), we obtain 







nPM£] + m£ L + i 



Eb L t 



■A 2 



Eb L t 



6PL 3 

Eb T t 



(E4) 
(E5) 

(E6) 
(E7) 
(E8) 
(E9) 



The maximum deflection will occur at the free end. Substituting x = into Equation (E8) and using Equation (E9) we obtain the maxi- 
mum deflection. 



ANS. 



6Pr 

j — 

v max -x 

Ebjf 



(E10) 



COMMENTS 



The beam taper must be gradual given the limitation on the theory described in Section 6.2. 

We can calculate the maximum bending normal stress in any section by substituting;; = til and Equations (El) and (E2) into Equation 

(6.12), to obtain 



-Px- 



t/2 



(b L f/\2L)x 



6PL 

b T t 2 



(Ell) 



3. Equation (Ell) shows that the maximum bending normal stress is a constant throughout the beam. Such constant-strength beams are 
used in many designs where reduction in weight is a serious consideration. One such design is elaborated in comment 3. 

4. In a leaf spring (see page 335), each leaf is considered an independent beam that bends about its own neutral axis because there is no 
restriction to sliding (see Problem 6.20). The variable-width beam is designed for constant strength, and b L is found using Equation 
(Ell). The width b L is then divided into n parts, as shown in Figure 7.13a. Except for the main leaf A, all other leaf dimensions are 
found by taking the one-half leaf width on either side of the main leaf. In the assembled spring, the distance in each leaf from the 
applied load P is the same as in the original variable-width beam shown in Figure 7.11. Hence each leaf has the same allowable 
strength at all points. If b is the width of each leaf and L is the total length of the spring, so thatL =L/2, Equations (E10) and (Ell) 
can be rewritten as 



5 = 



3 PL 



3 PL 




Figure 7.13 Explanation of leaf spring design. 
5. The results can be used in design as in Example 3.6. 



^zr 



N 






c yB 



lit 



221 



(7.3) 



b = bjn 
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MoM In Action: Leaf Springs 



When it comes to leaf springs, necessity was the mother of invention. Humans realized very early the mechanical 
advantage of a spring force from bending. For example, most early civilizations had longbows. However, thongs and ropes 
lose much of their elasticity in dampness and rain. Metals do not, and in 200 B.C.E. Philo of Byzantium proposed using 
bronze springiness as a source of power. By the early sixteenth century spring-powered clocks attained an accuracy of one 
minute a day — far better than the weight-driven clocks seen in the towers of Renaissance Italy. The discovery revolution- 
ized navigation, enabling world exploration and European colonial power. 

Around the same time, overland travel drove a different kind of spring development. Wagons and carriages felt 
every bump in the road, and the solution was the first suspension system: leather straps attached to four posts of a chassis 
suspended the carriage body and isolated it from the chassis. For all its advantages, however, the system did not prevent 
forward and backward sway, and the high center of gravity left the carriage susceptible to rollover. The problems were sig- 
nificantly reduced by the introduction of cart springs (Figure 7.14a) or what we call leaf springs today. Edouard Phillips 
(1821-1889) developed the theory of leaf springs (see Example 7.4) while studying the spring suspension in freight trains. 
It was one of the first applications of the mechanics of materials to engineering design problems. 



(a) 




(b) 




Figure 7.14 Leaf springs in (a) cart; (b) conventional vehicles. 

We still use the term suspension system today, although cars, trucks, and railways are all supported on springs 
rather than suspended. To increase bending rigidity, leaf springs have a curve (Figure 7.14b). When the curve is elliptical, 
the springs are referred to as semi-elliptical springs. The Ford Model T had a non-elliptical curve, but with the Corvette 
leaf spring design reached its zenith. Unlike the traditional longitudinal mounting of one spring per wheel, the spring in a 
Corvette was mounted transversely. This eliminated one leaf spring and significantly reduced the tendency to rollover. A 
double wishbone design allowed for independent articulation of each wheel. The one-piece fiberglass material practically 
eliminated fatigue failure, reducing the weight by two thirds compared to steel springs. 

With the growth of front wheel drive in the 1970s, automobiles turned instead to coil springs, which require less 
space and provide each wheel with independent suspension. However, leaf springs continue to be used in trucks and rail- 
ways, to distribute their heavy loads over larger spans. 

Both coil and leaf spring systems are part of sl passive suspension system, which involve a trade-off between com- 
fort, control, handling, and safety. Those factors are driving newer design systems called active suspension, in which the 
amount of spring force is externally controlled. It took 400 years for leaf springs to reach their zenith, but need has no 
zenith, and necessity is still the mother of invention in suspension design. 
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PROBLEM SET 7.1 



Second-order boundary-value problems 

7.1 For the beam shown in Figure P7.1, determine in terms of P, L, E, and / (a) the equation of the elastic curve; (b) the deflection of the 
beam at point A 

<y P 



Figure P7.1 



fe 



H 



7.2 For the beam shown in Figure P7.2, determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the deflection of the 
beam at point A 



t ,y 


w 






' Y 


i 


\ 


\ 


*~x 


A 




-A 



Figure P7.2 



H LI 2 + L/2 -| 



7.3 For the beam shown in Figure P7.3, determine in terms of P, L, E, and / (a) the equation of the elastic curve; (b) the deflection of the 
beam at point A 



Figure P7.3 



H L/2- 



3. 



-L/2- 



7.4 For the beam shown in Figure P7.4, determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the deflection of the 
beam at point A 



Figure P7.4 



fe 



x > r x x m 



H 



7.5 For the beam shown in Figure P7.5, determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the deflection of the 
beam at point A 

iy 



Figure P7.5 



X H x 



7.6 For the beam shown in Figure P7.6, determine in terms of P, L, E, and / (a) the equation of the elastic curve; (b) the deflection of the 
beam at point A 



PL 



Figure P7.6 



7.7 The cantilever beam in Figure P7.7 is acted upon by a distributed bending moment m per unit length. Determine (a) the elastic curve 
in terms of m, E, I, L, and x; (b) the deflection at x = L. 



Figure P7.7 
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r?% r^ r^\ r^ r^ r^ 
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7.8 For the beam shown in Figure P7.8 determine the deflection at points in terms of w, L, E, and /. 



Figure P7.8 



| > x 



A i L 



-L/2- 



7.9 For the beam shown in Figure P7.9 determine the deflection at points in terms of P, L, E, and I. 



Figure P7.9 
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PL 








*~x 


Q 




A 


h l — 




— L — 





7.10 For the beam and loading shown in Figure P7. 10, determine the deflection at point A in terms of P, L, E, and /. 

ky p\ 



Figure P7.10 



m 



>\<y- L/2- 



7.11 For the beam shown and loading in Figure P7. 1 1 , determine the deflection at point A in terms of w, L, E, and /. 



Figure P7.ll \^3- 



t t 



>]<l L/2 >| 



7.12 For the beam and loading shown in Figure P7.ll, determine the deflection at point A in terms of w, L, E, and / 



Figure P7.12 



sS= 



1**1 



Si 



r-L/2 



-l 



7.13 In Table P7. 13, y l and v 2 represents the deflection in segment AB and BC. For the beam shown in Figure P7.2, identify all the condi- 
tions from Table P7.13 needed to solve for the deflection v(x) at any point on the beam. 

TABLE P7. 13 Potential Boundary and Continuity Conditions 



+ i + i 



-^x 1 



21- 




(a) v,(0) = (e) v 2 (2I) = (i) v,(I) = v 2 (I) 

(b) v,(£) = (f) v 2 (3L) = (j) v,(2Z) = v 2 (2L) 



(c) v 2 (Z) = 



(d)v,(2i) = 



dv, 



dvj ._. dv, 



(g)^:(0) = (k)^(L) = -\L) 



dx 
dv 



dx 
dvi 



dx 
dv 9 



Figure P7.13 



(h % 2(3i) = ° (1) i 1(2I) ^ 2(2I) 



7.14 In Table P7. 13, Vj and v 2 represents the deflection in segment AB and BC. For the beam shown in Figure P7. 14, identify all the con- 
ditions from Table P7.13 needed to solve for the deflection v(x) at any point on the beam. 



i i i 



-=^x i 



Figure P7.14 
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7.15 In Table P7. 13, w 1 and v 2 represents the deflection in segment AB and BC. For the beam shown in Figure P7. 15, identify all the con- 
ditions from Table P7.13 needed to solve for the deflection v(x) at any point on the beam. 

wL I 



l I l 



-^x 1 B 



Figure P7.15 



HXJ 



-21 



7.16 In Table P7. 13, Vj and v 2 represents the deflection in segment AB and BC. For the beam shown in Figure P7. 16, identify all the con- 
ditions from Table P7.13 needed to solve for the deflection v(x) at any point on the beam. 

w W L I 

III I 

A \ > x 1 



Figure P7.16 



A > 



-& 



2L- 



7.17 For the beam and loading shown in Figure P7.17, determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the 
deflection at x = L. 

\wL 



f I 



Figure P7.17 



A ►jc B 



a 



-2L- 



7.18 For the beam and loading shown in Figure P7.18, determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the 
deflection dXx-L. 



I- V 



wlr 



Ag=E 



> i >L >L 



x B 



Figure P7.18 



I- L + L- 






7.19 For the beam and loading shown in Figure P7.19 determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the 
deflection at x = L . 



i r 



Figure P7.19 



-l H 



7.20 For the beam and loading shown in Figure P7.20 determine in terms of w, L, E, and / (a) the equation of the elastic curve; (b) the 
deflection dXx-L. 



i- 



A i : r 



Figure P7.20 



-h 



H 



7.21 A simply supported beam in Figure P7.2 1 is acted upon by a distributed bending moment m per unit length. Determine (a) the elastic 
curve in terms of m, E, I, L, and x\ (b) deflection at x =L. 

m 



Figure P7.21 



1 



r^ f?\ f^ r»? #Y^ 
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7.22 A diver weighing 200 lb stands at the edge of the diving board as shown in Figure 7.22. The diving board cross section is 16 in.x 
1 in. and has a modulus of elasticity of 1500 ksi. Determine the maximum deflection in the diving board. 



A> ; 



A^ 



2- 



A' 



"^ 56 i* §t 



jr— 



- 64 ir±r- 



=g 



lin. 



Figure P7.22 




<3" 



16 in 



*H 



7.23 For the beam and loading shown in Figure P7.23, write the boundary- value problem for determining the deflection of the beam at any 
point x. Assume EI is constant. Do not integrate or solve. 

I wL 

A\-^x B (b 



Figure P7.23 



II 



w wLr 



\ 



hi-ht-h 



-2L- 



H 



7.24 For the beam shown in Figure P7.24, write the boundary- value problem for determining the deflection of the beam at any point x. 
Assume EI is constant. Do not integrate or solve. 






loj 



wL 1 2wE 



Qc D \ 



Figure P7.24 



-LH« 2L- 



T 



Variable area moment of inertia 

7.25 A cantilever beam with variable depth h(x) and constant width b is shown in Figure P7.25. The beam is to have a constant strength 
a. In terms of b, L, E, x, and a; determine (a) the variation of h(x); (b) the maximum deflection. 

P 



Figure P7.25 




/ 



7.26 A cantilever tapered circular beam with variable radius R(x) is shown in Figure P7.26.The beam is to have a constant strength a. In 
terms of L, E, x, and a, determine (a) the variation of R(x); (b) the maximum deflection. 



Figure P7.26 




R(x) 



H 



7.27 For the tapered beam shown in Figure P7.27, determine the maximum bending normal stress and the maximum deflection in terms 
ofis, w, b, h , andL. 



f T ,- T f f — -X 



Figure P7.27 
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7.28 For the tapered circular beam shown in Figure P7.28, determine the maximum bending normal stress and the maximum deflection in 
terms of E, P, d , and L. 



Figure P7.28 




7.29 The 2-in. x 8-in. wooden beam of rectangular cross section shown in Figure P7.29 is braced at the support using 2-in. x 1-in. 
wooden pieces. The modulus of elasticity of wood is 2000 ksi. Determine the maximum bending normal stress and the maximum deflection. 

IP =800 lbs 
. 1 in. f 



i— r 



Figure P7.29 



X 



- 1 in. 



I 8 



iH^- 



6 ft 



H 



7.30 A 2 in. x 8 in. wooden rectangular cross-section beam is braced the near the load point using 2 in. x 1 in. wooden pieces as shown in 
Figure P7.30. The load is applied at the mid point of the beam. The modulus of elasticity of wood is 2,000 ksi. Determine the maximum 
bending normal stress and the maximum deflection. (Hint: Use symmetry about mid point to reduce calculations) 



I 



P= 1600 lb 



in> 



lin. 



Figure P7.30 



D 



-6ft- 



-ok>- 



-6ft- 



-h- 



in. 
-6ft- 
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Stretch Yourself 

7.31 To reduce weight of a metal beam the flanges are made of steel E = 200 GPa and the web of aluminum E = 70 GPa as shown 
in Figure P7.31. Determine the maximum deflection of the beam. 



I- 



Figure P7.31 



-2m- 



5kN| 



Steel 



Aluminum 



I 
I lOi 



70 mm 



10 mm 



Steel I _10mm 



|^70mm^ 



T 



7.2 FOURTH-ORDER BOUNDARY-VALUE PROBLEM 



We were able to solve for the deflection of a beam in Section 7.1 using second-order differential equations because we could 
find M z as a function of x. In statically indeterminate beams, the internal moment determined from static equilibrium will con- 
tain some unknown reactions in the moment expression. Also, if the distributed load p is not uniform or linear but a more 
complicated function, then finding the internal moment M z as a function of x may be difficult. In either case it may be prefer- 
able to start from an alternative equation. We can substitute Equation (7.1) into Equation (6.17), (that is, into 
dM z /dx = -V y ) and then substitute the result into Equation (E6.18), (that is, dV y /dx = -p ) to obtain 



(7.4) 



d 


( A 2 \ 

t^t d V 




ET — - 


dx 


ZZ A 2 

K dx J 
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EL 



d v 



(7.5) 



dx z v dx 

If the bending rigidity EI ZZ is constant, then it can be taken outside the differentiation. However, if the beam is tapered, then I zz 
is a function of x, and the form given in Equations (7.4) and (7.5) must be used. 

7.2.3 Boundary Conditions 

The deflection v(x) can be obtained by integrating Equation (7.5), but the fourth-order differential equation will generate four 
integration constants. To determine these constants, four boundary conditions are needed. The integration of Equation (7.5) 
will yield V of Equation (7.4), which on integration would yield M z of Equation (7.1), which on integration would in turn 

yield v and dv/dx. Thus boundary conditions could be imposed on any of the four quantities v, dv/dx, M z , and V y 

To understand how these conditions are determined, we generalize a principle discussed in statics for determining the reac- 
tion force and/or moments. Recall how we determine reaction forces and moments at the supports in drawing free-body dia- 
grams: 

• If a point cannot move in a given direction, then a reaction force opposite to the direction acts at that support point. 

• If a line cannot rotate about an axis in a given direction, then a reaction moment opposite to the direction acts at that support. 

\y p 

M A V y (0) 



e 




H 



-Ax- 



It) 

M z (0) 



(i 

M Z (L) 



V y (L) 



-Ax- 



(a) 
Figure 7.15 Example demonstrating grouping of boundary conditions. 



(b) 



(c) 



Consider the cantilever beam with an arbitrarily varying distributed load shown in Figure 7.15a. We make an imaginary cut 
very close to the support at A (at an infinitesimal distance Ax) and draw the free-body diagram as shown in Figure 7.15Z?. The 
internal shear force and the internal moment are drawn according to our sign convention. Notice that the distributed force is not 
shown because as Ax goes to zero, the contribution of the distributed force will drop out from the equilibrium equations. By 
equilibrium we obtain V y (0) = -R A and M z (0) = -M A . Thus if a point cannot move — that is, the deflection v is zero at a 
point — then the shear force is not known, because the reaction force is not known. Similarly if a line cannot rotate around an axis 
passing through a point, dv/dx = , and the internal moment is not known because the reaction moment is not known. 

The reverse is equally true. Consider the free-body diagram constructed after making an imaginary cut at an infinitesimal 
distance from end B, as shown Figure 7.15c. By equilibrium we obtain V y {L) = and M Z (L) = 0. However, the free end can 

deflect and rotate by any amount dictated by the loading. Thus, when we specify a value of shear force, then we cannot specify 
displacement. And when we specify a value of internal moment at a point, then we cannot specify rotation. We can thus place the 
quantities v, dv/dx, M z , and V y \ 

• Group 1: At a boundary point either the deflection v can be specified or the internal shear force V can be specified, but 
not both. 

• Group 2: At a boundary point either the slope dv/dx can be specified or the internal bending moment M z can be spec- 
ified, but not both. 

Two conditions are specified at each end of the beam, generating four boundary conditions. One condition is chosen from 
each group. Stated succinctly, the boundary conditions at each end of the beam are 

• Group 1: v or V 



Group 2: 



dv 
dx 



and 



or 



(7.6) 



M. 
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From Figure 7.15c we concluded that the shear force and the bending moment at the free end were zero. This conclusion can 
be reached by inspection without drawing a free-body diagram. If at the end there were a point force or a point moment, then 
clearly the magnitude of the shear force would equal the point force, and the magnitude of the internal moment would equal 
the point moment. Again, we can reach this conclusion without drawing a free-body diagram. But to get the correct sign of V y 
and M z we need a free-body diagram, with the internal quantities drawn according to our sign convention. We address the 
issue in Section 7.2.5. 

7.2.4 Continuity and Jump Conditions 



Suppose there is a point force or a point moment at x p or that the distributed force is given by different functions on the left 
and right of x-. Then, again, the displacement will be represented by different functions on the left and right of x-. 
Thus we have two fourth-order differential equations, and their integration constants will require eight conditions: 

• Four conditions are the boundary conditions discussed in Section 7.2.3. 

• Two additional conditions are the continuity conditions atx y discussed in Section 7.1.2. 

• The remaining two conditions are the equilibrium equations on V and M z at x.. 

The equilibrium conditions on V y and M z at Xj are jump conditions due to a point force or a point moment to be discussed in 
the next section. 

7.2.5 Use of Template in Boundary Conditions or Jump Conditions 

We discussed the concept of templates in drawing shear-moment diagrams in Section 6.4.2. Here we discuss it in determining 
the boundary conditions on V and M z and jumps in these internal quantities due to a point force or a point moment. 

Recall that a template is a small segment of a beam on which a point moment M. and a point force Fj are drawn (Ax tends 
to zero in Figure 7.16). F- and M- could be applied or reactive forces and moments and their directions are arbitrary. The ends 
at +Ax and -Ax represent the imaginary cut just to the left and just to the right of the point forces and point moments. The inter- 
nal shear force and the internal bending moment on these imaginary cuts are drawn according to our sign convention, as dis- 
cussed in Section 6.2.6. Writing the equilibrium equations for this 2Ax segment of the beam, we obtain the template equations, 

V 2 (x J )-V l (x j )=-Fj (7.7.a) 

M 2 (Xj) - Ai^xj) = Mj (7.7.b) 

V^) Mj V 2 (xj) 

Figure 7.16 Template at x-. f 

The moment equation does not contain the moment due to the forces because these moments will go to zero as Ax goes to 
zero. 

If the point force on the beam is in the direction of F- shown on the template, the template equation for force is used as 
given. If the point force on the beam is opposite to the direction of F- shown on the template, then the template equation is used 
by changing the sign of F.. The template equation for the moment is used in a similar fashion. 

• If Xj is a left boundary point, then there is no beam left of Xj. Hence V x and M 1 are zero and we obtain the boundary condi- 
tions on V y and M z from V 2 and M 2 

• If Xj is a right boundary point, then there is no beam right of x-. Hence V 2 and M 2 are zero and we obtain the boundary 
conditions on V y andM z from V 1 andMj. 

• If Xj is in between the ends of the beam, then the jump in shear force and internal moment is calculated using the tem- 
plate equations. 
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An alternative to the templates is to draw free-body diagrams after making imaginary cuts at an infinitesimal distance from 
the point force and writing equilibrium equations. Example 7.5 demonstrates the use of the template. Examples 7.6 and 7.7 dem- 
onstrate the use of free-body diagrams to determine the boundary conditions or the jump in internal quantities. 

EXAMPLE 7.5 

The bending rigidity of the beam shown in Figure 7.17 is 135 (10 6 ) lbs -in. 2 , and the displacements of the beam in segments AB (y x ) and BC 



(v 2 ) are as given below. Determine (a) the reactions at the left wall at A; (b) the reaction force at B and the applied moment M B . 

Some loading 
5(x"-20x")10 u in. 0<x<20 in. 

10(x 3 - 30x 2 + 200x) 10" 6 in. 20 in. < x < 40 in. 



r * rrfn 



Figure 7.17 Beam in Example 7.5. 



x _j^_ C D 



A 

^20 inH^20 in+H 40 in 






PLAN 

By differentiating the given displacement functions and using Equations (7.1) and (7.4), we can find the bending moment M z and the 
shear force V in segments AB and BC. (a) Using the template in Figure 7. 16, we can find the reactions at A from the values of V and M z 
at x = 0. (b) Using the template in Figure 7. 16, we can find the reaction force and the applied moment at B from the values of V and M z 
before and after x = 20 in. 



SOLUTION 

The shear force calculation requires the third derivative of the displacement functions. The functions v x and v 2 can be differentiated three 
times: 

-~ = 5(3x 2 -40x)(10" 6 ) (El) 

ax 

,2 

— Y -j = 5(6x-40)(10" 6 )in. _1 (E2) 

dx 

(f 

— ~ = (5)(6)(10" 6 ) = 30(10" 6 ) in." 2 (E3) 

dx 

-~ = 10(3x 2 -60x + 200)(10" 6 ) (E4) 

dx 

a 

— ~ = 10(6x-60)(10" 6 )in. _1 (E5) 

dx 

,3 

— Y -j = (10)(6)(10~ 6 ) = 60(10" 6 )in." 2 (E6) 

dx 

From Equations (7.1), (E2), and (E5), the internal moment is 

,2 

M z = EI ZZ ^ = [135(10 6 )lbs.in. 2 ][5(6x-40)(10" 6 )in. _1 ] = 675(6x-40) in.-lbs (E7) 

1 dx 

,2 

M Zi = EI ZZ -^ = [135(10 6 )lbs.in. 2 ][10(6x-60)(10" 6 )in. _1 ] = 1350(6x-60) in.-lbs (E8) 

dx 

From Equations (7.4), (E3), and (E6), the shear force is 

V = EI zz -^j = [135(10 6 ) lbs.in. 2 ][30(10" 6 ) in." 2 ] = 4050 lbs (E9) 

dx 

,3 

V y2 = EI zz -^j = [135(10 6 ) lbs.in. 2 ][60(10" 6 ) in." 2 ] = 8100 lbs (E10) 

dx 

The internal moment and shear force at A can be found by substituting x = into Equations (E7) and (E9), 

M Zi (0) = 675(-40) = -27,000 in.-lbs ^(0) = 4050 lbs (Ell) 

The internal moment and shear force just before and after B can be found by substituting x = 20 into Equations (E7) through (E10), 
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M (20) = 675[(6)(20)-40] = 54,000 in. -lbs M Z2 (20) = 1350[(6)(20)-60] = 81,000 in. -lbs (E12) 

^(20) = 4050 lbs V y2 (20) = 8100 lbs (E13) 

Figure 7.18 shows the free-body diagram of the entire beam. It also shows the template of Figure 7.16 for convenience. 

Some loading 

Ra m b 1~YTT^r d w m j W 

m a \ R M D M x {Xj) |^Ax4-Ax-| M 2 (xj) 

Figure 7.18 Free-body diagram of entire beam in Example 7.5. J 

If we compare the reaction force at A to F> and the reaction moment to M- in Figure 7. 1 6, we obtain F- = -R A and M- = -M A . As point A is 
the left end of the beam, V x (xj) and M x (xj) are zero on the template, and V 2 (xj) = V y (0) and M 2 {xj) = M z (0). From the template 
equation we obtain R A = V (0) and M A = -M z (0). Substituting Equation (Ell), we obtain 

ANS. 7^, = 4050 lbs M A = 27,000 in. • lbs 
If we compare the reaction force at B to F- and the applied moment to M- in Figure 7.16, we obtain Fj = R B and Mj = M B Substituting for 
Xj = 20 in. and using Equations (El 2) through (El 3), we obtain R B and M B , 

R B = ^(20) - V y2 (20) = 4050 lbs -8 100 lbs = -4500 lbs (E14) 

M B = M Z2 (20) -iW (20) = 81,000 in. • lbs - 54,000 in. -lbs = 27,000 in.-lbs (E15) 

ANS. R B = -4500 lbs M B = 27, 000 in.-lbs 



M t 



COMMENTS 

1. An alternative to the use of the template is to draw a free-body diagram after making imaginary cuts at an infinitesimal distance from 
the point forces, as shown in Figure 7.19. The internal forces and moments must be drawn according to our sign convention. By writ- 
ing equilibrium equations the required quantities can be found. 

R a V0 ) x y (20) M B F, 2 (20) 

R A = V yl (0) M *W ^2(20) 

M A = -M zl (0) Rb 

(a) V,2(20) - V yl (20) = -R B 

Figure 7.19 Alternative to template. M z2 (20) - M d (20) = M B 

(b) 

2. The free-body diagram of the entire beam in Figure 7.18 is not necessary. From the template equations, the force F- and the moment 
Mj with the correct signs can be found. If F and M- are positive, then R B and M B will be in the direction shown on the template. If 
these quantities are negative, then the direction is opposite. 

3. This problem demonstrates how we (i) determine the conditions on shear force and bending moment and (ii) relating these internal 
quantities to the reaction forces and moments. The same basic principles apply when the displacement functions have to be deter- 
mined first, as we see next. 



EXAMPLE 7.6 

In terms of E, I, w, L, andx, determine (a) the elastic curve; (b) the reaction force at^4 in Figure 7.20. 



Figure 7.20 Beam and loading in Example 7.6. 
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y > 
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METHOD 1 PLAN: Fourth-order differential equation 

(a) Noting that the distributed force is in the negative y direction, we can substitute/^ = -w in Equation (7.5) and write the fourth-order 
differential equation. The two boundary conditions at A are zero deflection and zero moment, and the two boundary conditions at B are 
zero deflection and zero slope. We can solve the boundary-value problem and obtain the elastic curve, (b) We can draw a free-body dia- 
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gram after making an imaginary cut just to the right of A and relate the reaction force to the shear force. We can find the shear force at 
point A by substituting x = L in the solution obtained in part (a). 



SOLUTION 

(a) The boundary- value problem statement can be written below following the description in the Plan. 
• Differential equation: 



Boundary conditions: 



Integrating Equation (El) twice, 



#'"3?l " » 



v(0) = (E2) 

^(0) = (E3) 
dx 

v(Z) = (E4) 

EI ZZ — 2 {L) = (E5) 
dx 



i[ ElJ ^)^- wx+Cl (E6) 

A 1 2 

EI ZZ — = — — + c x x + c 2 (E7) 

dx z 



Substituting Equation (E7) into Equation (E5), we obtain 



Integrating Equation (E7), we obtain 



z dx 6 [ 2 

Substituting Equation (E9) into Equation (E3), we obtain 

c 3 = 
Substituting Equation (E10) and integrating Equation (E9), we obtain 



c x L + c 2 = 2£- (E8) 



^„^ = -^+^ + C2 .v + c, (E9) 



24 v 6 l 2 

Substituting Equation (Ell) into Equation (E2), we obtain 

c 4 = 
Substituting Equations (El 2) and (Ell) into Equation (E4), we obtain 

r 3 j2 4 

C \ L C 2 L _ wL 

6 2 ~ 24 

Solving Equations (E8) and (El 3) simultaneously, we obtain 

5wL wL 

c > = — C2 = -— 

Substituting Equations (El 2) and (El 4) into Equation (Ell) and simplifying, we obtain the elastic curve, 



(E10) 



EI zz v = -^r + cA + c 2 x - + c 4 (Ell) 



(E12) 



(E13) 



(E14) 



ANS. v(x) = -— ^— (2x -5Lx +3L x ) (E15) 

4ohl zz 

Dimension check: Note that all terms in parentheses on the right-hand side of Equation (El 5) have the dimension of length to the power 

of 4, or 0(L 4 ). Thus Equation (El 5) is dimensionally homogeneous. But we can also check whether the left-hand side and any one term 

of the right-hand side have the same dimension: 

w^o(j) x^O(L) E^o(^z) I zz ^O(L 4 ) v^O(L) ~L -> 0\ ( F/L ) L -> 0(L) -+ checks 

KLJ K U J " EI zz K(F/L 2 )0(L 4 )J 
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(b) We make an imaginary cut just to the right of point A (at an infinitesimal distance) and draw the free-body diagram of the left part 
using the sign convention in Section 6.2.6, as shown in Figure 7.21. By force equilibrium in the y direction, we can relate the shear force 
dXA to the reaction force at^4, 

R A =V A = V y (L) (E16) 



i\) 



Figure 7.21 Infinitesimal equilibrium element at A in Example 7.6. Ra r~ Ax ~H A 

From Equations (7.4), (E6), and (El 4), the shear force is 



d[ rr d 2 v| _ 5wL 



d A ZZ dx 
Substituting Equation (El 7) into Equation (El 6), we obtain the reaction at A. 



W = -Tr\ EI ^ = wx -~ir (E17) 



ANS. R A = — 



METHOD 2 PLAN: Second-order differential equation 

We can make an imaginary cut at some arbitrary location x and use the left part to draw the free-body diagram. The moment expression 
will contain the reaction force at A as an unknown. The second-order differential equation, Equation (7.1), would generate two integra- 
tion constants, leading to a total of three unknowns. We need three conditions: the displacement at A is zero, and the displacement and 
slope at B are both zero. Solving the boundary- value problem, we can obtain the elastic curve and the unknown reaction force at A. 



SOLUTION 

We make an imaginary cut at a distance x from the right wall and take the left part of length L - x to draw the free-body diagram using 
the sign convention for internal quantities discussed in Section 6.2.6 as shown in Figure 7.22. 

w(L — x) 



(a) 



" 



(b) 



do i ° in 



Figure 7.22 Free-body diagram in Example 7.6. J/ i 2 



\< l-x >\v y ^^ H _^ H y 3 



R A 



n A 



Balancing the moment at point O, we obtain the moment expression, 

M 2 -R A (L-x) + w ^ L ~ X>} =0 or M z = R A (L-x)-^(L 2 + x 2 -2Lx) (El) 

Substituting into Equation (7.1) and writing the boundary conditions, we obtain the following boundary- value problem: 
• Differential equation: 

EI ZZ — \ = R A (L - x) - ^(L 2 + x 2 - 2Lx) (E2) 



Boundary conditions: 



Integrating Equation (E2), we obtain 



dx 



v(0) = (E3) 

~(0) = (E4) 
ax 

v(L) = (E5) 



Substituting Equation (E6) into Equation (E4), we obtain 

c x = (E7) 

Substituting Equation (E7) and integrating Equation (E6), we obtain 



^ T „ (Lx^ x J \ wfL^x^ , x Lx 



(E8) 



Substituting Equation (E8) into Equation (E3), we obtain 

c 2 = (E9) 

Substituting Equations (E8) and (E9) into Equation (E5), we obtain 
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K Al 6) 2l2 12 3 



or ANS. #, 



3wL 



Substituting Equations (E9) and (E10) into Equation (E8) and simplifying, we obtain v(x). 



ANS. 



v(x) 



48£X 



•(2x - 5Lx + 3L x ) 



(E10) 



(Ell) 



COMMENTS 



1. Method 2 has less algebra than Method 1 and should be used whenever possible. 

2. Suppose that in drawing the free-body diagram for calculating the internal moment, we had taken the right-hand part. Then we would 
have two unknowns rather than one — the wall reaction force and moment in the expression for moment. In such a case we would 
have to eliminate one of the unknowns using the static equilibrium equation for the entire beam. In other words, in statically indeter- 
minate problems, the internal moment should contain a number of unknown reactions equal to the degree of static redundancy. 

3. The moment boundary condition given by in Method 1 is implicitly satisfied. We can confirm this by substituting x = L in Equation 
(El). 



EXAMPLE 7.7 

A light pole is subjected to a wind pressure that varies as a quadratic function, as shown in Figure 7.23. In terms of E, I, w, L, and x, 
determine (a) the deflection at the top of the pole; (b) the ground reactions. 



Figure 7.23 Beam and loading in Example 7.7. 




PLAN 

(a) Finding the moment as a function of x by static equilibrium is difficult for this statically determinate problem. We can use the fourth- 
order differential equation, Equation (7.5). We have four boundary conditions: the deflection and slope at A are zero, and the moment 
and shear force at B are zero. We can then solve the boundary-value problem and determine the elastic curve. By substituting x = L in the 
elastic curve equation, we can obtain the deflection at the top of the pole, (b) By making an imaginary cut just above points, we can 
relate the internal shear force and the internal moment at point A to the reactions at A. By substituting x = in the moment and shear 
force expressions, we can obtain the shear force and moment values at point A. 



SOLUTION 

The boundary- value problem below can be written as described in the Plan. 
• Differential equation: 



d i„j d_v\ _ _ |x_ 
dx V dx J \L 



(El) 



Boundary conditions: 



v(0) = 
dv 



dx 



(0) = 



ElM 

dx 


x=L 


d 
dx 


( J 1 
El — 

ZZ A 

V dx 


1 



= 



(E2) 
(E3) 

(E4) 
(E5) 
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Integrating Equation (El), we obtain 






3L L 



Substituting Equation (E6) into Equation (E5), we obtain 

wL 

Substituting Equation (E7) into Equation (E6) and integrating, we obtain 



EL 



J 1 

a v 

dx 



wx , wL 
12L 2 3 



Substituting Equation (E8) into Equation (E4), we obtain 

wL 

Substituting Equation (E9) into Equation (E8) and integrating, we obtain 

5 2 2 

FT dy_ _ wx_ wLx_ wL x 
ZZ dx ~ ~ 60L 2 6 4 

Substituting Equation (E10) into Equation (E3), we obtain 

c 3 = 

Substituting Equation (Ell) into Equation (E10) and integrating, we obtain 

dv 



?3 



EI„ 



6 T 3 r 2 2 

wx , wLx wL x 



~' dx 360L 2 
Substituting Equation (El 2) into Equation (E2), we obtain 



18 







Substituting Equation (El 3) into Equation (El 2) and simplifying, we obtain 



v(x) 



= (jc°-20Z,V + 45Z,V) 



(E6) 

(E7) 
(E8) 

(E9) 

(E10) 
(Ell) 
(E12) 
(E13) 
(E14) 



360 EI zz r 

Dimension check: Note that all terms in parentheses on the right-hand side of Equation (El 4) have the dimension of length to the power 
of 6, or, 0(L 6 ). Thus Equation (El 4) is dimensionally homogeneous. But we can also check whether the left-hand side and any one term 
of the right-hand side have the same dimension: 



w ^°(z 



x^O(L) E^O[^- 2 j I zz ^O(L) v^O(L) 

(a) Substituting x-L into , we obtain the deflection at the top of the pole. 



ELX 



W-^#4,W) 



V(F/L 2 )L 4 L 2 



' checks 



ANS. 



v(Z) 



13 wL 
1S0EL, 



(b) We make an imaginary cut just above point A (Ax ^-0) and take the bottom part to draw the free-body diagram shown in Figure 
7.24. By equilibrium of forces and moments, we can relate the reaction force R A and the reaction moment M A to the internal shear force 
and the internal bending moment at point A, 

M z (0) = -M A V y (0) = -R A (E15) 

M 2 (0f^— V(0) 



Figure 7.24 Free body diagram of an infinitesimal element at A in Example 7.7. 



R,. 



r 

Ax 



Substituting Equations (E7) and (E6) into Equation (7.4) and Equations (E9) and (E8) into Equation (7.1), we can obtain the shear force 
and bending moment expressions, 



, , , N wx , wL wL 

12L 2 3 4 



(E16) 
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Vy(x) 



3L Z 



wL 
~ 3 



Substituting Equations (El 6) and (El 7) into Equation (El 5), we obtain the reaction force and the reaction moment. 

ANS. R 



wL 
T 



M A 



(E17) 



wL 



COMMENTS 

1. The directions of R A and M A can be checked by inspection, as these are the directions necessary for equilibrium of the externally dis- 
tributed force. 

2. The free-body diagram in Figure 7.24, the reaction force R A and the reaction moment M A can be drawn in any direction, but the inter- 
nal quantities V and M z must be drawn according to the sign convention in Section 6.2.6. Irrespective of the direction in which R A 
and M A are drawn, the final answer will be as given. The sign in the equilibrium equations, Equation (El 5), will account for the 
assumed directions of the reactions. 



PROBLEM SET 7.2 



Fourth-order boundary-value problems 

7.32 The displacement in the y direction in segment AB, shown in Figure P7.32, was found to be v(x) = (20x - 40x )10~ 6 in. If the 
bending rigidity is 135 x 10 6 lb -in. 2 , determine the reaction force and the reaction moment at the wall at^4. 

Some loading 




x B 



Figure P7.32 



K20ir 



4- 



-60 in- 



7.33 In Figure P7.33, the displacement in the y direction in section AB, is given by v { (x) = -3(x -20x )(10~ 6 ) in. and in BC by 

v 2 (x) = -8(x - lOOx + 1600)(10" 3 ) in. If the bending rigidity is 135 x 10 6 lb -in. 2 , determine: (a) the reaction force at B and the applied 
moment M B \ (b) the reactions at the wall at A. 

Some loading 






Figure P7.33 



V 



B x 



-60 in- 



A 
20 in- 



7.34 For the beam shown in Figure P7.34, determine the elastic curve and the reaction(s) atv4 in terms of E, I, P, w, andx. 
W P(kN) 



Figure P7.34 



^ 



L (m) + L (m) - 



7.35 For the beam shown in Figure P7.35, determine the elastic curve and the reaction(s) at ^4 in terms of E, I, P, w, and x. 

w (kN/m) 



Figure P7.35 



fe 



T T T 



Mm)- 



a 
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7.36 For the beam shown in Figure P7.36, determine the slope at x = L and the reaction moment at the left wall in terms of E, I, w, and L. 



Figure P7.36 




7.37 For the beam shown in Figure P7.37, determine the deflection and the moment reaction at x = L in terms of E, I, w, and L. 



Figure P7.37 




7.38 For the beam shown in Figure P7.38, determine the deflection and the slope at x = L in terms of E, I, w, and L. 

(x 2 ) 



Figure P7.38 




- jvL 2 



7.39 For the beam and loading shown in Figure P7.39, determine the deflection and slope at x = L in terms of E, I, w, and L. 



Figure P7.39 



y i\ 

& 




7.40 For the beam and loading shown in Figure P7.40, determine the slope at x = L and the reaction moment at the left wall in terms of E, 
L w, and L. 



2L 



Figure P7.40 



y l\ 




t 



1A\ For the beam and loading shown in Figure P7.41, determine the maximum deflection in terms of E, I, w, and L. 

. 7TX 




V V V v 



Figure P7.41 



> x 




7.42 For the beam and loading shown in Figure P7.42, determine the maximum deflection in terms of E, I, w, and L. 



Figure P7.42 
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7.43 A cantilever beam under uniform load has a spring with a stiffness k attached to it at point A, as shown in Figure P7.43. The spring 

3 

constant in terms of stiffness of the beam is written as k = aEI/L , where a is a proportionality factor. Determine the compression of the 
spring in terms of a, w, E, /, and L. 



I > x 



Z 



Figure P7.43 



7.44 A linear spring that has a spring constant K is attached at the end of a beam, as shown in Figure P7.44. In terms of w, E, I, L, and K, 
write the boundary- value problem but do not integrate or solve. 



>sin(7rx/2L) (lb/ft) 

1. 




Figure P7.44 



\ A 

h L- 



■i 



x M[= wL z (ft-lb) C 



w (lb/ft) 
T T Y T 



F = wL 




Historical problems 

7.45 The beam and loading shown in Figure P7.45 was the first statically indeterminate beam for which a solution was obtained by 
Navier. Verify that Navier's solution for the reaction at A is given by the equation below. 



Figure P7.45 



h 



~^J- 



Pa (31 -a) 
2L 3 



where L = a + t 



h 



+ 



7.46 Jacob Bernoulli incorrectly assumed that the neutral axis was tangent to the concave side of the curve in Figure P7.46 and obtained 
the equation given below. In the equation R is the radius of curvature of the beam at any location x. Derive this equation based on Bernoulli's 
assumption and show that it is incorrect by a factor of 4. (Hint: Follow the process in Section 6.1 and take the moment about point B.) 






C D 



Figure P7.46 




Ebh'fl 
^R 



Px 



1A1 Clebsch considered a beam loaded by several concentrated forces P t placed at a location x p as shown in Figure P7.47. He obtained 
the second-order differential equation between the concentrated forces. By integration he obtained the slope and deflection as given and 
concluded that all C-'s are equal and all D/s are equal. Show that his conclusion is correct. For x t < x < x i+l , 



EI 



d 2 v 
dx 



dv x 
= Rx- yPAx-x,) EI^-=R^- 

*-> A jJ dx 2 



-I* 



(x-x t ) 



-c, 



EIv = R- 



■Y/> 



(x-x f ) 



C,-x + D, 



Figure P7.47 



x = 



nX t 



Pl \ Pl \ \ \ Pi \ \ 



-x 2 - 
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Stretch Yourself 

7.48 A beam resting on an elastic foundation has a distributed spring force that depends on the deflections at a point acting as shown in Fig- 
ure P7.48. Show that the differential equation governing the deflection of the beam is given by Equation (7.8), where k is the foundation 
modulus, that is, spring constant per unit length. 

P 



M_ 



I t t M z + dM z 



0E3P 



dx 



EL 



d v 
dx 



k\ 



(7.8) 



v y I v i 

l(k dx)v 



f(k dx)v 
Figure P7.48 Elastic foundation effect. 



, ■ dV y 



7.49 To account for shear, the assumption of planes remaining perpendicular to the axis of the beam (Assumption 3 in Section 6.2) is 
dropped, and it is assumed that the plane rotates by the angle ^from the vertical. This yields the following displacement equations: 



-y\\f(x) 



v(x) 



The rest of the derivation 1 is as before. Show that the following equations apply: 

eHe-*)]--' eK£) = -^GH <™> 

where A is the cross-sectional area and G is the shear modulus of elasticity. Beams governed by these equations are called Timoshenko beams. 



7.50 Figure P7.50 shows a differential element of a beam that is free to vibrate, where p is the material density, A is the cross-sectional 

2 2.. 

area, and d v/dt is the linear acceleration. Show that the dynamic equilibrium is given by Equation (7.10). 



M_ 



M 7 + AM 7 



pA^A* 



CO 

Figure P7.50 Dynamic equilibrium. 



VyhAjc-HVy+AVy 



-AxH 






~2 ~4 

d V , 2d V . 
dt dx 



where c = jEI zz /pA . (7.10) 



7.51 Show by substitution that the following solution satisfies Equation (7.10): 

v(x, t) = G(x)H(t) G(x) = A cos cox + B sin cox + C cosh cox + D sinh cox 



2 2 

H(t) = E cos(cco )t + D sm(cco )t 



7.52 Show by substitution that the following deflection solution satisfies the fourth order boundary value problem of the cantilever beam 
shown in Figure P7.52. 



v(*) = 



1 
6EI 



R A x +3M A x +F (x-x x ) p(x x ) dx x 



where R A = — f p(x l )dx l and M A = f x x p{x x ) dx x 



(7.11) 



Computer problems 

7.53 Table P7.53 shows the value of distributed load at several point along the axis of a 10 ft long rectangular beam. Determine the slope 
and deflection at the free end using. Use modulus of elasticity as 2000 ksi. 
TABLE P7.53 Data in Problem 7.53 



X 

(ft) 


p(x) 
(lb/ft) 


X 

(ft) 


p(x) 
(lb/ft) 





275 


6 


377 


1 


348 


7 


316 


2 


398 


8 


233 


3 


426 


9 


128 


4 


432 


10 





5 


416 







^se Equations (2.12a) and (2.12d) to get s xx and y . Use Hooke's law, the static equivalency equations [Equations (6.1) and (6.13)], and the 
equilibrium equations [Equations (6.17) and (6.18)]. 
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7.54 For the beam and loading given in Problem 7.53, determine the slope and deflection at the free end in the following manner. First 

represent the distributed load by p{x) =a + bx + ex and, using the data in Table P7.53, determine constants a, b, and c by the least-squares 
method. Then using fourth-order differential equations solve the boundary- value problem. Use the modulus of elasticity as 2000 ksi. 



7.55 Table P7.55 shows the measured radii of a solid tapered circular beam at several points along the axis, as shown in Figure P7.55. The 
beam is made of aluminum (E = 28 GPa) and has a length of 1.5 m. Determine the slope and deflection at point B. 

TABLE P7.55 Data for Problem 7.55 




Figure P7.55 



X 


R(x) 


X 


R(x) 


(m) 


(mm) 


(m) 


(mm) 


0.0 


100.6 


0.8 


60.1 


0.1 


92.7 


0.9 


60.3 


0.2 


82.6 


1.0 


59.1 


0.3 


79.6 


1.1 


54.0 


0.4 


75.9 


1.2 


54.8 


0.5 


68.8 


1.3 


54.1 


0.6 


68.0 


1.4 


49.4 


0.7 


65.9 


1.5 


50.6 



7.56 Let the radius of the tapered beam in Problem 7.55 be represented by the equation ^(x) = a + bx. Using the data in Table P7.55, 
determine constants a and b by the least-squares method and then find the slope and deflection at point B by analytical integration. 
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MoM in Action: Skyscrapers 



A skyscraper can be a monument to the builder's pride or a literal monument, designed to attract tourists and ten- 
ants to the city's, the country's, or the world's tallest building. When John Roscoe, in 1930, wanted a taller building than 
Walter Chrysler's, he pushed for his own, completed just one year after the Chrysler building More than 40 years later, his 
Empire State Building (Figure 1.25a). was still the world's tallest building, at 1250 ft. Even today, it is surely the most 
famous skyscraper ever. New construction is also driven by the same social forces as those behind the boom in Chicago, 
New York, and London at the end of 19th century. Businesses then and now want to be near a city's commercial center 
and emerging economies are seeing a movement of the population from villages to cities. As this edition goes to press, the 
tallest building is Taipei 101 in Taiwan (Figure 7.25b). Built in 2003, it stands 1671 feet tall. 

(a) (b) (c) 






Figure 7.25 (a) Empire State in New York, (b) Taipei 101 in Taipei, Taiwan, (c) Joint construction. 

Social forces, then, have pushed skyscrapers higher and higher, but technological advances have made that 
possible. Early high-rise buildings had a pyramid design: the building cross-section decreased with height to avoid 
excessive stresses at the bottom. The height of these building was limited by the strength of masonry materials and by the 
difficulty of getting water to higher stories. Besides, renters did not want to climb too many stairs! With the advent of steel 
beams, reinforced concrete, glass, electric water pumps, and elevators, however, the human imagination was freed to build 
tall. If one thinks of a high-rise building as an axial column, then skyscrapers are like cantilevered beams subject to 
bending loads in the wind. A proper variation of both axial and bending rigidity with height is important in design. 
Skyscrapers must be strong enough to withstand hurricane winds in excess of 140 mph. With an increase in height, too, the 
bearing stresses at the base increase, often requiring digging deep to bedrock. 

In addition to the stresses, the deflection of a skyscraper increases with height. By welding and bolting the 
horizontal girders to steel columns, the rigidity of the joint (Figure 7.25c) is increased, which helps reduce the sway. 
Skyscraper designs often have columns on the outer perimeter, which are connected to the central core columns. The outer 
columns act like flanges to resist most of the wind load, while the inner columns carry most of the weight. In modern 
skyscrapers, computer-controlled masses of hundreds of tons, called tuned mass dampers, move to counter the building 
sway. Today skyscrapers are also designed to move with earthquakes rather then stress the building frames. 

The terrorist attack on World Trade Center (see page 525) has highlighted the need for better fireproofmg of steel 
beams, and technology is once more providing the solution. But terrorist acts do not deter the human spirit, which like the 
skyscrapers themselves still soars. In the sands of United Arab Emirates, the next tallest skyscraper is rising. Called Burj 
Dubai, or the Dubai tower, it will be twice the height of the Empire State Building. 
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7.3* SUPERPOSITION 



The assumptions and limitations that were imposed in deriving the simplest theory for beam bending ensured that we have a 
linear theory. As a consequence, the differential equations governing beam deflection, Equations (7.1) and (7.5), are linear 
differential equations, and hence the principle of superposition can be applied to beam deflection. 

The leftmost beam in Figure 7.26 is loaded with a uniformly distributed load w and a concentrated load P v The superposition 
principle says that the deflection of a beam with uniform load w and point force P 1 is equal to the sum of the deflections calculated 
by considering each load separately, as shown on the right two beams in Figure 7.26. Although the example in Figure 7.26 demon- 
strates the principle of superposition, there is no intrinsic gain in calculating the deflection of each load separately and adding to find 
the final answer. But if the solutions to basic cases are tabulated, as in Table C.3, then the principle of superposition becomes a very 
useful tool to obtain results quickly. Thus the maximum deflection of the beam on the left can be found using the results of cases 1 
and 3 in Table C.3. Comparing the loading of the two beams in Figure 7.26 to those shown for cases 1 and 3, we note that P = - 
Pj = -wL andp = -w, a = L, and b = 0. Substituting these values into \ max given in Table C.3 and adding, we obtain 



(wL)L' 
3EI 

\ = wL 



wL 
MI 



' 2AEI 



(7.12.a) 



( 



T T T T 



L(m)- 



t 






wL 



L(m)- 



+ 



f 



T T T T 



L(m)- 



Figure 7.26 Example of superposition principle. 



Another very useful application of superposition is the deflection of statically indeterminate beams. Consider a beam built in at 
one end and simply supported at the other end with a uniformly distributed load, as shown in Figure 7.27. The support at A can be 
replaced by a reaction force, and once more the total loading can be shown as the sum of two individual loads, as shown at right in 
Figure 7.27. Comparing the loading of the two beams in Figure 7.26 to those shown for cases 1 and 3 in Table C.3, we note that 
P = R A , p = -w, a = L, and b = 0. v max is at point A in both cases. Substituting these values into v max given in Table C.3 and adding, 
we obtain 



i 



RaL wL 
~3EI~SEI 



(7.12.b) 



J r i L 






I 



-L(m)- 



H 



-L(m)- 



+ 



I \ r L 



-L(m)- 



Figure 7.27 Example of use of superposition principle in solving statically indeterminate beam deflection. 



But the deflection at A must be zero in the original beam. Thus we can solve for the reaction force as R A = 3wL/8EI. Now the 
solution of v(x) given in Table C.3 can be superposed to obtain 



v(x) 



(7.12.c) 



Substituting for R A and simplifying, the solution for the elastic curve is 



v(x) = 



wx (- 2x + 5Lx - 3L ) 
48£/ 



(7.12.d) 
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EXAMPLE 7.8 

For the beam shown in Figure 7.28, using the principle of superposition and Table C.3, determine (a) the reactions at^4; (b) the maximum 
deflection. 

k y w (kN/m) 



Figure 7.28 Beam in Example 7.1 



I ^T 



Mm)- 



j 



PLAN 

(a) The wall at A can be replaced by a force reaction R A and a moment reaction M A . Thus the beam would be a cantilever beam with a uni- 
formly distributed load, a point force at the end, and a point moment at the end, corresponding to the first three cases in Table C.3. Superpos- 
ing the slope and deflection values from Table C.3 and equating the result to zero would generate two equations in the two unknowns R A and 
M A which give the reactions at A. (b) From the symmetry of the problem, we can conclude that the maximum deflection will occur at the 
center. Substituting x = L/2 in the elastic curve equation of Table C.3 and adding the results, we can find the maximum deflection of the 
beam. 



SOLUTION 

(a) The right wall at A can be replaced by a reaction force and a reaction moment, as shown at left in Figure 7.29. The total loading on 
the beam can be considered as the sum of the three loadings shown at right in Figure 7.29. 



y w (kN/m) 



P 



III 



*5" = l 



h 



-L(m)- 



h 



-L(m)- 



+ 



n y w(kN/m) 



M A 



3) + 



AR A 



h 



-L(m)- 



III 



h 



-L(m)- 



Figure 7.29 Superposition of three loadings in Example 7.8. 
Comparing the three beam loadings in Figure 7.29 to that shown for cases 1 through 3 in Table C.3, we obtain P = R A , M = -M A , and/? 
= -w, a = L, and b = 0. Noting that \ max and 6 max shown in Table C.3 for the cantilever beam occur at point A, we can substitute the load 
values and superpose to obtain the deflection v A and the slope at 9 A . Noting that at the wall at^4 the deflection v A and the slope at 6 A must 
be zero, we obtain two simultaneous equations in R A and M A , 



R A L 3 (-M A )L 2 
3EI 2EI 

r2 



(-w)L* 
%EI 







e, 



R A L (-M A )L ( - w)L > = 
2EI EI 6EI 



Equations (El) and (E2) can be solved to obtain R A mdM A 

ANS. 



J? - wL 



M A 



8R A L- 


\2M A 


3R A L 


-6M A 


wL 
~\2 





3wL 



wL 



-M A 



(b) The maximum deflection would occur at the center of the beam. Substituting x = L/2, P = R A = wL/2, M--±v± A - 
= -w in the equation of the elastic curve for cases 1 through 3 in Table C.3 and superposing the solution, we obtain 



-G 



(wLI2)(LI2Y 
6EI 



^-f)* Js! W SL * t ^ L W-0*" ! ] 



or 



5wL wL UwL 



96EI 96EI 384EI 



ANS. 



(El) 
(E2) 

(E3) 
-wL/ 12, and/? 

(E4) 

(E5) 

_ wL 
nax ~ "384^/ 



COMMENTS 

1. All terms in Equations (El) and (E2) have the same dimension, as they should. If this were not the case, then we would need to exam- 
ine the equations obtained using superposition and the subsequent simplifications carefully to ensure dimensional homogeneity. 

2. By symmetry we know that the reaction forces at each wall must be equal. Hence the value of the reaction forces should be wL/2, as 
calculated in Equation (E3). 
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EXAMPLE 7.9 

The end of one cantilever beam rests on the end of another cantilever beam, as shown in Figure 7.30. Both beams have length L and 
bending rigidity EL Determine the deflection at A and the wall reactions at B and C in terms of w, L, E, and /. 



Figure 7.30 Two cantilever beams in Example 7.9. 




PLAN 

The two beams can be separated by putting an unknown force R A that is equal but opposite in direction on each beam at point A From case 
1 in Table C.3 for beam ^45, the deflection at ^4 can be found in terms of R A . From cases 1 and 3 for beam ^4C, the deflection at^4 can be 
found by superposition. By equating the deflection at ^4 for the two beams, we can find the force R A . (a) Once R A is known, the deflection 
at A is found from the equation written for beam AB. (b) The reactions at B and C can be found using equilibrium equations on each 
beam's free-body diagram. 



SOLUTION 

(a) The assembly of the beams shown in Figure 7.30 can be represented by two beams with a force R A that acts in equal but opposite 
directions, as shown in Figure 7.31a and b. The loading on the beam in Figure 7.3 1Z? can be represented as the sum of the two loadings 
shown in Figure 7.3 lc and d. 






+ 







(b) 



(c) 






Figure 7.31 Analysis of beam assembly by superposition in Example 7.9. 



Comparing the beam of Figure 7.31a to that shown in case 1 in Table C.3, we obtain P = -R A , a = L, and b = 0. Noting that v max in case 1 
occurs at A, the deflection at A can be written as 



6EI 3EI 



(El) 



Comparing the beam in Figure 7.3 lc to that of case 1 in Table C.3, we obtain P = R A - wL, a = L, and b = 0. Comparing the beam in Fig- 
ure 7.3 \d to that of case 3 in Table C.3, we obtain p = -w, a = L/2, and b = L/2. Since v max for both cases occurs at A, by superposition 
the deflection at A can be written as 

_ (R A -wL)L\ (-w)(L/2)\3L/2 + 4L/2) _ (R A -wL)L 3 lwL 4 

^A LL ~\ — \^^) 



Equating Equations (El) and (E2), give the reaction^: 



Ra£ 

3 EI 



{R A -wL)L j w l 4 



3EI 384£7 

Substituting Equation (E3) into Equation (El), we obtain the deflection at^4. 



\35wL 
256 



ANS. 



(E3) 



45 wV 
256EI 



(b) The reactions at the wall can be found from the free-body diagrams of each beam, as shown in Figure 7.32. By equilibrium of forces 
in the y direction and the moments about B in Figure 1.32a, the reactions at B can be found, 



Rr - Rj 



M R 



ANS. 



\35wL 
256 



(E4) 

2 



M R 



135wL 
256 
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(a) m b^ 




(b) 



Figure 7.32 Free-body diagrams in Example 7.9. 

By equilibrium offerees in the;; direction and the moments about C in Figure 132b, the reactions at C can be found, 

249 wL 




^c = wL + ^-R A 



256 



M c = wL(L) + 



wLfL 

2 U 



+ R A L 



153ivL 
256 



ANS. 



249 wL 
256 



(E5) 
(E6) 

2 



M r 



153 wL 
256 



COMMENT 

1. This example demonstrates how the principle of superposition can significantly simplify the analysis and design of structures. Hand- 
books now document an extensive number of cases for which beam deflections are known. These apply to a wide variety of beam 
assemblies. But to develop a list of formulas (as in Table C.3) requires a knowledge of the methods described in Sections 7.1 and 7.2. 



7.4* DEFLECTION BY DISCONTINUITY FUNCTIONS 

Thus far, we have used different functions to represent the distributed load py, or moment M z , for different parts of the beam. 
We then had to determine the integration constants that satisfy the continuity conditions and equilibrium conditions at the 
junctions Xj. These tedious and algebraically intensive tasks, may be unavoidable for a complicated distributed loading func- 
tion. But for many engineering problems, where the distributed loads either are constant or vary linearly, there is an alterna- 
tive method that avoids the algebraic tedium. The method is based on the concept of discontinuity functions. 



7.4.1 Discontinuity Functions 



Consider a distributed load/? and an equivalent load P = ps, as shown in Figure 7.33. Suppose we now let the intensity of the 
distributed load increase continuously to infinity. At the same time, we decrease the length over which the distributed force is 
applied to zero so that the area/? £ remains a finite quantity. We then obtain a concentrated force P applied at x = a. Mathemat- 
ically, 

P = lim lim (/?£•) 

P ->00 £-> 



Rather than write the limit operations, we can represent a concentrated force with, P(x-a) 



hMh 



TJ. 



ps 



Figure 7.33 Delta function. 



(x- a) 
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The function (x - a) is called the Dirac delta function, or delta function. The delta function is zero except in an infinites- 
imal region near a. As x tends toward a, the delta function tends to infinity, but the area under the function is equal to 1 . Mathe- 
matically, the delta function is defined as 



(7.13) 







ro. 


Xt£ a ] 


a+s 
a-s 






(x- 


-a) ' = 


= 




-a) 


dx = 1 






[oO, 


x —> aj 







Now consider the following integral of the delta function: 



J (x-a) 



dx 



The lower limit of minus infinity emphasizes that the point is before a. If x < a, then in the interval of integration, the delta 
function is zero at all points; hence the integral value is zero. If x > a, then the integral can be written as the sum of three inte- 
grals, 

a-s a+s x 

(x-a) dx+\ (x-d) dx+\ (x-a) dx 

—oo a-s a+s 

Step function Ramp function 

m(x — a) k(x — a) k(x — a) 



Figure 7.34 Discontinuity functions. 



0, x<a 

1, x> a 



(7.14) 



The first and third integrals are zero because the delta function is zero at all points in the interval of integration, whereas the 
second integral is equal to 1 as per Equation (7.13). Thus the integral \ x (x-a) dx is zero before a and one after a. It is 

called the step function as shown in Figure 7.34 and is represented by the notation (x-a) . 

(x-a) = \ (x-a)~ dx = 

—00 

Now consider the integral of the step function, 

\ (x-a) dx 

—00 

If x < a, then in the interval of integration the step function is zero at all points. Hence the integral value is zero. If x > a, then 
we can write the integral as the sum of two integrals, 

(x-a) dx+\ (x-a) dx 

-oo a 

The first integral is zero because the step function is zero at all points in the interval of integration, whereas the second inte- 
gral value is x - a. The integral \ x (x - a) dx is called the ramp function. It is represented by the notation (x - a) and is 

shown in Figure 7.34. Proceeding in this manner we can define an entire class of functions, which are represented mathemati- 
cally as follows: 

TO. x<a 

(7.15) 







ro, 




x < a 


(x- 


\ n 

-a) = 












i(x- 


-a) n , 


x > a 



We can also generate the following integral formula from Equation (7.15): 
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(x- a) n dx 



x «+i 



/ \ n 
n+1 ' 



n>0 



(7.16) 
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f0, 


x ^ a 


— oc 






? 




4 1 


(x- 


-a) 


' 




<*- 


-a) 


" dx = 


(x- 


-«> 






[oo, 


x — » fl 













We define one more function, called the doublet function. It is represented by the notation {x-a) and is defined mathe- 
matically as 



(7.17) 



The delta function (x - a) and the doublet function (x - a) become infinite at x = a, that is, they are singular atx = a and 

are referred to as singularity functions. The entire class of functions (x- a) n for positive and negative n are called disconti- 
nuity functions. 

The discontinuity functions are zero if the argument is negative. By differentiating Equations (7.14), (7.16), and (7.17) we 
can obtain the following formulas: 



d(x-a) , v -2 d(x-a) , v - 

— ■ — ; — — = (x-a) - 1 —: — — = (x-a) 

dx dx 



d(x-a) , x n-i . 1 

— — - — — = n(x-a) , n > 1 

dx 



(7.18) 



(7.19) 



7.4.2 Use of Discontinuity Functions 



Before proceeding to develop a method for solving for the elastic curve using discontinuity functions, we discuss the process 
by which the internal moment M z and the distributed force p can be written using the discontinuity functions. We will 
develop the procedure using a simple example of a cantilever beam subject to different types of loading, as shown in Figure 
7.35. Then we will generalize the procedure to more general loading and types of support. 



(a) 



^M 



1 



1 


J 


r 


(b) 


► X 


• 




-* a — 


-H 



l- v 



(c) 



_: 



A 



•faO 



M z -- 

M z -- 
P z 



-M 

-M(x 
-M(x 



x < a 
x > a 

-a) 
-a)~ 2 






M z -- 

M I'- 
ll z 



-P(x - a) 



x < a 
x > a 



-P(x 
-P(x 



a) 1 
a)~ l 



x x \ t 



M_ 



M z : 

p '- 



w(x — a) 

h 2 

(x — a) 2 
-w(x — a) 



to 

x < a 

x > a 



Figure 7.35 Use of discontinuity functions. 

When we make an imaginary cut before x = a in the cantilever beams shown in Figure 7.35, the internal moment M z will be 
zero. If the imaginary cut is made after x-a, then the internal moment M z will not be zero and can be determined using a free- 
body diagram. Once the moment expression is known, then it can be rewritten using the discontinuity functions. This moment 
expression can be used to find displacement using the second-order differential equation, Equation (7.1). However, if the 
fourth-order differential equation, Equation (7.5), has to be solved, then the expression of the distributed force p y is needed. 
Now the distributed force can be obtained from the moment expression using the identity that is obtained by substituting 

2 2 

Equation (6. 1 8) into Equation (6. 17), or d M z /dx = p. By using Equation (7.19) we can obtain the distributed force expres- 
sion from the moment expression, as shown in Figure 7.35. 
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If the distributed load is as shown in Figure 7.35c, then the expression for it can be obtained directly, without the free-body 
diagram, and the moment expression can be obtained by integrating twice. For the concentrated force and moment also, it is not 
difficult to recognize the type of discontinuity function that will be used in the representation. The difficulty lies in obtaining the 
correct sign in the expression for the internal moment M z . We shall overcome this problem by using a template to guide us. 

A template is created by making an imaginary cut beyond the applied load. On the imaginary cut the internal moment is 
drawn according to the sign convention discussed in Section 6.2.6. A moment equilibrium equation is written. If the applied load 
is in the assumed direction on the template, then the sign used is the sign in the moment equilibrium equation. If the direction of 
the applied load is opposite to that on the template, then the sign in the equilibrium equation is changed. The beams shown in 
Figure 7.35 are like templates for the given coordinate systems. 



EXAMPLE 7.10 

Write the moment and distributed force expressions using discontinuity functions for the three templates shown in Figure 7.36. 

Case 2 1 P W 

M 



Case 1 



;» ! 



x = a 



x = a 



ni 



Case 3 



x = b x = a 



Figure 7.36 Three cases of Example 7.10. 



PLAN 

For cases 1 and 2 we can make an imaginary cut after x = a and draw the shear force and bending moment according to the sign conven- 
tion in Section 6.2.6. By equilibrium we can obtain the moment expression and rewrite it using discontinuity functions. By differentiat- 
ing twice, we can obtain the distributed force expression. For case 3 we can write the expression for the distributed force using 
discontinuity functions and integrate twice to obtain the moment expression. 



SOLUTION 

Case 1: We make an imaginary cut at x > a and draw the free-body diagram using the sign convention in Section 6.2.6 as shown in Fig- 
ure 737a. By equilibrium we obtain 

M z = M (E7) 

is valid only after x > a. Using the step function we can write the moment expression, and by differentiating twice as per Equation (7.19) 
we obtain our result. 

ANS. M z = M{x-a)° p=M{x-a)~ 2 



M 



(b) 



x = a 



t 




y 

Figure 7.37 (a) Case 1, (b) Case 2, (c) Case 3 in Example 7.10. 

Case 2: We make an imaginary cut at x > a and draw the free-body diagram using the sign convention in Section 6.2.6 as shown in Fig- 
ure 7.37Z?. By equilibrium we obtain 

M z = P(x-a) (E8) 

is valid only after x > a. Using the ramp function we can write the moment expression, and by differentiating twice as per Equation 
(7.19) we obtain our result. 

ANS. M z = P(x-a) 1 p y = P(x-a)~ l 

Case 3: The distributed force is in the negative y direction. Its start can be represented by the step function dXx-a. The end of the dis- 
tributed force can also be represented by a step function using a sign opposite to that used at the start as shown in Figure 7.3 7b. 

ANS. p y = -w(x-a)° + w(x-b)° (E9) 

Integrating Equation (E9) twice and using Equation (7.16), we obtain the moment expression 
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ANS. 



M„ 



--(x-a) +2< x " 



(E10) 



COMMENTS 



1. The three cases shown could be part of a beam with more complex loading. But the contribution for each of the loads would be calcu- 
lated as shown in the example. 

2. In obtaining Equation (E10) we did not yet write integration constants. When we integrate for displacements, we will determine these 
from boundary conditions. 

3. In case 3 we did not have to draw the free-body diagram. This is an advantage when the distributed load changes character over the 
length of the beam. Even for statically determinate beams, it may be advantageous to start with the fourth-order, rather than the sec- 
ond-order differential equation. 



EXAMPLE 7.11 

Using discontinuity functions, determine the equation of the elastic curve in terms of E, I, L, P, and x for the beam shown in Figure 7.38. 

ii r 



2PL 



c 



Figure 7.38 Beam and loading in Example 7.11. 






B 



-H- 



c 



^ 



PLAN 

Two templates can be created, one for an applied moment and one for the applied force. With the templates as a guide, the moment 
expression in terms of discontinuity functions can be written. The second-order differential equation, Equation (7.1), can be written and 
solved using the zero deflection boundary conditions at A and C to obtain the elastic curve. 



SOLUTION 

Figure 7.39 shows two templates. By equilibrium, the moment expressions for the two templates can be written 



M_ 



M{x-a) 






M z = F{x-a) 



M_ 



Figure 7.39 Templates for Example 7.11. 



M 



(El) 



M_ 



Figure 7.40 shows the free-body diagram of the beam. By equilibrium of moment at C, the reaction at^4 can be found as R A = 3P/2. 
We can write the moment expressions using the templates in Figure 7.39 to guide us. The reaction force is in the same direction as the 
force in the template. Hence the term in Equation (E2) will have the same sign as shown in the template equation. 
The applied moment at point A has an opposite direction to that shown in the template in Figure 7.39. Hence the term in the moment 
expression in Equation (E2) will have a negative sign to that shown in the template equation. The force P at B has an opposite sign to that 
shown on the template, and hence the term in the moment expression will have a negative sign, as shown in Equation (E2). 



M z = ^-{x) X -2PL(x) Q -P(x-L) X 



(E2) 



2PL 



c 



Figure 7.40 Free-body diagram in Example 7.11. 



A 


r 




C 


>-x 


B 






^ L — 


—\— 


— L — 


i 



Ra 



Rr 



Substituting Equation (E2) into Equation (7.1) and writing the zero deflection conditions at ^4 and C, we obtain the boundary- value prob- 
lem: 



Differential equation: 



EI zz — 2 = ^{x) l -2PL{x)°-P{x-L)\ 0<x<2L 

dx 2 



(E3) 
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• Boundary conditions: 

v(0) = 
v(2L) = 
Integrating Equation (E3) twice using Equation (7.16), we obtain 



T7T dv 3P , x 2 ODr/ vl P, n 2 , 

zz dx = T^ ~ 2PL ^ ~2^ X ~^ 1 

EI zz v = t(x) -PL{x) --(x-L) + c x x + c 2 



Substituting Equation (E7) into Equation (E4), we obtain the constant c 2 : 

or 



?(0) 3 -PL(0) 2 -?(-L) 3 + c 2 - 



Substituting Equation (E7) into Equation (E5), we obtain the constant c{. 

or c 
Substituting Equations (E8) and (E9) into Equation (E7), we obtain the elastic curve 

ANS. v(x) 



P -(2L) 3 -PL(2L) 2 - P -(L) 3 + c x (2L) = 



1 12^ 



P [3(x> 3 -\2L(x) 2 -2{x-L) 3 + \3L 2 x] 



(E4) 
(E5) 

(E6) 

(E7) 

(E8) 
(E9) 
(E10) 



12EI ZZ 

Dimension check: All terms in brackets are dimensionally homogeneous as all have the dimensions of length cubed. But we can also 
check whether the left-hand side and any one term of the right-hand side have the same dimension, 



P -> 0(F) x -> 0(L) E^O 



I 2Z -*0(L«) 



v-»0(Z) 



Pxi 
EL, 



O 



FL 



3 A 



{f/l 2 )lV 



-> O(L) -» checks 



COMMENTS 

1. Comparing the boundary- value problem in this example with that of Example 7.2, we note the following: (i) There is only one differ- 
ential equation here representing the two differential equations of Example 7.2. (ii) There are no continuity equations atx = L as there 
were in Example 7.2. The net impact of these two features is a significant reduction in the algebra in this example compared to the 
algebra in Example 7.2. 

2. Equation (E10) represents the two equations of the elastic curve in Example 7.2. We note that (x-L) =0 for < x < L. Hence 
Equation (E10) can be written v(x) = P(3x 3 - \2Lx 2 + \3L 2 x)/\2EI zz , which is same as Equation (El 8) in Example 7.2. For L <x< 2L, 

3 3 3 2 2 3 

theterm (x-L) = (x-L) . Hence Equation (El 0) can be written v(x) = P[3x -\2Lx + \3L x-2(x-L) ]/l2EI zz , whichis 
same as Equation (El 9) in Example 7.2. 



EXAMPLE 7.12 

A beam with a bending rigidity EI- 42,000 N-m 2 is shown in Figure 7.41. Determine: (a) the deflection at point B; (b) the moment 
and shear force just before and after B. 



Figure 7.41 Beam and loading in Example 7.12. 



i 



5kNi 12kN-m 



t t f 



5kN/m 



-2.0 m +-1.0m4* 



■ iZKiN-m 4kN/m 

LI \ I I { 



-3.0m- 



PLAN 

The coordinate system in this example is the same as in Example 7.1 1, and hence we can use the templates in Figure 7.39. Differentiating 
the template equations twice, we obtain the template equation for the distributed forces, and we write the distributed force expression in 
terms of discontinuity functions. Using Equation (7.5) and the boundary conditions at^4 and/), we can write the boundary- value problem 
and solve it to obtain the elastic curve, (a) Substituting x = 2 m in the elastic curve, we can obtain the deflection at B. (b) Substituting 
x = 2.5 in the shear force expression, we can obtain the shear force value. 



SOLUTION 

(a) The templates of Example 7.11 are repeated in Figure 7.42. The moment expression is differentiated twice to obtain the template 
equations for the distributed force, 
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M z = M(x-a) 
p = M(x-a) 



M z = F(x-a) 
p = F (x- a) 



M_ 



U 



(El) 
(E2) 



Figure 7.42 Templates for Example 7.12. My T v 

We note that the distributed force in segment AB is positive, starts at zero, and ends atx = 2. The distributed force in segment CD is neg- 
ative, starts at x = 3, and is over the rest of the beam. Using the template equations and Figure 7.42, we can write the distributed force 
expression, 



p = 5(x) -5(x-2) -4(x-3>°-5(x-2)" 1 -12(x-2)" 2 
Substituting Equation (E3) into Equation (7.5) and writing the boundary conditions, we obtain the boundary-value problem: 

• Differential equation: 



—\eI zz —\ = 5(x> -5(x-2> -4(x-3>°-5(x-2>" 1 - 12(x-2>" 2 
dx V dx . 



0<x<6 



(E3) 



(E4) 



• Boundary conditions: 



v(0) = 



EI 



d\ 
zzTl(O) = 

dx 

v(6) = 



EI zz a -^(6) = 
dx 



Integrating Equation (E4) twice, we obtain 



_d_ 
dx 



EI zz — 2 \ = 5(x> 1 -5(x-2> 1 -4(x-3> 1 -5(x-2>°-12(x-2>" 1 + r li 
dx , 



EI zz — 2 = 5( x ) 2 -5( x _2) 2 -2(x-3) 2 -5(x-2) 1 -12(x-2) + c 1 x + c 2 
dx ^ 2 



Substituting Equation (E10) into Equation (E5), we obtain 



Substituting Equation (E10) into Equation (E8), we obtain 

^6> 2 -5(4> 2 -2(3> 2 -5(4> 1 -12(4> + c 1 (6) = or c x = 

Substituting Equations (Ell) and (El 2) into Equation (E10) and integrating twice, we obtain 

EIzz Tx = ^> 3 -^- 2 > 3 -f<^- 3 > 3 -^^- 2 > 2 - 12 <^- 2 > 1 + c 3 
EI zz y = — (x> 4 - — (x-2) 4 - — (x-3) 4 --(x-2) 3 -6(x-2) 2 + c 3 x + c 4 
Substituting Equation (El 4) into Equation (E5), we obtain 



or 



Substituting Equation (El 4) into Equation (E6), we obtain 

323 
C3 = "36 = 
Substituting Equations (El 5) and (El 6) into Equation (El 4) and simplifying, we obtain the elastic curve, 

1 [15(x) 4 -15(x-2) 4 -12(x-3) 4 -60(x-2) 3 -432(x-2) 2 -646jc] 



^<6} 4 -^(4) 4 -^(3) 4 -|(4> 3 -6<4) 2 + c 3 (6) = 



;.97 



12EL_ 
Substituting x = 2 into Equation (El 7), we obtain the deflection at point B, 

1 



v(2) 



72[(42)(10 J )] 



[15(2) 4 -15<0) 4 -12(-l) 4 -60(0) 3 -432(0) 2 -646(6)] 



ANS. 



(E5) 
(E6) 
(E7) 
(E8) 

(E9) 
(E10) 

(Ell) 
(E12) 

(E13) 
(E14) 

(E15) 

(E16) 

(E17) 

(E18) 
v(2) = -1.2 mm 



August 2012 



M. Vable Mechanics of Materials: Deflection of Symmetric Beams 7 354 



(b) As stated in Equation (7. 1), the moment M z can be found from Equation (E10). And as seen in Equation (7.4), the shear force V is 
the negative of the expression given in Equation (Ell). Noting that the constants c 1 and c 2 are zero, we obtain the expressions for M z and V: 



M. 



•(*) = r^(x) 2 -^(x-2) 2 -2(x-3> 2 -5(x-2> 1 - 12<x-2)°l kN-m (E19) 



V y (x) = [-5(x) 1 + 5(x-2) 1 + 4(x-3) 1 + 5(x-2)°+ 12(x-2) l ] kN (E20) 

Point B is at x = 2. Just after point B, that is, at x = 2-, all terms except the first term in Equations (El 9) and (E20) are zero. 

ANS. M z (l~) = 10 kN-m V y (2-) = -10 kN 

Just after point B, that is, at x = 2+, the step function ( x - 2) is equal to 1 . Hence this term along with the first term are the nonzero 
terms in Equations (El 9) and (E20). 

M z (2+) = (10-12) = -2 kN-m V y (2+) = (-10 + 5) = -5 kN (E21) 

ANS. M z {2+) = -2 kN-m V y {2+) = -5 kN 



COMMENT 

1. We note that M z (2+) - M z (2-) = -12 kN-m and V{2+) - VJ2-) = 5 kN-m, which are the values of the applied moment and 
applied shear force. Thus the jump in the internal shear force and internal moment difference is captured by the step function. 



7.5* AREA-MOMENT METHOD 

One last method is especially useful in finding the deflection or the slope of the beam is to be found at a specific point. Called 
the area-moment method, it is based on graphical interpretation of the integrals that are generated by integration of Equation 
(7.1). 

Equation (7.1) can be written 

*y W - f (7.20-a) 

where v'(jc) = d\(x)/dx represents the slope of the elastic curve. Integrating the equation from any point A to any other 
point x, we obtain 

f v'(x) f * M z 

dv'(x) = — - dx x or 

v'(x) = v'(x A ) + f^d Xl (7.20.b) 

x A zz 

Integrating Equation (7.20.b) between points and any point x, we obtain 

r x fr x M z \ 
v(x) = y(x a ) + y'(x a )(x-x a ) + ] (J —rdx^dx (7.20.c) 

x A x A zz 

The last integral 2 can be written as 

v(x) = \(x A ) + \'(x A )(x-x A ) + \ ( x ~ x \)jf dx \ (7.20.d) 

x A zz 

Assume EI ZZ is a constant for the beam. From Equations 7.20.b and 7.20.d, the slope and the deflection at point B can be writ- 
ten 



2 By integrating by parts, it can be shown that 

J If A*\)dx\ \dx = \ (x-x x )f(x x ) dx x 

x A l X A J X A 

Letting/(x 7 ) = MJEI ZZ , we can obtain Equation (7.20.d) from Equation (7.20.c). 
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i'(x B ) = v'W+^-[V& 




(7.21) 



(7.22) 



(a) kM z 




(b) 






h 



H X 5 




* x B -x 
Figure 7.43 Graphical interpretation of integrals in area-moment method. 

The integral in Equation (7.21) can be interpreted as the area under the bending moment curve, as shown in Figure 7.43. The 
moment diagram can be constructed as discussed in Section 6.4. Thus, if the slope v'(jc^) at points is known, then by adding 
the area under the moment curve, we can obtain the slope at point B. The area A M will be considered positive if the moment 
curve is in the upper plane and negative if it is in the lower plane. 

From Figure 7.43a, we see that the integral in Equation (7.22) is the first moment of the area under the moment curve about 
point B. This first moment of the area can be found by taking the distance of the centroid from B and multiplying by the area, 



(x B -x)M z dx = (x B -x)A A 



(7.23. a) 



With this interpretation the deflection of B can be found from Equation (7.22). Table C.2 in the Appendix lists the areas and 
the centroids of the areas under various curves. These values can be used in calculating the integrals in Equations 7.21 and 
7.22. 

Consider the cantilever beam in Figure 7.44a and the associated bending moment diagram. At point A the slope and the 
deflection at A are zero. Hence v'(jc^) = and v(x A ) = in Equations 7.21 and 7.22. The area^4 M , representing the integral in 

Equation (7.21), is -PL(L)/2. Thus the slope at B is v'(x B ) = -PL I2EI. Since distance of the centroid from B is x B - x = 2Z/3, 

2 

(x B -x)A M = (2L/3)(-PL 12) is the value of the integral equation, Equation (7.22) Thus the deflection at B is 



v(* 5 ) 



-PL /3EL 
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^^^ a m = 


PL 2 
2EI 




Figure 7.44 Application of area-moment method. 

Now consider the simply supported beam and the associated bending moment in Figure 7A4b. The value of the slope is not 
known at any point on the beam. Thus before the deflection and slope at B can be determined, the slope at A must be found. 
The deflection at A is zero. Treating the slope at A as an unknown constant, we equate the deflection at C from Equation (7.22) 
to zero and obtain the slope at A, 
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v(* c ) = Hxa) + v\x a )(x c -x a ) + —[A Mi (x c -x 1 )+A M2 (x c -x 2 )] = or 



V(xJ(Z) + ^ 



'pl fir\ { pl rr 

I6V3J 16 U 



= or v'(*4) = 



16£7 



Using Equation (7.22) once more, we find the deflection at point B: 



(7.23. b) 

(7.23.c) 



v(x B ) = y(x A ) + v r (x A )(x B -x A ) + —[A Mi (x B -x 1 )] 



\6EI\2J EI 


16 VfV 


PL 


48 



(7.23. d) 



EXAMPLE 7.13 

In terms of E, I, w, and L, determine the deflection and slope at point B for the beam and loading shown in Figure 7.45. 






w (kips/in) 



4EE 



Z 



Figure 7.45 Beam and loading in Example 7. 13. 



I- L(in)- 



— 

-L(in) H 



PLAN 

The reaction forces at A and C can be found and then the shear-moment diagram can be drawn as discussed in Section 6.4. The area 
under the moment curve and the location of the centroids can then be determined. Because the deflection at^4 is zero, the deflection at C 
can be written in terms of the unknown slope at ^4 using Equation (7.22). Equating the deflection at C to zero, then gives the slope at A. 
Slope and deflection at B can now be found using Equations 7.21 and 7.22, respectively. 



SOLUTION 

From the free-body diagram of the entire beam, the reaction forces at the supports can be found and the shear-moment diagram drawn, 
as shown in Figure 7.46. The moment curve in region BC is a quadratic, and the areas under the curves is the sum of three area. Table C.2 
in the Appendix lists the formulas for the areas and centroids. 



Lf wL 

2V~T 



wL 



, _ LfwL 
12 " 4U 

2fL\fwL 
3UA 32 



a - 2(3V\(9wL 

A4 3UA 32 



wL 

~ 76~ 

wL 
' 192 

9wL 3 
64 



Figure 7.46 Shear-moment diagram in Example 7.13. 
The deflection at C can be written as 
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v(* c ) =v (*4) + v'(x A )(x c -x A ) + —[A l (x c -x l ) + A 2 (x c - x 2 ) + A 3 (x c - x 3 ) + A 4 (x c - x 4 )] 



(E5) 



The deflections at the support are zero. Substituting v(x c ) = and v(x A ) = and the values of the areas and centroids in Equation (E5), 
we can find the slope at A. 



v'{x A ){2L) + 



wL~ 



"■*"—' EI 
The deflection at B can be written as 



3 J 16 V SJ 192 V 32 J 64 V 32 J I 



v'(x A ) 



IwL" 
~48£7 



v(x B ) =v(x A ) +v'(x A )(x B -x A ) + —[A l (x B -x l )] 



Substituting the calculated values we obtain the deflection at B, 






ANS. v(x B ) 



(E6) 

(E7) 

(E8) 

5wL 4 
~48EI 



COMMENTS 



1. The example demonstrates uses of the area moment method for finding slopes and deflection at a point in the beam. 

2. If the elastic curve needs to be determined for an indeterminate beam, we can use the area moment method to determine the reactions 
and then the second-order differential equation to solve the problem. But if this approach is to have any computational advantage over 
using the fourth-order differential equations, then it must be possible to draw the moment diagram quickly by inspection. 



PROBLEM SET 7.3 



Superposition 

7.57 Determine the deflection at the free end of the beam shown in Figure P7.20. 



7.58 Determine the reaction force at support A in Figure P7.34. 

7.59 Determine the deflection at point A on the beam shown in Figure P7.59 in terms of w, L, E, and /. 



Figure P7.59 
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1 l wL 

-=5: 



+ 



H 



7.60 Determine the reaction force and the slope at^4 for the beam shown in Figure P7.60, using superposition. 
p w (kips/in) 



Figure P7.60 



\y w (kips/in) 

j > T \ 

|- L(in) + 



-L(in)- 



A\ 



7.61 Two beams of length L and bending rigidity EI, shown in Figure P7.61, are simply supported at the ends and are in contact at the 
center. Determine the deflection at the center in terms of P, L, E, and /. 



Figure P7.61 
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7.62 Two beams of length L and bending rigidity EI, shown in Figure P7.62, are simply supported at the ends and are in contact at the 
center. Determine the deflection at the center in terms of w, L, E, and /. 



Figure P7.62 




7.63 A cantilever beam's end rests on the middle of a simply supported beam, as shown in Figure P7.63. Both beams have length L and 
bending rigidity EI. Determine the deflection at ^4 and the reactions at the wall at C in terms of P, L, E, and /. 



Figure P7.63 




7.64 A cantilever beam's end rests on the middle of a simply supported beam, as shown in Figure P7.64. Both beams have length L and 
bending rigidity EI. Determine the deflection at ^4 and the reactions at the wall at C in terms of w, L, E, and /. 



Figure P7.64 




7.65 The end of one cantilever beam rests on the end of another cantilever beam, as shown in Figure P7.65. Both beams have length L and 
bending rigidity EI. Determine the deflection at A and the reactions at the wall at C in terms of w, L, E, and /. 



Figure P7.65 




Discontinuity functions 

7.66 A gymnast with a mass of 60 kg stands in the middle on a wooden balance beam as shown in Figure P7.66. The modulus of elastic- 
ity of the wood is 12.6 GPa. To bracket the elasticity of the support, two models are to be considered: (a) the supports are simply supported; 
(b) the supports are built in ends. Determine the maximum deflection of the beam for both the cases. 

B 



Figure P7.66 
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7.67 Solve Problem 7. 17 using discontinuity functions. 

7.68 Solve Problem 7.18 using discontinuity functions. 

7.69 Solve Problem 7. 19 using discontinuity functions. 

7.70 Solve Problem 7.20 using discontinuity functions. 

7.71 (a) Solve for the elastic curve for the beam and loading shown in Figure P7.23. (b) Determine the slope and deflection at point C. 



7.72 Solve Problem 7.34 using discontinuity functions. 



7.73 A beam is supported and loaded as shown in Figure P7.73. The spring constant in terms of beam stiffness is written as 

3 

k = qlEI/L , where a is a proportionality factor. Determine the extension of the spring in terms of a, w, E, I, and L. 



+ W W 



^ m ^ 



L/2 



Figure P7.73 




Area-moment method 

7.74 Using the area-moment method, determine the deflection in the middle for the beam shown in Figure P7.2. 



7.75 Using the area-moment method, determine the deflection in the middle of the beam shown in Figure P7.3. 



7.76 Using the area-moment method, determine the deflection and slope at the free end of the beam shown in Figure P7.4. 



7.77 Using the area-moment method, determine the slope at x = and deflection at x = L of the beam shown in Figure P7.6. 



7.78 Using the area-moment method, determine the slope at x = and deflection at x = L of the beam shown in Figure P7. 17. 



7.79 Using the area-moment method, determine slope at x = and deflection at x = L of the beam shown in Figure P7. 1 8. 



7.80 Using the area-moment method, determine the slope at the free end of the beam shown in Figure P7.20. 



Stretch Yourself 

7.81 To improve the load carrying capacity of a wooden beam (E w = 2000 ksi) a steel strip (E s = 30,000 ksi) is securely fastened to it as 
shown in Figure P7.81. Determine the deflection at x =L. 
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Figure P7.81 
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*7.6 CONCEPT CONNECTOR 



Compared to a theory for the deflection of beams, our understanding of the strength of beams developed more intuitively, as 
described in Section 6.7. The very term elastic curve for the deflection of a beam reflects the early impact of mathematics. 
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7.6.1 History: Beam Deflection 



In the seventeenth century, procedures were in use to draw tangents (similar to differentiation) and areas swept by curves 
(similar to integration). Issac Newton (1642-1727) in 1666 realized that the two procedures were inverse of each other and 
developed a method called fluxional method, which he circulated among some of his friends but did not publish. Newton's 
method did not receive much attention. Nine years later in Germany, Gottfried Wilhelm Leibniz (1646-1716) developed nearly 
the same method independently. Leibniz's notation caught on, especially in Europe, and so did his name for the method, differ- 
ential calculus. Members of the Bernoulli family were in the forefront of finding applications for this new mathematical tool. 
One of the applications they considered was the determination of the elastic curve. 



Figure 7.47 Pioneers of beam deflection theories. 





Daniel Bernoulli 



Leonard Euler 



Jacob Bernoulli (1646-1716) and John Bernoulli (1667-1748) won acclaim for their mathematical work, which the French 
Academy of Science recognized by making the brothers members in 1699. Daniel Bernoulli (1700-1782), John's son, made 
important contributions to hydrodynamics, while Leonard Euler (1707-1782), John's pupil, introduced analytic methods used 
today in practically every area of mathematics. His name is also associated with buckling theory, as we shall see in Chapter 11. 
Both Daniel Bernoulli and Euler were pioneers in the theory of the elastic curve. 

Jacob Bernoulli had started with Mariotte's assumption that the neutral axis is tangent to the bottom (the concave side) of 
the curve in a cantilever beam. From this he obtained a relationship between the curvature of the beam at any point and the 
applied load, as described in Problem 7.46. Although Mariotte's assumption proved incorrect, Bernoulli's result was correct — 
except for the value of the bending rigidity. Euler, on the suggestion of Daniel Bernoulli, approached the same problem by min- 
imizing the strain energy in a beam, which yielded the correct relationship. Euler called the constant relating moment and curva- 
ture the moment of stiffness (rather than bending rigidity), but he recognized that it had to be determined experimentally. As we 
saw in Section 3.12.1, much later Thomas Young made a similar observation concerning axial rigidity, and the modulus of elas- 
ticity is named after him. Such are the quirks of history. 

Claude-Louis Navier (1785-1836), whose work on the concept of stress we met in Section 1.5, was the first to solve for 
the deflection of statically indeterminate beams. Navier carried the extra unknown reactions in the second-order differential 
equation and determined these reactions from conditions on the deflection and slopes at the support (see Problem 7.45). 

Jean Claude Saint- Venant, whose work we have seen in several chapters, analyzed the deflection of a cantilever beam 
due to a force at the free end. He was the first to realize that it can be found without formally integrating the differential equa- 
tions. This was the beginning of the area-moment method that we studied in Section 7.5*. Alfred Clebsch (1833-1872), in his 
1862 book on elasticity, considered the deflection of a beam under concentrated forces (see Problem 7.47). His approach 
later evolved into the discontinuity method, discussed in Section 7.4*. The English mathematician W. H. Macaulay formally 
introduced the discontinuity functions in 1919. 

Each aspect of beam theory thus had its own development. The normal stress in bending was relatively intuitive; shear 
stress in bending was guided by experiment; and beam deflection was guided by mathematics. Together, they highlight the 
importance of intuition, experimental evidence, and mathematical formalization. Engineers need them all to understand 
nature. 
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7.7 CHAPTER CONNECTOR 



In this chapter we saw several methods for determining the deflection of beams. The preferred approach treats beam deflec- 
tion as a second-order boundary- value problem. However, other approaches may be needed if the distributed loads on the 
beam are complicated functions or if we have only experimentally measured values for the distributed load. With the discon- 
tinuity function, a single differential equation can represent the loading on the entire beam. This method should be used if the 
beam loading changes in a discrete manner across the beam. The area-moment method, a graphical technique, can yield quick 
solutions for the beam deflection and slope at a point z/the moment diagram can be constructed easily. The superposition 
method is another versatile design tool. It can be used for determinate or indeterminate beams, provided we know the beam 
deflection and slope. Handbooks supply these values for many basic cases. 

Chapter 7 concludes the second major part of this book. Table 7.1 offers a synopsis of one-dimensional structural elements, 
described in Chapters 4 through 7. The table highlights the essential elements common to these theories. They allow us to obtain 
deformation, strains, and stresses at any point in a one-dimensional structural element. In the next three chapters we will use this 
information in many ways. 

In order to determine whether a structure will break under a given load, we need failure theories, which we study in 
Chapter 10. To apply failure theories, we first need to determine the maximum normal and shear stresses at a point. Chapter 8, 
on stress transformation, describes how to obtain these stresses from our one-dimensional theories. Only experiment, how- 
ever, can render the final verdict on designs based on the one-dimensional theory. One popular experimental technique is to 
measure strains using strain gages. And this technique requires a relationship between the strains obtained from one-dimen- 
sional theory and the strains in any given direction. That relationship, known as strain transformation, is the topic of Chapter 
9. Chapter 10 is the culmination of the first nine chapters. Here we study stresses and strains in structural elements subject to 
combined axial, torsional, and bending loads. We also address the design and failure of structures and machine elements. 
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Table 7.1 Synopsis of one-dimensional structural theories. 



y(v) 



x(u) 



z(w) 



Axial (Rods) 



Torsion (Shafts) 



Symmetric Bending (Beams) 



Displacements/ 
deformation 



u(x, y, z) = u(x) 
v = w = 



u = v=0 w=0 
</>(x,y,z)= (/){x) 



u(x,y,z) = -y- 

v = v(x) w = 



Strains 



du 
dx 



7x9 = P- 




dx 




Stresses 



°xx = Es xx = E 



du 
dx 



T x9 =G r X 0=p- 



dx 



°xx = E£ xx '- 



Z7 d V _. A 

dx 



Internal forces and 
moments 



N ^ 



I- 



dA 



T = j /""x*^ 



J.°. 



M 



dA = ...Locates neutral axis 



-J J^a^ K y = | v A 



Sign convention 



+N 



- TM) - I I +v > I t C I + "- D 



Stress formulas 



TV 

v4 



— >► 
— ► 




I 




sx xs 



I J 



Deformation formulas 



du = N_ 
dx EA 

N(x 2 -x 1 ) 
M 2-^l= EA 
EA = axial rigidity 



d$ = T_ 

dx GJ 

T(x 2 -x x ) 
h-*l = G J 
GJ = torsional rigidity 



W(f 



d v 
dx 2 
M, 



dx) dx + Ci x + C 



EI ZZ = bending rigidity 
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POINTS AND FORMULAS TO REMEMBER 

• The deflected curve of a beam represented by v(x) is called elastic curve. 

• M z = EI 2 p- 2 (7.1) V y = -1UeiJ-?\ (7.4) ASEI z p\ = p (7.5) 

dx 2 dx^ dx V dx 2K dx 2J 

• where v is the deflection of the beam at any x and is positive in the positive y direction; M z is the internal bending 
moment; V y is the internal shear force;/? is the distributed force on the beam and is positive in the positive^ direction; EI ZZ 

is the bending rigidity of the beam; and d v/dx is the curvature of the beam. 

• The mathematical statement listing all the differential equations and all the conditions necessary for solving for v(x) is 
called boundary-value problem for beam deflection. 

• Boundary conditions for second-order differential equations: 

Built-in end at x A v(x A ) = ~t~( x a) = ® 

Simple support at x A v(x A ) = 

Smooth slot at x A —-(x A ) = 

• Continuity conditions at *•: 

Vlty = V 2 (Xj) —(Xj) = —{Xj) 

Boundary conditions for fourth-order differential equations are determined at each boundary point by specifying: 
(v or V y ) and (dv/dx or M z ) (7.6) 

• In fourth-order boundary- value problems, at each point Xj where the differential equation changes, the continuity condi- 
tions and equilibrium conditions must be specified. 

• The superposition method is a versatile design tool that can be used for solving problems of determinate and indetermi- 
nate beams provided the beam deflection and slope values are available for many basic cases, such as in a handbook. 

• In the discontinuity function method a single differential equation and conditions on deflection and slopes at support 
describe the complete boundary-value problem. 

• Discontinuity functions: 

fn v -t n fO x < a 

(x-a) = J (x-a) =< 

[oo x — » a [(x-a) x> a 

• Differentiation formulas: 

d(x-a) , x -2 d(x-a) , x -i d(x-a) n , , n -i . , 

— — : — —={x-a) — i — — —={x-a) — JL — — — = n(x-a) n>\ 

dx dx dx 



Integration formulas: 

\ (x-a)' dx=(x-a)~ \ (x-a)~ dx=(x-a) \ (x-a) n dx=- — n>0 



(x-a) 



The area-moment method is a graphical technique that can yield quick solutions of beam deflection and slope at a point, 
if 'the moment diagram can be constructed easily. 

v'(x B ) = v'(*J + -±- f B M 2 dx 

22 x ^ (7-21) 

Am 

y(x B ) = v(x A ) + v'(x A )(x B -x A ) + — \ (x B -x)M z dx 

hl zz J x A 

' v ' (7.22) 

(x B — x)A M 
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CHAPTER EIGHT 

STRESS TRANSFORMATION 



Learning objectives 

1. Learn the equations and procedures of relating stresses in different coordinate systems (on different planes) at a point. 

2. Visualize planes passing through a point on which stresses are given or are being found, in particular the planes of 
maximum normal and shear stress. 



Figure 8.1 shows failure surfaces of aluminum and cast iron members under axial and torsional loads. Why do different mate- 
rials under similar loading produce different failure surfaces? If we had a combined loading of axial and torsion, then what 
would be the failure surface, and which stress component would cause the failure? The answer to this question is critical for 
the successful design of structural members that are subjected to combined axial, torsional, and bending loads. In Chapter 10 
we will study combined loading and failure theories that relate maximum normal and shear stresses to material strength. In 
this chapter we develop procedures and equations that transform stress components from one coordinate system to another at 
a, given point. 






Cast iron 





Aluminum 




(a) (b) 

Figure 8.1 Failure surfaces, (a) Axial load, (b) Torsional load. (Specimens courtesy Professor J. B. Ligon.) 

Stress transformation can also be viewed as relating stresses on different planes that pass through a point. The outward 
normals of the planes form the axes of a coordinate system. Thus relating stresses on different planes is equivalent to relating 
stresses in different coordinate systems. We will use both viewpoints in this chapter of stress transformation. 
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8.1 PRELUDE TO THEORY: THE WEDGE METHOD 



In this chapter we will study three methods of stress transformation. The wedge method, described in this section, is used to 
derive stress transformation equations in the next section. The stress transformation equations are then manipulated to gener- 
ate a graphical procedure called Mohr's circle, which is described in Section 8.3. 

Two coordinate systems will be used in this chapter. First, the entire problem is described in a fixed reference coordinate 
system called the global coordinate system. We usually relate internal forces and moments to external forces and moments in 
the global coordinate system. The internal quantities are then used to obtain stresses, such as axial stress, torsional shear 
stress, and bending normal and shear stresses. And second, a local coordinate system that can be fixed at any point on the 
body. The orientation of the local coordinate system is defined with respect to the global coordinate. In all two-dimensional 
problems in this book, the local coordinate system will be the n, t, z coordinate system. 

• The n direction is the direction of the outward normal to the plane on which we are finding the stresses. 

• The z direction is identical to the z direction of the global coordinate system. 

• The tangent t direction can be found from the right-hand rule, as shown in Figure 8.2. Just as x cross y yields z, in a 
similar manner n cross t yields z. With the thumb of the right hand pointed in the known z direction, the curl of the fin- 
gers is from the known n direction toward the t direction. 




, k y Outward normal to 
A S inclined plane 



r+ x 




Figure 8.2 Local and global coordinate systems. 

Alternatively, the positive t direction can be found by curling the fingers of the right hand from the z direction toward the 
n direction. The positive t direction is then given by the direction of the thumb. With the n direction as positive in the outward 
normal direction, positive shear stress r nt is in the positive tangent direction and negative r nt will be in the negative tangent 
direction. 

In this section we restrict ourselves to plane stress problems (see Sections 1.3.2 and 3.6). We will consider only those 
inclined planes that can be obtained by rotation about the z axis, as shown in Figure 8.26. 

8.1.1 Wedge Method Procedure 



The wedge method has five steps shown below, and elaborated by applications of Examples 8.1 and 8.2. 
Step 1: A stress cube with the plane on which stresses are to be found, or are given, is constructed. 
Step 2: A wedge is constructed from the following three planes: 

1. A vertical plane that has an outward normal in the x direction. 

2. A horizontal plane that has an outward normal in the y direction. 

3. The specified inclined plane on which we either seek or are given the stresses. 

Establish a local n, t, z coordinate system using the outward normal of the inclined plane as the n direction. All the known and 
unknown stresses are shown on the wedge. The diagram so constructed will be called a stress wedge. 

Step 3: Multiply the stress components by the area of the planes on which the stress components are acting, to obtain the 
forces acting on that plane. The wedge with the forces drawn will be referred to as the force wedge. 
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Step 4: Balance forces in any two directions to determine the unknown stresses. We can write equilibrium equations on the 
force wedge because the wedge represents a point on a body that is in equilibrium. 

Step 5: Check the answer intuitively by considering each stress component individually. By inspection, we decide whether 
the stress component will produce tensile or compressive normal stress on the incline and whether it will produce positive or 
negative shear stress on the incline. 

EXAMPLE 8.1 

A steel beam in a bridge was repaired by welding along a line that is 35° to the axis of the beam. The normal stress near the bottom of the 
beam is estimated using beam theory and is shown on the stress cube. Determine the normal and shear stress on the plane containing the 
weld line. 



150 MPa 




Figure 8.3 Stress cube at a point on a bridge. 



PLAN 

Step 1 of the procedure outlined in Section 8.1.1 is complete, as shown in Figure 8.3. We follow the remaining steps to solve the problem. 



SOLUTION 

Step 2: We construct a wedge from the horizontal, vertical, and inclined plane, as shown in Figure 8.4a. The outward normal to the 
inclined plane is drawn, and knowing the positive z direction, we establish the positive t direction using the right-hand rule for the n, t, z 
coordinates. On the inclined plane we can show the normal stress a nn and the shear stress r nt . From triangle ABC we note that 
Ay = A^sin35°. 



T„ t At Az E 




150 MPa t 

Ay = At sin 35 ° 




sin 35) Az 



cos 35 



Figure 8.4 Wedges in Example 8.1. 

(a) Stress wedge (b) Force wedge 

Step 3: We multiply the stresses o nn and r nt by the area of the incline BCDE to obtain the forces in the n and t directions, respectively. 
Similarly, we multiply the stress of 1 50 MPa by the area of the plane ABEF to obtain the force in the x direction. These forces are shown 
on the force wedge in Figure 8.4Z?. 

Step 4: As the unknowns are in the n and t directions, we balance the forces in the n and t directions. The components of force F x in the 
n and t directions are shown on the force wedge in Figure 8.4Z?. Balancing forces in the n direction, we obtain 

a^A^Az-(150A^sin35°Az)sin35° = or (o nn - 150 sin 35° sin 35°) A; Az = (a nn -49.35) A; Az = (El) 

ANS. a m = 49.35 MPa (T) 

In a similar manner, balancing the forces in the t direction, we obtain 

x^Af Az-(150 A* sin 35° Az) cos 35° = or (x^-150 sin 35° cos 35°) At Az = (x nt - 70.48) At Az = (E2) 

ANS. x nt = 70.48 MPa (T) 

Step 5: We check the answer using intuitive arguments. The surface ABC in Figure 8.3 tends to move away from the rest of the cube. 
Hence the material resistance opposing it results in a tensile stress, as seen. A more visual way is to imagine the inclined plane in Figure 
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8.3 as a glued surface. Because of a xx , the two surfaces on either side of the glue are pulled apart; hence the glue is put into tension. Sim- 
ilar <j xx will cause the wedge ABC to slide upward relative to the rest of the cube; hence the material resistance (like friction) will be 
downward, resulting in a positive shear stress, as seen. 



COMMENTS 

1. In Equations (El) and (E2) the dimensions At and Az were common factors and did not affect the final answer. In other words, the dimen- 
sions of the stress cube are immaterial. This is not surprising, as the stress cube is a visualization aid symbolically representing a point. 
Only the relative orientation of the plane is important. 

2. The stress cube in Figure 8.3 and the stress and force wedges in Figure 8.4 can be represented in two dimensions, as shown in Figure 
8.5. These are easier to draw and work with. But once more it must be emphasized that stress is a distributed force and not a vector, as 
depicted in Figure 8.5b. Force equilibrium can be done only on the force wedge 




150 MPa 




150(Arsin35)Az 



Ay = At sin 35 

.1 




B 
(a) (b) 

Figure 8.5 Wedge method in Example 8.1. (a) stress cube; (b) stress wedge; (c) force wedge. 

3. In constructing the stress wedge we took the lower wedge. An alternative approach is to take the upper wedge, as shown in Figure 8.6. 
This is possible as the dimensions of the stress cube are immaterial. Only the orientation of the planes is important. 

F Y sin 35 
G A 

150 MPa 





(a) (b) 

Figure 8.6 Alternative approach in Example 8.1. (a) stress cube; (b) stress wedge; (c) force wedge. 
4. Some writing could be saved by taking A^ = 1 and Az = 1 , as these terms always drop out. But the geometric visualization may 
become more difficult in the process. 



EXAMPLE 8.2 

Fibers are oriented at 30° to the x axis in a lamina of a composite 1 plate, as shown Figure 8.7. Stresses at a point in the lamina were found 
by the finite-element method 2 as 

a xx = 30 MPa (T) a yy = 60 MPa (C) x xy = 50 MPa 

In order to assess the strength of the interface between the fiber and the resin, determine the normal and shear stresses on the plane con- 
taining the fiber. 



Figure 8.7 Stresses in lamina in Example 8.2. 




^ x 



PLAN 

In Step 1 of the procedure outlined Section 8.1.1, we can draw the stress cube with an plane inclined at 30° and then follow the remaining 
steps of the procedure. 



! See Section 3.12.3 for a brief description of composite materials. 
2 See Section 4.8 for a brief description of the finite-element method. 
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SOLUTION 

Step 1: We draw a stress cube in two dimensions for the given state of stress, and the plane inclined at 30° counterclockwise to the x 
axis, as shown in Figure 8.8a 



60MPa 



50MPa 
50MPa 



30 MPa - 




t a A? Az 



-30 MPa 



50 MPa 



50 MPa 




30(Ar sin 30) Az 



50(Ar sin 30) Az 



50(A? cos 30) Az 
60(A? cos 30°) Az 
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xX 

^ o X s^~ 
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•X x> 
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/30°\ 
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F x / 




*t 




/ 





(d) 



Figure 8.8 (a) Stress cube, (b) Stress wedge, (c) Force wedge (d) Resolution of force components. 

Step 2: We can choose wedge ACA or wedge ABA as a stress wedge. Figure 8.8b shows the stress wedge ACA with a local n, t, z coordi- 
nate system. 

Step 3: We assume the length of the inclined plane to be At. From geometry we see that Ax = At cos 30° and Ay = At sin 30°. If we 
assume that the dimension of the cube out of the paper is Az, we get the following areas: inclined plane At Az, vertical plane Ay Az, and 
horizontal plane Ax Az. The stresses are converted into forces by multiplying by the area of the plane, and a force wedge is drawn as 
shown in Figure 8.8c. 

Step 4: We can balance forces in any two directions. We choose to balance forces in the n and t directions as the unknowns are in the n 
and t directions. Figure 8.8<i shows the resolution of the forces in the x, y coordinates to n, t coordinates. 
The forces in the x and;; directions in Figure 8.8c that need resolution are: 

F x = [(30 MPa)(A^sin30°)Az-(50 MPa)(Af cos30°)Az] = -(28.301 MPa)(A^Az) 



F y = [(60 MPa)(A^cos30°)Az+(50 MPa)(Af sin30°) Az] = (76.961 MPa)(A^Az) 
From Figure 8.8c and Figure 8.8d, the equilibrium offerees in the n direction yields, 

a^(A^Az)- J P x sin30° + J P j; cos30 o = or 

o^A^Az)- [-(28.301 MPa)(A^Az)] sin 30° + [(76.961 MPa)(A; Az)] cos 30° = or 
a^(A^Az) + (14.15 MPa)(A^Az) + (66.65 MPa)(A^Az) = [a A + 80.8MPa](A; Az) = 

ANS. 



(El) 
(E2) 



(E3) 
80.8 MPa (C) 



The shear stress can be similarly calculated by equilibrium in the t direction, 



T A (At Az) -F x cos30° 



-i^sinSO 



or 



T A (At Az) -[-(28.301 MPa)(A^Az)]cos 30°- [(76.961 MPa)(A; Az)] sin 30° = or 
T A (At Az) +(24.509 MPa)(A; Az) - (38.481 MPa) (At Az) = [x A - (13.971MPa) ](At Az) = 

ANS. 



(E4) 
= 14.0 MPa 



Step 5: We can check the answers intuitively. Consider each stress component individually and visualize the inclined plane as a glue 
line. The rectangles shown in Figure 8.9 are for purposes of explanation. One can go through the arguments mentally without drawing 
these rectangles. 
Figure 8.9 shows that the right surface (wedge) and the left surface will move: 

• Apart due to a xx — putting the glue in tension 

• Into each other due to a yy — putting the glue in compression 

• Into each other due to r xy — putting the glue in compression 

• Into each other due to t — putting the glue in compression. 







Figure 8.9 Intuitive check. 

Thus the normal stress in the glue (on the inclined plane) is expected to be in compression, which is consistent with our answer. 
Figure 8.9 shows that the right surface (shaded wedge), with respect to the left surface, will slide: 

• Upward due to o xx \ therefore the shaded wedge will have a positive (downward) shear stress 

• Upward due to cr yy ; therefore the right wedge will have a positive (downward) shear stress 

• Upward due to T xy ; therefore the right wedge will have a positive (downward) shear stress 
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• Downward due to t ; therefore the right wedge will have a negative (upward) shear stress. 
Thus the shear stress on the incline is expected to be positive, which is consistent with our answer. 



COMMENTS 



1. 



In the intuitive check, three of the components gave one answer, whereas the fourth gave an opposite answer. What happens if two intui- 
tive deductions are positive, two intuitive deductions are negative, and the stress components are nearly equal in magnitude? The ques- 
tion emphasizes that intuitive reasoning is a quick and important check on results, but one must be cautious with the conclusions. 
We could have balanced forces in the x and j; directions, in which case we have to find the x mdy components of the normal and tan- 
gential forces on the force wedge. After removing the common factors At Az we would obtain 

a^sin30° + x^cos30 o = -(50 MPa)cos 30° + (30 MPa)sin30° = -28.30 MPa 



-x,sin30 o 



-76.96 MPa 



t^ui.u - -(50 MPa)sin30°-(60 MPa) cos30° 

Solving these two equations, we obtain the values of <j a and r A as before. By balancing forces in the n, t directions we generated one 
equation per unknown but did extra computation in finding components of forces in the n and t directions. By balancing forces in the x 
and y directions, we did less work finding the components of forces, but we did extra work in solving simultaneous equations. This 
shows that the important point is to balance forces in any two directions, and the direction chosen for balancing the forces is a matter of 
preference. 

3. Figure 8.8 is useful in reducing the algebra when forces are balanced in the n and t directions. But you may prefer to resolve compo- 
nents of individual forces, as shown in Figure 8.10, and then write the equilibrium equations. The method is a little more tedious, but 
has the advantage that the intuitive check can be conducted as one writes the equilibrium equations as follows. 

a A AtAz ^a^Az^ 



30(Ar sin 30) Az 




50(Af sin 30) Az 
50(A? cos 30°) Az 



60(Af cos 30) Az 

Figure 8.10 Alternative force resolution. 
The normal stress a A on the incline will be: 

• Tensile due to cr xx ; Compressive due to a ; Compressive due to ^Compressive due to z . 

As <j xx is the smallest stress component, it is not surprising that the total result is a compressive normal stress on the inclined plane. 

The shear stress on the incline will be: 

• Positive due to <r XJC ;Positive due to <j yy ; Positive due to z xy \ Negative due to r yx . 
We expect the net result to be positive shear stress on the incline. 



PROBLEM SET 8.1 



Stresses by inspection 

8.1 In Figure P8.1, determine by inspection (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 



Figure P8.1 




8.2 In Figure P8.2 determine by inspection (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 
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W \^_ 



Figure P8.2 




8.3 In Figure P8.3, determine by inspection (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 

y^l 



Figure P8.3 




8.4 In Figure P8.4, determine by inspection (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 



Figure P8.4 




8.5 In Figure P8.5, determine by inspection (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 



Figure P8.5 




8.6 In Figure P8.6, determine by inspection (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 



Figure P8.6 



i\y 


T 




A/ 

A/ 

A 60 ° 





8.7 In Figure P8.7, determine by inspection (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 



Figure P8.7 
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8.8 In Figure P8.8, determine by inspection (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 



Figure P8.8 



*> r 




A/ 


2a 

X 



8.9 In Figure P8.9, determine by inspection: (a) if the normal stress on the incline AA is in tension, compression, or cannot be determined; (b) 
if the shear stress on the incline AA is positive, negative, or cannot be determined. 



Figure P8.9 




8.10 Determine the normal and shear stresses on plane AA in Problem 8.1 for a— 10 ksi. 



8.11 Determine the normal and shear stresses on plane AA in Problem 8.4 for a— 10 ksi. 



8.12 Determine the normal and shear stresses on plane AA in Problem 8.6 for r= 10 ksi. 



8.13 Determine the normal and shear stresses on plane AA in Problem 8.7 for a— 60 MPa. 



8.14 Determine the normal and shear stresses on plane AA in Problem 8.9 for r= 60 MPa. 



8.15 A shaft is adhesively bonded along the seam as shown in Figure P8.15. By inspection determine whether the adhesive will be in tension 
or in compression. 

T 



Figure P8.15 




8.16 A shaft is adhesively bonded along the seam as shown in Figure P8.16. By inspection determine whether the adhesive will be in tension 
or in compression . 



Figure P8.16 




8.17 A shaft is adhesively bonded along the seam as shown in Figure P8.17. By inspection determine whether the adhesive will be in tension 
or in compression. 



Figure P8.17 
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8.18 A shaft is adhesively bonded along the seam as shown in Figure P8.18. By inspection determine whether the adhesive will be in tension 
or in compression. 



Figure P8.18 




8.19 Determine the normal and shear stresses on plane AA shown in Figure P8. 19. 



Figure P8.19 




30MPa 

4fTMPa 



8.20 Determine the normal and shear stresses on plane AA shown in Figure P8.20. 



8ksi 



Figure P8.20 




-lOksi 



8.21 Determine the normal and shear stresses on plane AA shown in Figure P8.2 1 . 

15MPa 
f^ f 20MPa 



lOMPa 




Figure P8.21 



T^ 



8.22 The stresses at a point in plane stress are a xx = 45 MPa (T), <r = 15 MPa (T), and r = -20 MPa. Determine the normal and shear 
stresses on a plane passing through the point at 28° counterclockwise to the x axis. 



8.23 The stresses at a point in plane stress are <j xx = 45 MPa (T), 0^= 15 MPa (C), and r xy = -20 MPa. Determine the normal and shear 
stresses on a plane passing through the point at 38° clockwise to the x axis. 



8.24 The stresses at a point in plane stress are <j xx = 10 ksi (C), cr = 20 ksi (C), and r xy = 30 ksi. Determine the normal and shear stresses on a 
plane passing through the point that is 42° counterclockwise to the x axis. 



8.25 A cast-iron shaft of 25-mm diameter fractured along a surface that is 45° to the axis of the shaft. The shear stress rdue to torsion is as shown 
in Figure P8.25. If the ultimate normal stress for the brittle cast-iron material is 330 MPa (T), determine the torque that caused the fracture. 



Figure P8.25 




Design problems 

8.26 In a wooden structure a member was adhesively bonded along a plane 40° to the horizontal plane, as shown in Figure P8.26. The 
stresses at a point on the bonded plane due to a load P on the structure, were estimated as shown, where P is in lb. If the adhesive strength in 
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tension is 500 psi and its strength in shear is 200 psi, determine the maximum permissible load the structure can support without breaking the 
adhesive joint. 



Figure P8.26 




Stretch yourself 

In three dimensions, the area of the inclined plane A can be related to the areas of the surfaces of the stress cube using the direction cosines of 
the outward normals, as shown in Figure P8.26. 



n x = cos 6 X A x = n x A n y = cos 6 y A y = n y A n z = cos 6 Z A z = n z A 

These relationships can be used to convert the stress wedge into a force wedge. Using this information, solve Problems 8.27 and 8.28. (Hint: A 
component of a vector in a given direction can be found by taking the dot [scalar] product of the vector with a unit vector in the given direction.) 




Figure P8.26 

8.27 The stresses at a point are <j xx = 8 ksi (T), cr yy = 12 ksi (T), and cr zz = 8 ksi (C). Determine the normal stress on a plane that has outward 
normals at 60°, -60°, and 45° to the x, y, and z directions, respectively. 



8.28 The stresses at a point are r = 125 MPa and r xz - -150 MPa. Determine the normal stress on a plane that has outward normals at 72.54°. 
120°, and 35.67° to the x, y, and z directions, respectively. 



8.2 STRESS TRANSFORMATION BY METHOD OF EQUATIONS 



We follow the wedge method procedure described in Section 8.1.1 with variables in place of numbers to develop equations 
that relate the stresses in the Cartesian coordinate system to the stresses on an arbitrary inclined plane. We once more consider 
only those planes that can be obtained by rotating about the z axis, as shown in Figure 8.2a. The outward normal to the 
inclined plane makes an angle 9 with the x axis. The angle 9 is considered positive counterclockwise from the x axis, as shown 
in Figure 8.11a. 
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Figure 8.11 (a) Stress cube, (b) Stress wedge, (c) Force wedge, (d) Resolution of force components. 

Step 1: We draw the stress cube with all positive stress components as shown in Figure 8.11a. From triangle OAC in Figure 
8.11a we deduce that the angle OAC is 90° - 9. From triangle OAB we conclude that the angle OB A is 9. 
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Step 2: The stress wedge OAB is drawn as shown in Figure 8.116. Positive normal a^ and shear stress r nt are drawn on the 
inclined plane. 

Step 3: We obtain the force wedge by multiplying the stresses by the areas of the planes on which they act as shown in Figure 8.1 lc. 
Step 4: To write the equilibrium equations we use Figure 8.1 Id for resolving forces from the x and y direction to n and t direc- 
tion. The forces in the x andj direction in Figure 8.11c that need resolving are: 



F x = ~ G xx cos At Az- r yx sin 6 At Az 
F„ = -o;„, sin At Az - r v1 , cos 6 At Az 



-(<J XX cos 6 + r yx sin 6 )(AtAz) 
-(<? yy sin6 + r xy cos <9 ){AtAz) 



By equilibrium of forces in the n direction on the force wedge in Figure 8.11c, we obtain 

<j nn (AtAz) + F x cos6+F y sin 6 = or 
<j nn (AtAz) + [-{<J XX cos6 + r yx sin 6 )(AtAz)] cos 6 + [-(<J yy sin6 + r xy cos6)(AtAz)] sin6 = 
Because At Az is a common factor, these equations simplify to 



&nn ~ &r 



2 2 

cos 6 + <j vv sin 0+2t yv sin 6 cos 6 



(8.1) 



Similarly by equilibrium of forces in the t direction on the force wedge in Figure 8.1 lc, we obtain the shear stress, 

r nt AtAz -F x sm6+ F cos 6= or 
T nt AtAz -[-(a xx cos# + r yx sm6){AtAz)]sm6++[-(<j yy sm6 + r xy cosO )(AtAz)]cosO= 0, or 



2 2 

-<j xx cos 6 sin 6+ a sin 6 cos 6 + r (cos 6- sin 6) 



We can find <j tt by substituting 90 + #in place of 6 into Equation (8.1), 



2 2 

cr rr sin 6+ <j vv cos 0-2t yv cos 6 sin 6 



(8.2) 



(8.3) 



Equations (8.1) through (8.3) transform stresses from the x and y coordinate system into n and t coordinate system that is 
obtained by rotating by an angle 6 in the counterclockwise direction. 

8.2.1 Maximum Normal Stress 



In Section 3.1 we observed that a brittle material usually ruptures when the maximum tensile normal stress exceeds the ulti- 
mate tensile stress of the material. Cracks in the material propagate due to tensile stress. Adhesively bonded material debonds 
due to tensile normal stress, which is called peel stress. Similarly, failure may occur due to a maximum compressive normal 
stress because of the phenomenon called buckling, which is discussed in Chapter 1 1 . In this section we develop equations for 
maximum tensile and compressive normal stresses. 

In Equation (8.1) the stresses <j xx , a yy , and r xy are assumed known. Thus Equation (8.1) expresses <J nn as a function of 6. 
From calculus we know that the maximum or minimum of a function exists where the first derivative is zero. Before perform- 
ing the differentiation we rewrite Equations (8.1) and (8.2) in terms of the double angles of 2@ 3 as 



C7 vr + <J, n 



— & cos 20+ T xy sm26 



(8.4) 



sin 2 6+ r vi; cos2# 



(8.5) 



Let 6- 6 be the angle of the outward normal of the plane on which the maximum or minimum normal stress exists. Dif- 
ferentiating Equation (8.4), we obtain 



do- m 



d6 



>(^-o"yy)sin 26 



+ 2 t xv cos 2 6 



or 



tan 26 p = 



2r ri 



(8.6) 



3 cos 2 0= (1 + cos2<9)/2, sin 2 6= (1 - cos2<9)/2, cos 2 6- sin 2 0= cos2<9, and cos <9sin 0= (sin20)/2. 
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We note that tan (180 + 20) = tan 20 . Thus there are two angles — 180° apart — that satisfy Equation (8.6), as shown in Figure 
8.12: l = and 2 = 90 + . Then from Figure 8.12 we obtain the following where the plus sign is taken with subscript 1 
and the minus sign with subscript 2: 



R 



+ r 2 
xy 



sin 2 0, 



1,2 



±t/R 



cos 2 0, 



1,2 



V -/R 





Figure 8.12 Two angles of principal planes. 
Let the normal and shear stresses on planes with outward normals in the X and 2 directions be represented by a x , r 1? and <r 2 , 
r 2 , respectively. Substituting the sines and cosines of 20 x and 20 2 into Equations (8.4) and (8.5), we obtain 



°1,2 ~ 


&XX + Gyy ! 

2 ~ t\ 




jra xx -a yy y _ o 


I 2 J ^ 



(8.7) 



r 1?2 = (8.8) 

where <j X2 represents the two stresses a x and <j 2 with the plus sign to be taken with <j x and the minus sign with <j 2 . Equation 
(8.8) shows that the planes on which <j 1 and <j 2 act are planes with zero shear stress. Planes with zero shear stresses are called 
principal planes. The normal direction to the principal planes is referred to as the principal direction ox principal axis, and 
the angles the principal directions makes with the global coordinate system are called principal angles. 

The normal stress on a principal plane is called the principal stress and the greatest principal stress is called principal 
stress 1. In defining greatest principal stress both the magnitude and the sign are considered. A stress of -2 MPa is greater 
than -10 MPa. Alternatively, if normal stresses are shown on an axis with negative values to the left of the origin and positive 
values to the right, then the rightmost normal stress is principal stress 1 denoted by <j x . 

The stresses in Equation (8.7) represent the maximum or minimum normal stress at a point. This implies that principal 
stresses are the maximum and minimum normal stresses at a point. Furthermore, the plane of principal stress 1 (0 X ) is 90° 
away from the plane of principal stress 2 (0 2 ). In other words, principal planes are orthogonal. Adding Equation (8.1), Equa- 
tion (8.3), and the principal stresses in Equation (8.7), we obtain 



&„„ + cj tf 



G xx + G yy 



(8.9) 



Equation (8.9) shows that the sum of the normal stresses in an orthogonal coordinate system at a point does not depend on 
the orientation of the coordinate system in other words is invariant. 
In summary: 

• The sum of the normal stresses is invariant with the coordinate transformation. 

• Principal stresses are maximum or minimum normal stresses 

• Principal planes and principal directions are orthogonal. 

8.2.2 Procedure for determining principal angle and stresses 

Equation (8.6) will give us either X or 2 . Thus it is not clear whether the principal angle found from Equation (8.6) is 
associated with <j x or a 2 . The problem can be resolved by the following procedure: 
Step 1: Find p from Equation (8.6). 

Step 2: Substitute p in Equation (8.1) to find a principal stress. 
Step 3: Find the other principal stress from Equation (8.9). 
Step 4: Decide which of the two principal stresses is principal stress 1. 

Step 5: If the stress obtained from substituting 6^ into Equation (8.1) yields principal stress 1, then we report ^as principal 
angle 1 X , otherwise we subtract (or add) 90° from 6^ and report the result as principal angle 1. 



August 2012 



M. Vable 



Mechanics of Materials: Stress Transformation 



386 



Step 6: Use Equation (8.7) as a check on the results. 

From the definition of plane stress, 4 the plane with the outward normal in the z direction has zero shear stress. Therefore this 
plane is a principal plane and the normal stress a zz is a principal stress of zero value. In plane strain, the shear strain and hence 
shear stresses with subscript z are also zero. Hence in plane strain too, a zz is the third principal stress, but it is not zero. Using 
Figure 3.27, we can summarize as 



plane stress 

v(<J xx + <J yy ) = v(cr l + <j 2 ) plane strain 



UO) 



The value of the third principal stress affects the maximum shear stress at a point, as will be seen in the next two sections. 
8.2.3 In-Plane Maximum Shear Stress 

Ductile materials yield when the maximum shear stress exceeds the yield stress. In bonded members, such as lap joints, the 
loads are transferred from one member to another through shear and are designed on the basis of the shear strength of the 
adhesive. In this section we develop equations for maximum shear stress. 

In determining the maximum shear stress from Equation (8.2) we are considering only planes that can be obtained from 
rotation about the z axis, as shown in Figure 8.2. Thus we are not considering all possible planes that may pass through the 
point. The maximum shear stress on a plane that can be obtained by rotating about the z axis is called in-plane maximum 
shear stress. Let 6- 6 S be the plane at which the in-plane maximum shear stress exists. By differentiating Equation (8.5) we 
get 



dr nt 
dO 



= -2 



( &XX - Gyy) COS 2 



2 t yv sin 2 6 



0=0, 



= 



or 



tan26> = 



CTw 



0=0, 



2r v1 



(8.11) 



Once more, two angles can satisfy Equation (8.11). Letting 6\ = 6 S and 62 = 90 + S , then from Figure 8.13 we obtain 

sin 2 #1,2 = t ^'^ /R cos 2 <9i, 2 = ±r xv /R 



R = 



cr„ 



+ r 2 




Figure 8.13 Two angles of maximum shear stress planes. 

Let r 12 and r 21 be the shear stresses on the two planes defined by the angles ~6\ and #2 . We can find the sines and cosines 
of 26 \ and 20 2 , as shown in Figure 8.13, and substitute these quantities into Equations (8.4) and (8.5) to obtain 



Crr + <T V1 



CTav - 



<3"rr - CT, 



+ tL = 



(8.12) 



where r p is the in-plane maximum shear stress obtained from the magnitude of the equation r 12 = -t 2] 

-1 



-R. 



From Equations (8.6) and (8.11) we can obtain 

tan 2 ft 



tan 2 6> 



tan(90° + 2 6p 



Therefore S = 45 + 6 In other words, maximum in-plane shear stress exists on two planes, each of which is 45° away from 
the principal planes. 



4 See Section 1.3.2 for a definition of plane stress and Section 2.5.1 for a definition of plane strain. See Section 3.6 for the difference between 
plane stress and plane strain. 
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8.2.4 Maximum Shear Stress 



The maximum shear stress at a point is the absolute maximum shear stress that acts on any plane passing through the point. 

In the previous section we saw that as we rotate the coordinate system about the z axis (the third principal axis), the shear 
stress varies from a zero value, at a principal plane. It reaches a maximum value, given by Equation (8.10), on a plane that is 
45° to a principal plane. Will this observation also be true if we rotate about principal axis 1 or 2? The answer is yes, because 
there is no distinction between the three principal planes passing through a point. On a cube six possible diagonal surfaces are 
at 45° to the cube surfaces. We consider each of the three rotations and show all the possibilities of maximum shear stress on 
the stress cube in Figures 8.14(a) through 8.14(c). 

Figure 8.14 shows the six possible planes that are 45° to principal planes on which the maximum shear stress may exist if 
rotation is restricted about one of the three principal axis. 

(a) \ Pl \ Pl (b) \ Pl \ Pl (c) ^ Pl iPl 






(Jn- <Tt 



(To- <Xi 



<Ti - <T ? 



Figure 8.14 Planes of maximum shear obtained by (a) rotating about principal axis 1 . (b) by rotating about principal axis 2. (c) by rotat- 
ing about principal axis 3. 

The maximum shear stress at a point is the largest in magnitude of the three values obtained from Figures 8.14. It is written 
conveniently as 



(8.13) 



W = max[ 


CJ X -G 2 


? 


cr 2 -cr 3 

2 


? 


0-3-0"! 


) 


2 


2 



Equation (8.13) shows that the maximum shear stress value depends on principal stress 3. Equation (8.10) shows that the 
value of principal stress 3 depends on whether a plane stress or plane strain exists. In other words, the maximum shear stress 
value may be different in plane stress and in plane strain. 



EXAMPLE 8.3 

Solve Example 8.2 using Equations (8.1) and (8.2). Also determine the principal stresses, principal angle 1, and the maximum shear 
stress at the point. 



PLAN 

(a) We can determine the angle of the outward normal to the inclined plane containing the fiber. We can then use Equations (8.1) and 
(8.2) to find the normal and shear stresses on the plane, (b) Principal stress 3 is zero because the point is in plane stress. We follow the 
procedure in Section 8.2.2 to determine the principal angle 1 and principal stresses 1 and 2. (c) We can find the maximum shear stress 
from Equation (8.13). 



SOLUTION 

(a) The plane AA containing the fiber is at an angle of 30° from the x axis. Hence the direction of the outward normal is 6- 120°, as 
shown in Figure 8.15. Substituting in Equations (8.1) and (8.2), we obtain 



Outward normal 



Figure 8.15 Outward normal to plane in Example 8.3. 
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(30 MPa) cos 120° + (-60 MPa) sin 120° + 2(50 MPa) sin 120° cos 120° 



-80.80 MPa 



(El) 



x A = -(30 MPa) sin 120° cos 120° + (-60 MPa) sin 120° cos 120°+ (50MPa)(cos 2 120°- sin 2 120°) = 13.97 MPa 



ANS. 



80.8 MPa (C) 



14.0 MPa 



(b) We follow procedure in Section 8.2.2. 

Step 1: Find the principal angle from Equation (8.6), 



2) = \ arctan (i = 24 - 01 ° 



Q 1 ( 50 MPa 

(-1 = — 5}T*f*TJ}T1 —————————————————— 

p 2 V[30 MPa -(-60 MPa)]/ 

Step 2: Substitute the principal angle into Equation (8.1) to obtain one of the principal stresses, 

a p = (30 MPa) cos 2 24.01° +(-60 MPa) sin 2 24.01 ° + 2(50 MPa) sin 24.01 °cos24.01° = 52.26 MPa 

Step 3: Note that <j xx + a yy = 30 MPa- 60 MPa= -30 MPa. From Equations (8.9) and (E3) the other principal stress is -82.26 MPa. 

Step 4: The principal stress in Equation (E3) is greater than the stress in step 3, therefore it is principal stress 1. 

StepS: The angle in Equation (E2) is principal angle 1 . 

Step 6: We can check our calculations of o\ and <j 2 using as shown, 



(E2) 



(E3) 



30MPa + (-60MPa) ± J 30 MPa -(-60 MPa) J + (5Q Mpa)2 _ 15 MPa ± 6? 26 MPa 



We report our answers as 



ANS. 



52.3 MPa (T) 



82.3 MPa (C) 







6, = 24.0° ccw 



(c) The maximum shear stress at the point is half the maximum difference between the principal stresses, as per Equation (8.13), which 
in this problem is between <j x and <r 2 , 

T _ = 52.26 MPa -(-82.26 MPa) = 6?26Mpa 

ANS. 



COMMENTS 

1. If the principal stress in step 3 was greater than the stress in Equation (E3), then it would be principal stress 1 and we could either add or 
subtract 90° from # p in Equation (E2) to report the principal angle one 6 l . 

2. In finding normal stress <j a and shear stress r A on the inclined plane, we substituted 6= 120° as the angle of the outward normal. It can 

be checked that if we substituted 6= 300°, 6= -60°, or 6= -240° into Equations (8.1) and (8.2), we would obtain the same values of 
cr A and r A This is illustrated in Figure 8.16. A plane passing through a point has two sides. The stresses on either side are the same, 
and hence the outward normal direction to either side can be used for computing normal and shear stresses on the plane. The direction 
of the outward normal can be measured by going counterclockwise (positive direction) or by going clockwise (negative direction) 
from thex axis. Equations (8.1) and (8.2) reflect this observation, as substitution of (<9 + 180°), (<9- 180°), (<9 + 360°), or (<9- 360°) in 
place of ^in Equations (8.1) and (8.2) results in the same expressions for the two equations. In other words, the values of the stresses 
on a plane through a point are unique and depend on the orientation of the plane only and not on how its orientation is described or 
measured. 



Outward Normal 




Outward Normal 




y>^>y. 



Figure 8.16 Different values of ^in Example 8.3. 

3. If the point were in plane strain on a material with a Poisson ratio of ]■ , then the third principal stress would be <r 3 = v(o x + <r 2 ) = -10 
MPa. Thus in this problem en, > <r 3 > <r 2 , and hence for this problem the maximum shear stress would be unaffected. But if the third 



principal stress value were not in between principal stresses 1 and 2, then by Equation i 
affected. 



3.12) the maximum stress value would be 
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QUICK TEST 8.1 



Time: 15 minutes/Total: 20 points 



Each question is worth 2 points. Use the solutions given in Appendix E to grade yourself. 

In Questions 1 through 3, what is the value of #you would substitute in the stress transformation equations to find the normal 

and shear stresses on plane AA1 

1. 2. 3. 






At a point in plane stress, the principal stresses from the equations were found to be 5 ksi (T) and 20 ksi (C). 

What is the value of principal stress 1? 

At a point in plane stress, the principal stresses from the equations were found to be 5 ksi (C) and 20 ksi (C). 

What is the value of principal stress 1? 

At a point in plane stress, the principal stresses from the equations were found to be 5 ksi (T) and 20 ksi (T). 

What is the value of the maximum shear stress at that point? 

At a point in plane stress, the principal stresses from the equations were found to be 5 ksi (T) and 20 ksi (C). 

What is the value of the maximum shear stress at that point? 

At a point in plane stress, the principal stresses from the equations were found to be 5 ksi (C) and 20 ksi (C). 

What is the value of the maximum shear stress at that point? 

In Questions 9 and 10, the angle 6 p from tan 2 6 p = 2r xy /(a xx - a ) was found to be -35°. On substituting this value 
into Equation (8.1), the normal stress was found to be 100 MPa (T). If the other principal stress is as given, then what is 
the value of principal angle 1? 

9. 125 MPa (T). 

10. 125 MPa (C). 



6. 



8, 



8.3 STRESS TRANSFORMATION BY MOHR'S CIRCLE 

In this section we develop a graphical technique for determining stresses on different planes passing through a point. Squaring 
Equations (8.4) and (8.5) and adding the result to eliminate 0, we obtain 



<r vv + <r i; 



+ T 2 



+ T 2 



(8.14) 



Consider the equation of a circle: (x - a) 2 + y 2 = R 2 . We thus see that Equation (8.14) represents a circle with center coordi- 
nates (a, 0) and radius R, where a = (<j xx + a J/2 and R =J[(cr xx - cr yy )/2] 2 + r 2 y . The circle is called Mohr's circle for stress 
and the coordinates of each point on the circle are the stresses (cr nn , r nt ). These are the normal and shear stresses on an arbi- 
trarily oriented plane that is passing through the point at which the stresses cr xx , cr yy , and r^are specified. Thus: 

• Each point on Mohr's circle represents a unique plane that passes through the point at which the stresses are specified. 

• The coordinates of the point on Mohr's circle are the normal and shear stresses on the plane represented by the point. 
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8.3.1 Construction of Mohr's Circle 



We can construct Mohr's circle in five steps: 

Step 1: Show the stresses <j xx , a and r on a stress cube and label the vertical plane Fand the horizontal plane H, as shown 

in Figure 8.17a. 

(a) ' v A' 

i 




(b) 




Figure 8.17 (a) Stress cube for construction of Mohr's circle, (b) Construction of Mohr's circle. ccw 

Step 2: Write the coordinates of points V and //as V(<j xx , r xy ^) and H{o ■ r yx ^). The rotation arrow next to the shear stresses 
corresponds to the rotation of the cube caused by the set of shear stresses on planes V and H. 

Step 3: Draw the horizontal axis with the tensile normal stress to the right and the compressive normal stress to the left, as 
shown in Figure 8.176. Draw the vertical axis with the clockwise direction of shear stress up and the counterclockwise direc- 
tion of rotation down. 

Step 4: Locate points V and //and join the points by drawing a line. Label the point at which line VH intersects the horizontal 
axis as C 
Step 5: With C as the center and CV ox CH as the radius, draw Mohr's circle. 

To justify our construction, note the two triangles VCD and HCE in Figure 8.176 are identical, because 

• angle VCD = angle HCE 

• right angle CDV= right angle CEH 

• side HE = side D V from the symmetry of shear stresses. 



Thus side CE = side CD. In other words, C is the midpoint of DE, and the coordinates of the center point C are the mean val- 
ues of the coordinates of points D and E, [(cr xx + <j )/2, 0], which represents the center of the circle, as in Equation (8.14). 
Since the length of side CD is the difference between the coordinates of/) and C, we obtain the radius of the circle from the 
Pythagorean theorem as J[(<? xx - <7 yy )/2] 2 + t% 9 which is consistent with Equation (8.14). 

An important point to remember is the differentiation made in Step 2 between r xy and r yx . Equations (8.4) and (8.5) tell us 
that the stresses on different planes are related by twice the angle between the planes. The vertical plane Fand the horizontal 
plane //are 90° apart on the stress cube. Thus these planes must be 1 80° apart on Mohr's circle, as each point on Mohr's circle 
represents a unique plane. This implies that if the vertical plane Fis located above the a axis, then the horizontal plane H 
should be is located below the a axis to maintain the 180° difference on Mohr's circle. If we use the conventional method of 
using the upper half-plane for positive values of shear stress and the lower half-plane for negative values of shear stress, then 
V and //will both be either in the upper half or in the lower half because the shear stresses r = r . By associating the clock- 
wise and counterclockwise rotation, we can satisfy the requirement that the horizontal plane and the vertical plane on Mohr's 
circle be 180° apart. In summary: 

• Angles between planes on a stress cube are doubled when plotted on Mohr's circle. 

• The sign of shear stress cannot be determined directly from Mohr's circle, as the only information from Mohr's circle 
is that the shear stress causes the plane to rotate clockwise or counterclockwise. 
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8.3.2 Principal Stresses from Mohr's Circle 

Figure 8.18 shows that the shear stresses are zero at points P x and P 2 , and hence these points represent planes that are the prin- 
cipal planes. The normal stresses at these points are principal stresses, and these principal stresses can be found by inspection 
as the average normal stress plus or minus the radius. The stress at point P l is principal stress 1. In other words, principal 
stress 1 is the rightmost normal stress on Mohr's circle. 

cw 




Figure 8.18 Principal stresses and in-plane maximum shear. 

ccw 

The angle between lines CFand CP l is 20 p9 because all angles on Mohr's circle are double the actual angle between 
planes. The value of angle 20 p can be found from the known dimensions of triangle VCD or triangle HCE, and we confirm the 
relationship given in Equation (8.6). 

Is p same as 0fl In Figure 8.18 it would seem so. Figure 8.19 shows two examples in which the principal angle p is dif- 
ferent from principal angle V To clarify which angle we need consider that l is the angle of principal plane 1 (P x ) from the x 
direction. The outward normal to the vertical plane (V) is the x direction. On the Mohr's circle CV represents the x direction 
and CP X represents the principle direction 1. The angle between CKand CP l on the Mohr's circle is 26 \ in all cases, with 
counterclockwise rotation from CFas positive. As a final check, the value of X calculated from the Mohr's circle can be sub- 
stituted into Equation (8.1), and the result should be principal stress one <j v 

Hi 

-It 





(CCW) 

Figure 8.19 Examples of 6 X different from p . 

Inspection of Figure 8.18 confirms that the maximum and the minimum normal stresses will be principal stresses. The 
observation that the principal planes are orthogonal is also obvious from Figure 8.18, as points P x and P 2 , which represent 
principal planes, are at 180° on Mohr's circle. The coordinates of the center of the circle are the mean value of the normal 
stresses of any two points that are on a diameter of the circle. This confirms that the sum of normal stresses on orthogonal 
planes is invariant with respect to coordinate transformation. 

8.3.3 Maximum In-Plane Shear Stress 

The maximum in-plane shear stress will exist on the plane represented by points S l and S 2 in Figure 8.18, and its value is the 
radius of Mohr's circle, which is consistent with Equation (8.12). Points S x and S 2 are at 90° from points P x and P 2 on Mohr's 
circle, which is consistent with the earlier observation that the maximum in-plane shear stress exists on two planes which are 
at 45° to the principal planes. 



August 2012 



M. Vable 



Mechanics of Materials: Stress Transformation 



8 392 



8.3.4 Maximum Shear Stress 



The circle in Figure 8.18 is the in-plane Mohr's circle, as the coordinate axes n and t are always in the xy plane. The in-plane 
circle represent all the planes that are obtained by rotating about principal axis 3. Let point P 3 represent principal plane 3. For 
plane stress problems, point P 3 coincides with the origin, as shown in Figure 8.20. 

We can draw two more circles, one between P l and P 3 and the second between P 2 and P 3 , as shown in Figure 8.20. These 
two circles represent rotation about principal axis 2 and principal axis 1, respectively, and are termed out-of-plane circles. The 
three circles together represent the complete state of stress at a point. The maximum shear stress at a point is the radius of the 
biggest circle [see Equation (8.13)]. This observation is also valid for plane strain. The difference is that the value of <j 3 will 
have to be found by using Equation (8.10), plotted on the horizontal axis, and labeled P 3 . 



Figure 8.20 Maximum shear stress in plane stress. 

8.3.5 Principal Stress Element 




The principal stress element is a visualization aid used in the prediction of failure surfaces. Potential failure surfaces are the 
planes on which maximum normal or maximum shear stress acts — in other words, the principal planes and the plane of maxi- 
mum shear. A principal stress element shows stresses on a wedge constructed from the principal planes and the plane of 
maximum shear stress. 

We can describe our construction in terms of stress cubes, although they are not required once the method is understood: 
Step 1: Draw a square and label the vertical side Fand Horizontal side //as shown in Figure 8.21. 

Step 2: Rotate the coordinate axis by an angle 6 X and the cube along with it. The vertical plane (V) rotates to principal plane 1 
(Pi). The horizontal plane (H) rotates to principal plane 2 (P 2 ) as shown in Figure 8.21. 

Step 3: Draw the diagonals, that is planes 45° to the principal planes P l and P 2 , representing the plane of maximum shear 
stress. Label the plane S l and S 2 . Plane S x is 45° counterclockwise from plane P x in Figure 8.21a. On the Mohr's circle 
in Figure 8.18, if we rotate counterclockwise direction by 90° starting from point P l9 we reach point S v The stress wedge 
obtained is shown in Figure 8.2 lb. Similarly, starting from point P x on the Mohr's circle and rotating in the clockwise direc- 
tion by 90°, we reach S 2 in Figure 8.18. The corresponding stress wedge is shown in Figure 8.21c. 

(a) 





Figure 8.21 (a) Principal planes and planes of maximum in-plane shear stress, (b, c) Principal elements. 

Step 4: Show principal stress 1 on plane P x and principal stress 2 on plane P 2 . On the inclined plane show the maximum in- 
plane shear stress in the clockwise (or counterclockwise) direction if the inclined plane corresponds to the point in the upper 
(lower) half of Mohr's circle. Also show the average normal stress value on the inclined plane. 

Figure 8.22 shows Mohr's circle and the principal element associated with the axial loading of a circular bar. Cast iron, a 
brittle material, fails from maximum tensile stress — that is, due to principal stress 1 — and the failure surface is the principal 
plane 1 . Aluminum, a ductile material, fails from maximum shear stress, and the failure surface is the plane of maximum 
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shear S 2 . Local imperfections dictated that the failure surface was S 2 rather than S l9 which from our theory is equally likely. An 
explanation of the failure surfaces due to torsion shown in Figure 8.1 is left to Problem 8.35. 
Cast Iron Aluminum 





Figure 8.22 Using principal elements to explain failure surface 



8.3.6 Stresses on an Inclined Plane 

The stresses on an inclined plane are found by first locating the plane on Mohr's circle and then determining the coordinates 

of the point representing the plane. This is achieved as follows: 

Step 1: Draw the inclined plane on the stress cube and label it A, as shown in Figure 8.17. 

Step 2: Locate the inclined plane on Mohr's circle as will be described later and label it A, as shown in Figure 8.23. 




Figure 8.23 Stresses on inclined plane. 

Step 3: Calculate the coordinates of points. 
Step 4: Determine the sign of shear stress. 
There are two alternatives in Step 2. 

1. On the stress cube in Figure 8.17, the inclined plane A is at an angle A from the horizontal plane in the clockwise 
direction. Starting from line CH on Mohr's circle in Figure 8.23, we rotate by an angle 20 A in the clockwise direction 
and then draw the line CA. Points represents plane A. 

2. On the stress cube, the inclined plane A is at an angle J3 A from the vertical plane in the counterclockwise direction. 
Starting from line CVwq rotate by an angle 2j3 A in the counterclockwise direction and draw the line CA. Points repre- 
sents plane A. 

We note from the stress cube that A + J5 A = 90°, and from Mohr's circle we see that 2(0 A + J3 A ) = 180°. This once more con- 
firms that each point on Mohr's circle represents a unique plane, and it is immaterial how we locate that point on the circle. 

Step 3 is the reverse of Step 2 in the construction of Mohr's circle and is a simple problem in geometry. Angle FCA can 
be found from the known angles. Radius CA of the circle is known, and lengths FA and CF can be found from triangle FCA. 
The coordinates of points are (cr A , t a ^). The direction of rotation is recorded as clockwise because points is in the upper 
plane in Figure 8.23. If point A had been in the lower plane, we would have recorded a counterclockwise rotation with the 
shear stress. 

To determine the sign of shear stress, we start by drawing the shear stress such that the inclined plane A rotates in the 
same direction as was recorded with the coordinates in Step 3. A local coordinate system is established, and if the shear stress 
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is in the positive tangent direction, then it is positive. The two possibilities are shown in Figure 8.24. In both cases the shear 
stress is negative. 



Figure 8.24 Sign of shear stress on an incline. 








(b) 



EXAMPLE 8.4 

For each of the two states of stress below, plot the normal stress and the shear stress on a plane versus & — the angle of the outward nor- 
mal of the plane — draw Mohr's circle for each state of stress, on each diagram identify the planes at 6 A = 30°, 6 B = 75°, 9 D = 105°, and 
6k =150°. 

Case I: The uniaxial stress state is a xx = <r and all other stress components are zero. 
Case II: The state of pure shear is r = r , and all other stress components are zero. 



PLAN 

We can substitute the given states of stress into Equations (8.1) and (8.2) to obtain <j nn and r n ,as a function of 6 and plot them. For each 
state of stress we can draw the stress cube, write the coordinates of planes Fand H, and draw Mohr's circle. Starting from point Fon 
Mohr's circle we can rotate by twice the angle in the counterclockwise direction to get the various points on the circle. 



SOLUTION 

Case I: Substituting the stress components for the uniaxial stress states into Equations (8.1) and (8.2), we obtain 



a nn = a cos 6 



^ = cos 2 e 



(El) 



— = -sin cos 6 



(E2) 



Equations (El) and (E2) can be plotted as shown in Figure 8.25a. We can also draw the stress cube showing uniaxial tension and record 
the coordinates of points V and H (Figure 8.25Z?). With no shear stress, the two points V and H are on the horizontal axis forming the 
diameter of Mohr's circle with the center at C and radius R = a /2. Starting from point V on Mohr's circle we rotate counterclockwise 
by twice the angle 6 to get the inclined planes, as shown in Figure 8.25c. 
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Figure 8.25 Stresses on inclined plane in uniaxial state of stress. 

Case II: Substituting the stress components for state of pure shear in Equations (8 



v# 



V(<r , 0) 

H(0, 0) 

(b) 



.1) and (8.2), we obtain 



c 

T 


w 














A 




B 


/^^45oC^> 


V\\ 


H 




1 210^^/60°^ 


\\\\v * 


O 




f ^^ 




F 


^o (T) 




D\\ 










\300°_ 




*E 




v^ 


? 


2 
i 


\^R = 


2 ^ 








— = 2 sin6 cos6 



(E3) 



T nt = x (cos e - sin e ) 



or — 



- sin e 



(E4) 



Equations (E3) and (E4) can be plotted as shown in Figure 8.26. We can also draw the stress cube showing pure shear and record the 
coordinates of points VandH. With normal stress, the two points V and //are on the vertical axis forming the diameter of Mohr's circle 



with center at C and radius R 



Starting from point V on Mohr's circle we rotate counterclockwise by twice the angle #to get the 



inclined planes, as shown in Figure 8.26. 
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-1.00 



0.0 45.0 90.0 135.0 180.0 225.0 270.0 315.0 360.0 
Angle 6 (deg) 






V(0,to)) 



(b) 




Figure 8.26 Stresses on inclined plane in state of pure shear stress. 



COMMENTS 

1. The example shows the relationship of planes on a graph and on a Mohr's circle, emphasizing that angles are double when plotted on a 
Mohr's circle. 

2. Recall that in axial members and on top and bottom surface of beam, the only non-zero stress component is a xx . For both these cases, 

Figure 8.25 shows that the plane of maximum shear is 45° to the axis of the member and the value of maximum shear stress is half the 
value the normal stress at that point. 

3. Recall that in torsion of circular shafts only non-zero stress component is x x9 . For a shaft in torsion, Figure 8.26 shows that the princi- 
pal planes are 45° to the axis of the shaft and the magnitude of the principal stresses is same as the magnitude of torsional shear stress 
at that point. 

4. Observations in comments 3 and 4 should be remembered as these can be used in strength based design of brittle and ductile materi- 
als. 



EXAMPLE 8.5 

(a) Solve Example 8.2 using Mohr's circle. Determine (b) the principal stresses, and principal angle 1; (c) the maximum shear stress at 
the point, (d) Show the results on a principal element. 



PLAN 

We can follow the steps outlined for the construction of Mohr's circle in Section 8.3.1 and calculate the various quantities from geome- 
try. 



SOLUTION 

Step 1: We draw the stress cube and label the vertical and horizontal planes Fand H, as shown in Figure 8.27a. 



(a) 




rp\ 



- 30 MPa 



50MPa 




(d) 





15 MPa 


,y m 


^l$13 MPa 


\^i 


"S^ 


52.3 MPa V" 


"A 




82.3 MPa 


^^2A\ 


►x 



^ ^'CCW 

Figure 8.27 (a) Stress cube, (b) Mohr's circle, (c) Sign of shear stress, (d) Principal element 
Step 2: From Figure 8.27a we note the coordinates of points Fand i7as 
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K(30, 50^) #(-60, 501) 

Step 3: We draw the axes for Mohr's circle, as shown in Figure 8 .276. 

Step 4: We locate points V and H and join the two points. The coordinates of the center C are the mean value of the coordinates of points 
A and B, that is, [30 + (-60)]/2 = -15 . The distance AC is [30 - (-15)] = 45 , from which the radius as: R = V45 2 + 50 2 = 67.27 . 
The angle can then be calculated from triangle VCB as 

tan 20^ = 55 = 1.1111 or 20^ = 48.01° (El) 

(a) Plane D is 30° counterclockwise from the horizontal plane in the stress cube in Figure 8.27a. We rotate by twice the angle (i.e., by 
60°) from line CH on Mohr's circle in Figure 8.27Z? and draw the line CD. The coordinates (cr D , r D ) of point D are calculated from geom- 
etry, 

(3 = 60° -20^ = 11.99° g d = -(15+^cosp) = -80.8 t d = R sin p = 13.97^ (£2) 

We next draw the plane and determine the sign of t d . The shear stress must cause the plane to rotate counterclockwise, because point D 
on Mohr's circle was in the lower half of the plane. We establish a local coordinate system and determine that the shear stress has a pos- 
itive sign (Figure 8.27c). The results are 

ANS. 

(b) The principal stresses are the coordinates of points P 1 and P 2 , 

Oj = -15+R = 52.27 g 2 = -15 -R 

Q p = ^^ = 24.01° 

The principal stresses and principal angle 1 for the problem are 

ANS. g 1 = 52.3 MPa (T) a 2 

(c) The circle between P 1 and P 3 and the one between P 2 and P 3 are both inscribed within the in-plane circle shown in Figure 8.27Z?. Thus 
in this problem the in-plane maximum shear stress and the maximum shear stress at the given point are the same, 

ANS. x„ 

(d) Figure 8.27<i shows the principal element which is drawn following the procedure in Section 8.3.5. 



S. g d = 80.8 MPa (C) 


*d 


= 14.0 MPa 


-82.27 




(E3) 
(E4) 


82.3 MPa (C) a 3 = 


0i = 


= 24.0° ccw 



COMMENTS 

1. The Mohr's circle method looks longer than the method of equations because of the explanation needed for the geometric constructions. 
However, computationally the difference between the two methods is small. The advantage of the method of equations is that the equa- 
tions can be programmed and solved by computer. The advantage of using Mohr's circle is that it helps in the intuitive understanding of 
stress transformation. 

2. The maximum shear stress shown in Figure 8.27 is negative, as can be deduced by establishing a local n, t coordinate system. 

EXAMPLE 8.6 

A 30-in.-long thin cylindrical tube is to transmit a torque of 25 ;r in. -kips. The tube is to be fabricated by butt welding a — -in.-thick steel 
plate (G = 12,000 ksi) along a spiral seam, as shown in Figure 8.28. Buckling considerations limit the allowable stress in steel to 10 ksi in 
compression. The allowable shear stress in the weld is 12 ksi, and the allowable tensile stress in the weld is 20 ksi. Stiffness consider- 
ations limit the relative rotation of the two ends to 3°. Determine the minimum outer radius of the tube to the nearest — in. 

16 
2577 in 'kips 

2577 in «kips 




Figure 8.28 Geometry of shaft and loading in Example 8.6. 

PLAN 

We are required to find R to satisfy four limitations. By inspection we see that the weld material would be put into compression, and 
hence we can ignore the constraint on the maximum tensile stress in the weld. We can use the thin-tube approximation for computing J 
in terms of R, as given in Problem 5.28. For this simple loading we can determine the internal torque by inspection as T = +25 ;r in. -kips. 
We can find <\> B - § A in terms of R using Equation (5.12) and find one limit on R. Since the tube is thin, we can further assume that the 
torsional shear stress will not vary significantly from the inside to the outside. Hence we can evaluate it at the centerline radius. We can 
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find the torsional shear stress in terms of R using Equation (5.10). We can then find the maximum compressive stress in steel and the 
shear stress in the seam using either Mohr's circle or the method of equations and find two other limits on R. We choose R that satisfies 
all limits and round it upward to the nearest — in. 



SOLUTION 

For thin tubes, from Problem 5.28, we have 

J = 2nR 3 t (El) 

Substituting Equation (El), T= 25 n in.- kips, G = 12,000 ksi, t = (1/16) in. , andL = 30 in. into Equation (5.12), we obtain the rotation 
of the section at B with respect to the section at^4, which should be less than 3° = 0.0524 rad. We thus find one limit on R, 



, _ (257i in.-kips)(30 in.) _ 0.5 in. 

(12,000 kips/in. 2 )[27i^ 3 (l/16) in.] R 3 



< 0.0524 



R>2.12 in. 



(E2) 



Substituting Equation (El), T - 25 7r in. -kips, and p - R into Equation (5.10), 

_ (25ti in.-kips)^ _ 200 kips ( . 

[27iiT(l/16)in.] R 

The direction of shear stress at point E can be determined using subscripts or intuitively, as shown in Figure 8.29. A two-dimensional rep- 
resentation of the stress cube is shown in Figure 8.29c. The directions of shear stress on the other surfaces are determined using the fact 
that pairs shear stresses either point toward the corner or away from the corner, as shown in Figure 8.29c 



2577 in -kips 




2577 in -kips 




rr\ cw 










(c) 




Figure 8.29 Direction of shear stress (a) by subscript.(b) by inspection, (c) Stress cube, (d) Stresses on the inclined plane using Mohr's 
circle. 



We can determine the maximum compressive stress and the shear stress on the inclined plane using either Mohr's circle for stress or the 
method of equations. 

Mohr s circle method: We record the coordinates of point Fas V(0, 200/R 2 p ) and the coordinates of point H as H(0, 200/R 2 j) and draw 
Mohr's circle as shown in Figure 8.29J. We determine principal stress 2, 



(200 kips) 



(E4) 



We then locate point E on Mohr's circle and determine the shear stress, 

, , = (200 kips) s . n 4QO = (128.56 kips) 

1 El R 2 R 2 

Method of equations: We note from Figure 8.29c that t = -(200 kips)/R 2 ksi, the normal stresses are zero, and the angle of the normal to 
the inclined plane is 65°. Substituting this information into Equations (8.7) and (8.2), we obtain principal stress 2, 



(E5) 



O2 = - + (2«L^y = I200kS2> (C ) 



and the shear stress on the inclined plane. 



200 kipsV 2 c . • 2 . co . 
j^-l(cos 65°- sin 65°) 



(128.56 kips) 

^2 



(E6) 



(E7) 



R J R 

We now consider the limitation on the compressive stress in steel and the shear stress in the weld and find two other limitations on R, 



(200 kips) < (10kips/ 



R? 



in. 2 ) 



(128.56 kips) . /10 , . ,. 2. 
1 — v- 1 < (12 kips/m. ) 



R > 4.472 in. 



R> 3.273 in. 



(E8) 
(E9) 
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Comparing Equations (E2), (E8), and (E9), we see that the minimum value of R that will satisfy all three conditions is 4.472 in., given by 
Equation (E8). Rounding upward to the closest — in., we obtain the value of the centerline circle radius. 



ANS. 



R = 4± in. 



COMMENTS 



17 



1. Consider the error due to the thin-tube approximation for J. The outer radius for the tube is R = R + t/2 = 4— in., and the inner 



32 

radius of the tube is R t = R- t/2 = 4— in. . Thus the value of exact J = n(R -R i )/2 would be 35.786 in. 4 . The value of approxi- 
mate J = 2nR t for thin tubes is 35.785 in. 4 , a percentage difference from exact J of 0.003%, which is negligible for any engineering 
calculation. 

17 

2. Consider the approximation of uniform shear stress in the tube. If we substitute p = 4— in. into Equation (5.10), we obtain a value 

of 9.945 ksi at the outer surface. If we substitute p = 4^ in. into Equation (5.10), we obtain a value of 9.876 ksi at the centerline, for 

a difference of 0.69%, which is also negligible. 

3. If we do not use the thin-tube approximation, then we have to find roots of nonlinear equations by numerical methods (see Problem 
8.70). The thin-tube approximation can be used if t < R/ 10. 

4. In this problem the direction (sign of r xy ) of shear stress is important only to ensure that the weld is subjected to compressive stress 
and not tensile stress. The magnitude of the shear stress in the weld is unaffected by the direction (sign of r ) of shear stress. (This 
will not be true in combined loading problems.) 

EXAMPLE 8.7 

A T-section beam is constructed by gluing two pieces of wood together, as shown in Figure 8.30. The maximum normal stress in the glue 
joint is to be limited to 2 MPa in tension and the maximum shear stress is to be limited to 1.7 MPa. Determine the maximum value for 
load w. 



50 mm 



4w(N-m) 



w (N/m) 



± X X > I i 



u 



75 mml 



150 mm 



-50 mm 



Figure 8.30 Beam and loading in Example 8.7. 



-2m- 
(a) 



150 mm 

(b) 



PLAN 

We are given that the principal stress 1 in the glue cannot exceed 2 MPa, and the maximum shear stress in the glue cannot exceed 
1.7 MPa. We can draw the shear force and bending moment diagrams in terms of w. We then find the bending normal stress in glue and 
the bending shear stress in glue, considering in the sections where the moment M z is maximum and the shear force V is maximum. We 
can draw stress cubes at the various sections and find principal stress 1 and the maximum shear stress in terms of w. Using the limiting 
values we can find the value of w. 



SOLUTION 

We can find the reaction forces at A and B by considering the free-body diagram of the entire beam. We then draw the shear force and 
bending moment diagrams, as shown in Figure 8.3 la. The maximum shear force and bending moment are given by 

(El) 

(b) 



y\ = _3 W N 

r y'max Jrvn 




M 

-'"max 


= -Aw 


N 


• m 








W 4w(N-m) 

\ 








w (N/m) 








B 








\ 


\ \ 




I 


I \ 


















R A 




3vv 










\r b - 


= w 


3w 




















V = -v 

* Vy 
















w 

— >- 




M z 
















— ► 




Aw 





















75 mm 



1 § «G | $50 1 



150 mm 



Figure 8.31 (a) Shear force and bending moment diagrams, (b) Calculation of Q z . 
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Since the maximum bending moment and the maximum shear force exist in the section at A, the maximum principal flexural normal 
stress in glue and the maximum shear stress in glue will also exist in the section at^4. The area moment of inertia of the cross section can 

be calculated as I zz = 53.125(10 ) mm . Substituting^ = -25 mm and Equation (El) into Equation (6.12), we obtain the flexural nor- 
mal stress at G as 



-(4wN-m)[-25(10 ) m] 
53.125(10" 6 m 4 ) 



-1882wN/m 



We can draw the area A as the area between the bottom surface and point G, as shown in Figure 8.3 \b, and find Q z , 

Q G = (150 mm)(50 mm)(-50 mm) = -375(10 3 ) mm 3 
Substituting Equations (El) and (E3) into Equation (6.27), we obtain the shear stress, 



(-3wN)[-375(10 )rn ] 
[53.125(10" 6 ) m 4 ][50(10" 3 ) m] 



-423. 5 w N/m 



(E2) 



(E3) 



(E4) 



We can draw the stress cube and show on it the stresses in Equations (E2) and (E4). Note that with s positive upward, the shear stress r xs on 
the surface with the outward normal in the positive x direction will be downward to reflect the negative sign in Equation (4). Alterna- 
tively, the sign of the shear stress r is negative as the shear force J^is negative. We can draw Mohr's circle as shown in Figure 8.32. 
The radius R is given by 



R = 7(941 w N/m 2 ) 2 + (423.5 w N/m 2 ) 2 = 1 03 2 w N/m 2 



(E5) 



Figure 8.32 Mohr's circle in Example 8.7. 



<- 



-423.5w 



H 



H 



■1882w 



V(-1882w,423.5w) 
H(0, 423.5w) 

(a) 

Principal stress 1 o\ can be found, and the limiting value on <j x yields one limit on w, 

a 



(-941wN/m 2 ) + (1032>vN/m 2 ) = 91 w N/m 2 < 2(10 6 ) N/m 2 



rrv 




or w < 22,000 N/m 



The maximum shear stress r max is the radius of the circle, and the limiting value on r max yields the other limit on w, 



x max = 1032wN/m = (1.7)10 N/m 



w<1647 N/m 



Comparing Equations (E6) and (E7), we conclude that the maximum permissible value of w is 



ANS. 



(E6) 

(E7) 
= 1647 N/m 



COMMENTS 

1. The maximum normal stress in glue is <r 2 = -94 lw N/m 2 - 1032w N/m 2 = -1973w N/m 2 , which in magnitude is nearly 20 times greater 
than <7 V However it is not even considered, because it is compressive and so does not affect the failure of glue. 

2. The maximum bending normal stress in wood is at the top of the beam at section A and its value is a xx = -941 1 .8w N/m 2 . The maxi- 
mum bending shear stress is at the neutral axis and its value is r = -441.2w N/m 2 . At the top of the beam the only nonzero stress is 
<j xx . Thus, from Figure 8.25, the maximum shear stress is r max = (J XX I2 = -4705. 9w N/m 2 , which is an order of magnitude greater than 
the maximum bending shear stress. If we had to consider shear strength failure of wood, then we would use the maximum value of 
4705. 9w N/m 2 in our calculation. 

3. Comment 2 emphasizes the difference between maximum stresses in a material and maximum bending stresses. Comment 1 empha- 
sizes that it is not the magnitude of the maximum stress but the type of stress that causes failure in a material and is important in 
design. 
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QUICK TEST 8.2 



Time: 20 minutes/Total: 20 points 



Each question is worth 2 points. Use the solutions given in Appendix E to grade yourself. 
In Questions 1 through 3, associate the stress cubes with the appropriate Mohr's circle given: 




- 20 MPa 



In Questions 4 through 6, Mohr's circles correspond to a plane state of stress. Determine the two possible values of 
principal angle 1 6 X in each question. 






In Questions 7 through 9, Mohr's circle corresponds to the state of stress shown. Associate plane A on the stress cube 
with the corresponding Mohr's circles showing planed, which are given: 

A 





Circle B 



Circle C 



Circle D 




20 MPa 



30 MPa 




20 MPa 



30 MPa 




20 MPa 



30 MPa 



10. Plane E passes through a point that has the state of stress given in Question 7. The normal and shear stresses on 
plane E were found to be <j e = 90 MPa (T) and r E = -40 MPa . What are the normal stress and the shear 
stress on the plane that is 90° counterclockwise from plane El 
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MoM in Action: Sinking of Titanic 

On April 14, 1912, on the fourth day of her maiden voyage, the RMS Titanic (Figure 8.33a) struck an iceberg in 
Atlantic ocean. The ship dubbed "the unsinkable" sank in less than three hours (Figure 8.336), with a loss of 1500 people, 
but it was not the last startling catastrophic failure. On January 15, 1919, a large molasses tank burst in Boston, killing 21 
people and injuring another 150. On March 12, 1928, near Los Angeles, the St. Francis Dam failed suddenly, and the 
resulting flood killed more than 600 people. And on April 28, 1988, on Aloha flight 243 between Hilo and Honolulu in 
Hawaii, the fuselage of the aircraft blew open at 24,000 feet, killing a flight attendant and injuring another eight. The initi- 
ating cause of each tragedy was different. The final mechanism of catastrophic failure, however, was the same in each 
case — brittle fracture. 

(a) ( b ) 






Figure 8.33 (a) RMS Titanic (b) Titanic bow at bottom of ocean, (c) Sliver Bridge. 

To highlight some fracture issues, consider a crack in a windshield. It can stay that way for years, grow slowly, or 
grow suddenly into a crisscross pattern. A crack must reach critical length that is material and stress dependent before it 
starts growing. The slow growth is due to ductile fracture, while the rapid growth is due to brittle fracture. 

In ductile materials, the high stresses at the crack tip causes plastic deformation, thus blunting the tip of the crack. 
Subsequent growth depends on there being sufficient energy in the deformed solid to create new crack surfaces, resulting 
in ductile fracture. On December 15, 1967, for example, Silver Bridge (Figure 8.336), which spanned the Ohio River, col- 
lapsed owing to ductile fracture of a pin, killing 46 and injuring 9 other people. National Bridge Inspection Standards 
(NBIS) were established soon after and now require periodic inspection of all bridges. 

In brittle materials, once a crack reaches critical length, fracture proceeds at extremely high speeds (in the neigh- 
borhood of 7000 ft/sec). The breaking in two of the tanker S.S. Schenectady (see Figure 1.1) is a vivid example. Brittle 
fracture can also occur in ductile materials. Polymer in a windshield, a ductile material, may become brittle due to sunlight 
and aging. The four days of sailing in icy cold water of Atlantic made the metal of Titanic more brittle, increasing its pro- 
pensity to brittle fracture. Failure due to fatigue (see Section 3.10) always produces brittle fracture surfaces, even in duc- 
tile materials. 

Tensile principal stress one (c^) is the dominant cause of crack growth. Though brittle fracture can cause catastro- 
phe, it can also be used productively. By scoring glass with a diamond cutter, or a plasterboard with a utility knife, we 
introduce a sharp tipped crack in the material. By bending the glass and plasterboard we create tensile stress at the crack 
tip and thus produce a clean surface break. Brittle coating method is an experimental technique in which a brittle material 
is spray coated onto a machine component. As the component is loaded, cracks perpendicular to principal direction one 
(0j) start appearing in the coating. 

A good design ensures that the critical crack length in a structure is never smaller then what can be detected by 
instruments. Regular inspections can then provide the warning needed to fix the crack. Drilling a hole to blunt the crack 
tip, putting obstacles like rivets in path of crack growth, or inserting glue as in windshield cracks are some of the ways of 
arresting crack growth from becoming catastrophic. 

Brittle fracture is in itself neither good nor bad. It is, however, nature's constant reminder of a fundamental engi- 
neering lesson: to command nature we need to obey it first. 
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PROBLEM SET 8.2 



8.29 Show that Equations (8.7) and (8.8) are correct by substituting the values of sines and cosines following Figure 8.12 into Equations (8.4) 
and (8.5). 



8.30 Show that Equation (8.12) is correct by substituting the appropriate sines and cosines following Figure 8.13 into Equations (8.4) and 
(8.5). 



8.31 Derive Equation (8.7) by starting from Equation (8.3). 

8.32 Draw the Mohr's circle and determine the normal and shear stresses on plane A in Figure P8.32. 





a 






a/ 






A/ 


/v 5 ° 






/Y 5 ° 



(b) 



Figure P8.32 (a) 

8.33 Draw the Mohr's circle and determine the normal and shear stresses on plane A in Figure P8.33. 





Figure P8.33 
8.34 Draw the Mohr's circle and determine the normal and shear stresses on plane A in Figure P8.34. 





Figure P8.34 






(b) 



8.35 Explain the failure surfaces due to torsion that are shown in Figure 8.1. 



8.36 Solve Problem 8 . 1 9 by the method of equations. 

8.37 Solve Problem 8. 19 by Mohr's circle. 

8.38 Solve Problem 8.20 by the method of equations. 

8.39 Solve Problem 8.20 by Mohr's circle. 

8.40 Solve Problem 8.21 by the method of equations. 

8.41 Solve Problem 8.21 by Mohr's circle. 

8.42 In a thin body (plane stress) the stress element is as shown in Figure P8.42. Determine (a) the normal and shear stresses on plane A; (b) 
the principal stresses at the point; (c) the maximum shear stress at the point, (d) Draw the principal element. 

fay 1 60 MPa 

- 40 MPa 



A 60 Ml 



Figure P8.42 




30 MPa 
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8.43 In a thin body (plane stress) the stress element is as shown in Figure P8.43. Determine (a) the normal and shear stresses on plane A; (b) 
the principal stresses at the point; (c) the maximum shear stress at the point, (d) Draw the principal element. 

fy 1 15 MPa 

-20MPa 

45MPa 



Figure P8.43 




8.44 In a thin body (plane stress) the stress element is as shown in Figure P8.44. Determine (a) the normal and shear stresses on plane A; (b) 
the principal stresses at the point; (c) the maximum shear stress at the point, (d) Draw the principal element. 

fay 1 20 ksi 

- 30 ksi 

10 ksi 



Figure P8.44 




8.45 In a thick body (plane strain) the stress element is as shown in Figure P8.45. The Poisson's ratio of the material is v= 0.3. Determine (a) 
the normal and shear stresses on plane A; (b) the principal stresses at the point; (c) the maximum shear stress at the point, (d) Draw the princi- 
pal element. 

for A 40 MPa 
^_ _ 40 MPa 

20MPa 



Figure P8.45 




8.46 In a thick body (plane strain) the stress element is as shown in Figure P8.46. The Poisson's ratio of the material is v= 0.3. Determine (a) 
the normal and shear stresses on plane A; (b) the principal stresses at the point; (c) the maximum shear stress at the point, (d) Draw the princi- 
pal element. 

I^y i 25 MPa 

- 20 MPa 

35 MPa 



Figure P8.46 




8.47 In a thick body (plane strain) the stress element is as shown in Figure P8.47. The Poisson's ratio of the material is v= 0.3. Determine (a) 
the normal and shear stresses on plane A; (b) the principal stresses at the point; (c) the maximum shear stress at the point, (d) Draw the princi- 
pal element. 

ky 1 15 ksi 

— 20 ksi 

25 ksi 



Figure P8.47 




8.48 A thin plate (E=30,000 ksi, v = 0.25) is subjected to a uniform stress a r 
mine the maximum shear stress in the plate. 



10 ksi as shown in Figure P8.48. Assuming plane stress, deter- 
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Figure P8.48 




5 in. 



8.49 The strains at a point in plane stress and the material properties are as given below. Determine the principal stresses, principal angle 1, 
and the maximum shear stress at the point. (See Problem 3.79.) 

e xx = 500 jll 8 = 400 Li y = -300 \i E = 200 GPa v = 0.32 



8.50 The strains at a point in plane stress and the material properties are as given below.Determine the principal stresses, principal angle 1, 
and the maximum shear stress at the point. (See Problem 3.80.) 



-3000 li 



1500 jli 



2000 li 



70 GPa 



G = 28 GPa 



8.51 The strains at a point in plane stress and the material properties are as given below. Determine the principal stresses, principal angle 1, 
and the maximum shear stress at the point. (See Problem 3.81.) 

z xx = -800 li e = -1000 \i y xy = -500 jli E = 30,000 ksi v = 0.3 



8.52 A rectangle inscribed on an aluminum (10,000 ksi, v = 0.25) plate is observed to deform into the colored shape shown in Figure P8.52. 
Determine the principal stresses, principal angle 1, and the maximum shear stress. 



0.007 in. A 

v- 



w 

1.4 in. 

I 



l<]_ 0.0042 in. 



FigureP8.52 



h 



3.0 in7 



■3 



0.0048 in. 
\o 0.0036 in. 



In Problems 8.53 through 8.55, the difference in the principal stresses <7 X - <r 2 and the principal direction 1 X from the x axis were measured 
by photoelasticity (see Section 8.4. 1J at several points and are given in each problem. The sum of the principal stresses o x + <r 2 was found 
from elasticity 5 and is also given. Assuming plane stress, determine the stresses a xx , o ' and r at the point. 



Problem 


<J x -a 2 


#1 


<7 X + <T 2 


8.53 
8.54 
8.55 


10 ksi 
3 ksi 
5 ksi 


-15° 

+25° 
+35° 


6 ksi 

-17 ksi. 

5 ksi. 



8.56 A broken 2-in.x 6-in. wooden bar was glued together as shown in Figure P8.56. Determine the normal and shear stresses in the glue when 
F=12kips. 

TT 

6 in~<- 



Figure P8.56 



J__ 



8.57 A 10-lb picture is hung using a wire of diameter of 1/8 in. as shown in Figure P8.57. What is the maximum shear stress in the wire? 



Figure P8.57 




Equations of elasticity show that (d 2 /dx 2 )(a x + <r 2 ) + (d 2 /dy 1 )(cr x + <r 2 ) = 0. This differential equation can be solved numerically or analyti- 
cally with the appropriate boundary conditions. 
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8.58 Two rectangular bars of thickness 10 mm are loaded as shown in Figure P8.58. For a force ¥ l = 25 kN, determine the normal and shear 
stress on planes AA and BB. 

10 mm, 50 kN 



>i 75 n; 



FigureP8.58 



30 mm 



A 
50 kN 



B/f 



; 60 mm 



>-l"^°-- 



B 



8.59 An aluminum rod (E= 70 GPa) and a steel rod (E= 210 GPa) are securely fastened to a rigid plate that does not rotate during the applica- 
tion of the load P as shown in Figure P8.59. The diameter of aluminum and steel rods are 20 mm and 10 mm, respectively. If the applied force 
P=25 kN, determine the maximum shear stress in aluminum and steel. 

P — 



Aluminum 



Figure P8.59 



P- 
-lm- 



Steel 



-1.2 m- 



8.60 Determine the normal and shear stresses in the seam of the shaft passing through point A at an angle 6- 60° to the axis of a solid shaft 
of 2-in. diameter, as shown in Figure P8.60. 

T = 30 in* kips 

T 

Figure P8.60 




8.61 Two circular steel shafts (G =12,000 ksi) of diameter 2 in. are securely connected to an aluminum shaft (G =4,000 ksi) of diameter 
1.5 in. as shown in Figure P8.61. Determine (a) the maximum normal stress in the shaft; (b) the normal and shear stress on a weld running 
through point E. 



, 12 in.-kips 



fr^— ir 



25 in.-kips 



steel 



Figure P8.61 



aluminui 



„f 



£ 



15 in.-kips 



30°>/ s teel 



<Ch 



-40 in^ 



<C] — 15 in.- 



25 in.- 



8.62 Two pieces of solid shafts of diameter 75 mm are securely connected to a rigid wheel as shown in Figure P8.62. The shaft material has a 
modulus of rigidity G = 80 GPa. If the applied torque 7=8 kN-m, determine the maximum normal stress in the shaft. 

T 



Figure P8.62 



' 0.75 m ' * 2m 



8.63 If the applied force in Figure P8.63 is P = 1 .8 kN, determine the maximum normal and shear stress at points A, B, and C which are on the 
surface of the beam. 



Figure P8.63 
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8.64 If the applied force in Figure P8.64 is P =1.8 kN, determine the maximum normal and shear stress at points at points A, B, and C which 
are on the surface of the beam. 



Figure P8.64 




6 mm 
6 mm 



8.65 Two pieces of lumber are glued together to form the beam shown in Figure P8.65. The intensity of the distributed load is w = 25 lb/in. 
Determine (a) the maximum shear stress in the beam; (b) the maximum normal stress in the glue. 

2 in 
w (lb/in) KH 

f * * * I 1 



Figure P8.65 



ICE" 

^30in-^ 



3_ 



- 70 in - 



T 
4 in 

T 



;iin 



8.66 Two pieces of wood are glued together to form a beam, as shown in Figure P8.66. The applied moment M ext = 9 in. -kips. Determine (a) 
the maximum shear stress in the beam; (b) the maximum normal stress in the glue. 

■E= .. 



-lOOin- 



IZE~ 

— +40inH 



Figure P8.66 



|lin 
4 in 



2 in 



Design problems 

8.67 A broken 2 in. x 6 in. wooden bar is glued together as shown in Figure P8.56. The allowable normal and shear stress in the glue are 600 
psi (T) and 400 psi, respectively. Determine the maximum force F to the nearest pound that can be transmitted by the bar. 



8.68 A rigid bar ABC is supported by two aluminum cables (E = 10,000 ksi) as shown in Figure P8.68. The allowable shear stress in alumi- 
num is 20 ksi. If the applied force P = 10 kips, determine the minimum diameter of cables CE and BD to the nearest 1/16 in. Both cables have 
the same diameter. 



Figure P8.68 




8.69 



A thin tube of - -in. thickness has a mean diameter of 6 in. What is the maximum torque the tube can transmit if the allow- 

8 



able normal stress in compression is 10 ksi? 

8.70 Solve Example 8.6 again, but without the thin- tube approximation. 



8.71 An aluminum rod (E al = 70 GPa) and a steel rod (E s = 210 GPa) are securely fastened to a rigid plate that does not rotate during the 
application of load P, as shown in Figure P8.59. The diameters of the aluminum and steel rods are 20 mm and 10 mm, respectively. The allow- 
able shear stresses in aluminum and steel are 120 MPa and 150 MPa. Determine the maximum force P that can be applied to the rigid plate. 



8.72 A shaft is welded along the seam that makes an angle of 6 = 60° to the axis of a 2 in. diameter shaft as shown in Figure P8.72. The 
allowable normal and shear stresses in the weld are 15 ksi (T) and 10 ksi, respectively. Determine the maximum torque T ext that can be applied. 






Figure P8.72 
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8.73 Two pieces of solid shaft of 75-mm diameter are securely connected to a rigid wheel, as shown in Figure P8.62. The shaft material has a 
modulus of shear rigidity G = 80 GPa and an allowable normal stress in tension or compression of 90 MPa. Determine the maximum torque T 
that can act on the wheel. 



8.74 A cantilever beam is constructed by gluing three pieces of timber, as shown in Figure P8.74. The allowable shear stress in the glue is 
300 psi and the allowable tensile stress is 200 psi. The allowable tensile or compressive stress in wood is 2000 psi. Determine the maximum 
intensity of the distributed load w. 



Figure P8.74 




4 in 



8.75 Two pieces of lumber are glued together to form the beam shown in Figure P8.66. The allowable shear stress in the in the wood is 600 psi 
and the allowable tensile stress in the glue is 650 psi (T). Determine the maximum moment M ext that can be applied. 



8.76 Determine the thickness of a steel plate required for a thin cylindrical boiler with a centerline diameter of 2.5 m, if the maximum tensile 
stress is not to exceed 100 MPa and the maximum shear stress is not to exceed 60 MPa, when the pressure in the boiler is 1800 kPa. 



8.77 A thin cylindrical tank is fabricated by butt welding a - -in.-thick plate, as shown in Figure P8.77. The centerline diameter of the tank is 

4 ft. The maximum tensile stress of the plate cannot exceed 30 ksi. The normal and shear stresses in the weld are limited to 25 ksi and 18 ksi, 
respectively. What is the maximum pressure the tank can hold? 



Figure P8.77 




Stretch yourself 

8.78 By multiplying the matrices, show that the following matrix equation is the same as Equations (8.1), (8.2), and (8.3): 



[G] nt = [TY[a][T] 



where 



Wnt 






[T] 



rcost) 
LsinG 



-sin 6 
cos 6 



[o] 



[T] T represents the transpose of the matrix [T]. The matrix [T] is the transformation matrix that relates the x and y coordinates to the n and t 
coordinates. 



8.79 Show that the eigenvalues of the matrix [a] are the principal stresses given by Equation (8.7). 



8.80 Using the wedge shown in Figure P8.26, show that the normal stress on an inclined plane is related to the stresses in Cartesian coordi- 
nates by the equation 



Vxx n l + VyyHy + ° ' zz n l + 2 ^xy n X n y + ^yz n y n z + 2 ^zx n Z n x 



(8.15) 



8.81 Figure P8.81 show eight (octal) planes that make equal angles with the principal planes. These planes are called octahedral planes. 
Though the signs of the direction cosines change with each plane, the magnitude of the direction cosines is the same for all eight planes; that is, 

\n x \ = 1/J3, \n J = 1/a/3, and \n z \ = l/*/3. The normal stress and the shear stress on the octahedral planes <r oct and r oct are given by equa- 
tions below. Using Equation (8.15), obtain Equation (8.16). 

a 2 



Figure P8.81 




Qi + a 9 + a^ 



- J(G X - G 2 f + (C 2 - CT 3 ) 2 + (C 3 - CJj) 2 



(8.16) 
(8.17) 
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Computer problems 

8.82 On a machine component made of steel (E = 30,000 ksi, G = 1 1 ,600 ksi) the following strains were found: s xx = [1 00(2x + y) + 50] ju, s w = - 
100(2x +y) /j, and y = 200(x - 2y) ju. Assuming plane stress, determine the principal stresses, principal angle 1, and the maximum shear stress every 
30° on a circle of radius 1 around the origin. Use a spreadsheet or write a computer program for the calculations. 



8.83 The stresses in polar coordinates around a hole in a very large plate subject to a uniform stress a (Figure P8.83) are given by equations 
below. On a ship deck with a manhole having a diameter of 2 ft, it was estimated that cr= 10 ksi. Calculate the principal stresses every 15° at a 
radius of 18 in. Use a spreadsheet or write a computer program for the calculations. 






1 



4a ,3a) , 1A 
- — + — |cos29 

r r 




2a 



a »"f V + a -] + l 1 + 3 -rl- s2 ° 



2 ~ 4 

2a 3a 



Figure P8.83 



1 \ \ } F 



x 1 + ^--^- sin 20 



2 4 

r r 



(8.18a) 
(8.18b) 
(8.18c) 



QUICK TEST 8.3 



Time: 15 minutes/Total: 20 points 



Answer true or false. If false, give the correct explanation. Each question is worth 2 points. Use the solution given in 
Appendix E to grade yourself. 



2. 
3. 
4. 



5. 

6. 

7. 



9. 
10. 



In plane stress there are two principal stresses and in plane strain there are 
three principal stresses. 

Principal planes are always orthogonal. 

For a given state of stress at a point, the principal stresses depend on the material. 

Depending on the coordinate system used for finding stresses at a point, the values of the stress components 

differ. Hence the principal stress at that point will depend on the coordinate system in which the stresses were 

found. 

Planes of maximum shear stress are always at 90° to principal planes. 

The sum of the normal stresses in an orthogonal coordinate system is independent of the orientation of the 

coordinate system. 

If principal stress 1 is tensile and principal stress 2 is compressive, then the in-plane maximum shear stress and 

the maximum shear stress are the same for plane stress problems. 

If principal stress 1 is tensile and principal stress 2 is compressive, then the in-plane maximum shear stress and 

the maximum shear stress are the same for plane strain problems. 

Two planes passing through a point can be represented by the same point on Mohr's circle. 

Two points on Mohr's circle can represent the same plane. 



*8.4 CONCEPT CONNECTOR 



Photoelasticity is an experimental method for deducing stress information from observing the effects on light as it passes 
through a transparent material that is stressed. The analysis is complex, and you will study it in advanced courses, but the 
principles behind this remarkable visual representation of stress are simpler. To explain photoelasticity, we must first under- 
stand the transmission of light. 
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8.4.1 Photoelasticity 



The color of light depends on the frequency of the wave, and it may be affected by transmission through different-colored 
materials. White light is a mixture of different frequencies. However, even waves of the same frequency can travel differently 
in different materials. That is because light waves may lie in different planes at a point. (In quantum mechanics, we learn to 
think of light also as particles, called photons, which can then vibrate in different planes). Light of a single frequency is mono- 
chromatic, and light with one plane of vibrations is polarized. 

A polarizer is a material that permits light rays to pass only if their plane of vibration lies parallel to one axis, called the 
polarizing axis. If two polarizers are used, then the second polarizer is called an analyzer. If the polarizer and the analyzer 
have polarizing axes arranged perpendicular to each other, then no light will pass through, and a dark field will be produced. 
If the polarizer and the analyzer have polarizing axes parallel to each other, then all the light that passes through the first 
polarizer will pass through the analyzer, too, and a light field will be produced. 

The velocity of light depends on the material through which it is passing. Usually the velocity of light is the same in all 
directions, and the material is said to be isotropic. However, when some transparent materials are stressed, light travels 
through the material at different speeds along different planes of vibration. These materials have two polarizing axes, at right 
angles to each other. And, unlike in a polarizer, neither axis simply selects the light. Rather, the velocities of light along the 
two polarizing axes are different. This behavior of light is called birefringence, and materials in which light velocities are dif- 
ferent in the two polarizing axes are called birefringent. 

When light passes through birefringent material, a ray along one axis takes longer to pass through it than a ray through 
the other axis. In other words, the ray along the slows axis reaches the same amplitude as the faster ray after a time At. The 
time difference At is called retardation time. 



A sin cot 



A sin cot sin 6 A sin co(t + At) cos 6 
A sin o)t\cos 6 I A sin cot sin 6 



A sin 20[sin cot — sin a>(t + At)]/ 2 




Monochromatic First 
light source polarizer 



Birefringe material 



Second polarizer 
(analyzer) 



Figure 8.34 Transmission of light in photoelasticity. 

Figure 8.34 shows light originating from a monochromatic source. It then encounters not just a polarizer and an analyzer, 
but also a birefringent material placed between them. As light passes first through the polarizer, it emerges with its plane of 
vibration parallel to the vertical axis. Now suppose that the two axes of the birefringent material are set at an angle #with 
respect to the vertical. Light passing through the polarizer will have components along each of these axes, and the component 
of light along the slow axis is retarded by time At. In other words, two rays emerge from the birefringent material. The 
observer sees only the horizontal components of these two rays, because the second polarizer will pass only light that is 
parallel to the horizontal axis. In sum, the light that the observer sees depends on two variables — the angle 6 of the 
birefringent material's fast axis with respect to the analyzer axis and the retardation time At. 

What makes photoelasticity possible is that birefringence is directly related to stress, as observed by James Clerk 
Maxwell, the Scottish mathematician and physicist, in 1857: 

1. The principal axes of stresses in a birefringent material are the fast and slow axes, with the fast axis corresponding to 
principal stress 1 . 
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2. The retardation time is proportional to the difference of principal stresses. 




Figure 8.35 Photoelastic fringes showing principal stress difference. (Courtesy Professor I. Miskioglu.) 

Suppose we start with a light field, so that the polarizer and analyzer axes are parallel. Note that sm(n7r) is zero. We con- 
clude that the observer will see dark spots where 6=nnl2. Lines that connect these dark spots, called isoclinic lines, thus give 
us the direction of principal stress 1 at different points. If we start instead with a dark field, then the isoclinic lines join points 
of maximum transmission of light, where sin 26= 1. 

If we start with a light field, the observer will also not see any light if the term in brackets in Figure 8.34 equals zero. At 
these points At = Innlco, and lines connecting these points are called fringes. Because At is related to the difference in 
principal stresses, the fringes thus yield the values of g x - <j 2 . Figure 8.35 shows these fringes in a disc subjected to 
diametrically opposite compressive forces. 

By choosing different orientations for the polarizing axes of the polarizer, the analyzer, and the birefringe material, we 
can obtain different isoclinic lines and different fringes. Through a succession of such combinations of axes, we can then 
obtain a visual representation of stress in a material. Photographs are taken for each isoclinic line and fringe, and a composite 
photograph that shows all isoclinic lines and fringes is made. 

Actually, to describe plane stress completely, we need three pieces of information. Photoelasticity yields only two — the 
orientation of principal axis 1 and the difference of principal stresses. However, on a free surface we know that one of the 
principal stresses is zero. Thus photoelasticity will give a complete state of stress for a point on a free surface. In the interior, 
if we know the sum of the principal stresses, then we can obtain the complete state of stress at that point. To obtain the sum of 
the principal stresses may require a mix of analytical, numerical, and other experimental methods. 



8.5 CHAPTER CONNECTOR 

In this chapter we studied the relationship of stresses in different coordinate systems and methods to determine the maximum 
tensile normal stress, maximum compressive normal stress, and maximum shear stress. In Chapter 10 we shall study various 
failure theories, including maximum-normal- stress and maximum-shear-stress theories. We also apply these theories to the 
design and failure analysis of simple structures and machines. 
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POINTS AND FORMULAS TO REMEMBER 

• Stress transformation equations relate stresses at a point in different coordinate systems: 

2 2 

<3 nn = <j xx cos + <3 yy sin + 2i xy sin0 cos0 (8.1) 

2 2 

•x„, = -g xx cos0 sin0 + <j yy sin cos +t x>; (cos - sin 0) (8.2) 

• where <j xx , a , and r xy are the stresses in x, y, z coordinate system, a nn , <j m and r nt are the stresses in n, t, z coordinate sys- 
tem and 6 is measured from the x axis in the counterclockwise direction to the n direction. 

• The values of stresses on a plane through a point are unique and depend on the orientation of the plane only and not on 
how its orientation is described or measured. 

• Planes on which the shear stresses are zero are called principal planes . 

• Principal planes are orthogonal. 

• The normal direction to the principal planes is referred to as the principal direction or principal axis. 

• The angles the principal axis makes with the global coordinate system are called principal angles. 

• Normal stress on a principal plane is called principal stress. 

• The greatest principal stress is called principal stress 1. 

• Principal stresses are the maximum and minimum normal stresses at a point. 

• The maximum shear stress on a plane that can be obtained by rotating about the z axis is called in-plane maximum shear 
stress. 

• The maximum shear stress at a point is the absolute maximum shear stress that is on any plane passing through the point. 

• Maximum in-plane shear stress exists on two planes which are at 45° to the principal planes. 



>tan 2Q p = -^£_ (8.6) a 1>2 = ^^ ± j(2sL^\ x 2 y (8.7) 

(8.12) 



2 

where 6 p is the angle to either principal plane 1 or 2, o x and a 2 are the principal stresses, r p is the in-plane maximum shear 
stress. 

*<*nn + °tt = °xx + <*yy = <*1 + °2 (8-9) 

fO, plane stress 

a 3 = a zz = \ (8.10) 

lv(a xx + o ), plane strain 



max I 



(8.13) 



2 ' 2 ' 2 

Each point on Mohr's circle represents a unique plane that passes through the point at which the stresses are specified. 

The coordinates of the point on Mohr's circle are the normal and shear stresses on the plane represented by the point. 

Angles between planes on a stress cube are doubled when plotted on Mohr's circle. 

The sign of shear stress cannot be determined directly from Mohr's circle, which tells only that the shear stress causes the 
plane to rotate clockwise or counterclockwise. 

The maximum shear stress at a point is the radius of the biggest circle. 

A principal stress element shows stresses on a wedge constructed from principal planes and the plane of maximum shear 

stress. 
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CHAPTER NINE 

STRAIN TRANSFORMATION 



Learning Objectives 

1. Learn the equations and procedures of relating strains at a point in different coordinate systems. 

2. Learn the analysis in using strain gages. 



To minimize the likelihood of occupants being thrown from the vehicle as a result of impact, Federal Motor Vehicle Safety Stan- 
dard specifies requirements for attaching of doors. Automobile companies conduct and sponsor research to understand the 
stresses near bolts attaching doors to the car body. The door's own weight subjects the bolts to bending loads. 

In the experiment shown in Figure 9. 1, a composite plate is subjected to bending loads like those at the attachment points of the 
car door to a fiber glass body. Strain gages — the most popular strain-measuring devices — are used to determine the strains (and 
hence the stresses) in the critical region. In previous chapters, we obtained formulas for predicting strain. How do we relate the 
experimentally measured strains to those obtained from theory in Cartesian or polar coordinates? This chapter discusses strain 
transformation, which relates strains in different coordinate systems. 




Figure 9.1 Measurement of strains using strain gages. (Courtesy Professor I. Miskioglu.) 

The idea of strain transformation is very similar to stress transformation. We shall rely on this similarity to develop the key 
definitions and equations for strain transformation. But there are also differences, and they are critical to a successful under- 
standing of the methods. 

9.1 PRELUDE TO THEORY: THE LINE METHOD 

In the wedge method of stress transformation (see Section 8.1), the key idea was to convert stresses into forces — that is, to con- 
vert a second-order tensor into a vector. We adopt a similar strategy for strain transformation. By multiplying a strain component 
by the length of a line, we obtain the deformation, which is a vector quantity. Using the small-strain approximation, we can then 
find the component of deformation in a given direction (see Problems 2.40-2.47). Section 9.1.1 elaborates this strategy. 

We restrict ourselves to plane strain problems (see Section 2.5.1), where all strains with subscript z are zero. We further 
assume that the strains in the global Cartesian coordinate system (e xx , s * and y xy ) at a point are known. We define a right-handed 
local coordinate system n, t, z, as shown in Figure 9.2. As in stress transformation, only those coordinate systems that can be 
obtained by rotation about the z axis are considered. Our objective is to find £ m , s tp and y nt . 
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Figure 9.2 Global and local coordinate system. 

Recall that normal strains are a measure of change in the length of a line, whereas shear strains are a measure of change in 
the angle between two lines. By finding the change in length and the rotation each axes we can find the strains in that coordinate 
system. This process is formally described in next section and elaborated in Example 9.1. 

9.1.1 Line Method Procedure 



The normal and shear strains in the local coordinate system can be found by the following steps: 
Step 1: Consider each strain component one at a time and view the n and t directions as two separate lines. 
Step 2: Construct a rectangle with a diagonal in the direction of the line. Relate the length of the diagonal to the lengths of the 
rectangle's sides. 

Step 3: Draw the deformed shape assuming one side is fixed and apply the deformation on the opposite side. Find the deforma- 
tion and rotation of the diagonal using small-strain approximations. 
Step 4: Calculate the normal and shear strains in the n and t directions. 
Step 5: Repeat steps 2 through 4 for each strain component. Superpose the results to obtain the strains in the n and t directions. 

Because the line method is repetitive and tedious, we will consider problems with only one nonzero strain component. 
However, the same principle will be used to develop the equations of strain transformation. 



EXAMPLE 9.1 

At a point, the only nonzero strain component is s xx = 200 ju. Determine the strain components in the n, t coordinate system that is rotated 
25° counterclockwise to the x axis. 



PLAN 

We follow the procedure described in Section 9.1.1. 
SOLUTION 

Step 1: View the axes of the n, t coordinate system as two lines, as shown in Figure 93a. Due to the normal strain in the x direction, the 

lines in the n and t directions deform to n x and t l9 as shown in Figure 9.3a. 

Calculations in the n direction 

Step 2: We can draw a rectangle with a diagonal in the n direction, as shown in Figure 93a. The diagonal length be An can be related to 

Ax as shown. 



(a) 





'%^4^ ni 





,t u 





Ax = Arcos65^ O 

Figure 9.3 (a) (b) Movement of n and t lines. Deformation calculations (c) in the n direction; (d) in the t direction in Example 9.1. 
Step 3: Let point P move to point P x due to strain s xx . The deformed shape can be drawn as shown in Figure 9.3c. 
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Step 4: A perpendicular line from P x to the n direction is drawn. The sides of the triangle P n PP x are 



PP X = z xx Ax = 200(10 )An cos25° = 181.3Arc(10 ) 



PP n = PP X cos25° = 164.3A«(10 ) 
The angle <j) x can be found from triangle P n OP x as 

OP n = OP + PP n = An[l + 164.3 (10" 6 )]«A« 



P n P x = PP X sin25° = 76.6A«(10 ) 



tand 



OP„ 



76.6(10"°) rad 



(El) 
(E2) 

(E3) 



Calculations in the t direction 

Step 2: We can draw a rectangle with a diagonal representing the t direction, as shown in Figure 93d. The diagonal length At can be 

related to Ax as shown. 

Step 3: Let point P move to point P x due to strain s xx . The deformed shape can be drawn as shown in Figure 93d. 

Step 4: A perpendicular line from P x to the t direction is drawn. The sides of triangle P t PP x are 



PP X = z xx Ax = 200(10 *)At cos65° = 84.5A^(10 °) 



P t P x = PP X sin65° = 76.58A^(10 ) 
We can calculate the angle § 2 from triangle P t OP x as 

OP t = OP + PP t = A^[1 + 35.7(10" 6 )]«A^ 
Step 5: The normal strain in the n and t directions are 
_ PP n _ 164.3Arc(10~ 6 ) 



PP t = PP X cos65° = 35.7A^(10 ) 



An 



An 



164.3(10 ) 



tan* 2 -^ 2 = ^i = 76.6(10" 6 ) 



= PP, = 35.7A;(1Q- 6 ) 6 

£tt At At U ) 



Jnt 



-(+1 + W = -[76.6(10"°) + 76.6(10"°)] = -153.2(10"°) 

ANS. e nn = 164.3 \i 



e tt = 35.7 (Li 



(E4) 
(E5) 

(E6) 

(E7) 
(E8) 

Jnt = -153.2 Li 



COMMENTS 



1. In Figure 93a the displacement of point P to P x is in the positive x direction, whereas in Figure 93d the displacement is in the nega- 
tive x direction. But notice that both rectangles show elongation to reflect positive s xx . Both rectangles represent the same point. This 
emphasizes once more the difference between displacements and deformations. 

2. The negative sign in Equation (E8) reflects the increase in angle between n and t as shown in Figure 9.3. 

3. We repeated the calculations for n and t directions for one strain component. For all three components we would do similar calcula- 
tions six times, making the line method a repetitive, tedious process. We will develop formulas using this method to overcome the 
tedium. 



PROBLEM SET 9.1 



Line method 

In Problems 9.1 through 9.4, determine the rotation of line OP and the normal strain in the direction OP due to the strain given in each problem. 



Problem 



Strain 



Use 



9.1 
9.2 



9.3 
9.4 



500 ju 
-- 300 ju 



-400 ju 
300 ju 



Figure P9.1 
Figure P9.1 



Figure P9.3 
Figure P9.3 




Figure P9.3 




August 2012 



M. Vable 



Mechanics of Materials: Strain Transformation 



415 



In Problems 9.5 through 9.13, at a point, the nonzero strain component are as given in each problem. Determine the strain components in the 
n, t coordinate system shown. 



Problem 



Strain 



Use 



9.5 
9.6 
9.7 



s xx = -400 M 
s yy = 600 ju 
y xy = -500 M 



Figure P9.5 
Figure P9.5 
Figure P9.5 



Figure P9.5 



9.8 
9.9 
9.10 



s xx = -600 ju 
s yy = -1000 ju 

Y X y = 500 JU 



Figure P9J 
Figure P9J 
Figure P9J 



Figure P9.8 




9.11 
9.12 
9.13 


£ xx = 600 ju 
s yy = 600 ju 
y xy = 600 ju 


Figure P9. 11 
Figure P9. 11 
Figure P9. 11 


Figure P9.ll 


iy 

n 
\40^ 


X 











9.2 METHOD OF EQUATIONS 



In this section we develop strain transformation equations using the line method. 1 We assume the point is in plane strain and the 
strains s xx , s , and y are known. As in stress transformation, we consider only those coordinate systems that can be obtained by 
rotation about the z axis shown in Figure 9.2. Our objective is to find the strains s nn , s tp and y nt . 

Sign Convention: The angle 6 describing the orientation of the local coordinate system is positive in counterclockwise 
direction from the x axis. 

We will follow the procedure outlined in Section 9.1.1 to determine the deformation and rotation of a line in the n direction. 
By substituting 90° + 9 in place of 6 in the expressions obtained in the n direction, we will obtain the expressions in the t direc- 
tion. 

Calculations for s^ acting alone 

Step 1: View the axes of the n, t coordinate system as two lines, as shown in Figure 9.4a. Due to the normal strain in the x direction, 
the lines in the n and t directions deform to n x and t l9 as shown. 











*^Ax = Arc cos 25 



s YY Ax 



Figure 9.4 Strain transformation with s xx only. ^ ^ 

Step 2: Draw a rectangle with a diagonal at an angle 9 as shown in Figure 9.46. The diagonal length An can be related to Ax as 
shown. 



! See Problems 9.78 through 9.80 for an alternative derivation of the strain transformation equations. 
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Step 3: Let point P move to point P x due to strain s xx . Draw an exaggerated deformed shape as shown in Figure 9Ab. A perpen- 
dicular line from P l to the n direction is drawn. The sides of the triangle P n PP x are 

PP X = s xx Ax = £ xx AncosQ (9.1. a) 

PP n = PP X cosQ = (z xx cos 2 Q)(An) (9. Lb) 

P n P l = PP X sine = (e xx sine cose) An (9.Lc) 

Now OP n = OP + PP n = OP{\ + PPJOP) = OP{\ + e nn ). For small strain, s nn «c 1 and hence can be neglected, giving OP n = OP 
= A n For small strain the tangent function can be approximated by its argument. With these two approximations, we obtain the 
rotation § x from triangle P n OP x 

P n P x P n P x (s xx sine cose) An . „ 

tan d>i « ©1 = T7T7" ~ "77TT = ; = s rr sine cos 6 

yi yi OP n OP An 

Step 4: The normal strain in the n direction can be found as 

ei« =PP n /An = e^cos'e (9.1.d) 

The superscript 1 differentiates the strains calculated from s xx from those calculated from e and y . We note that the t axis is a 
line like the n axis, but at an angle of 90° + e instead of e. We can obtain the normal strain in the t direction and the rotation § 2 °f 
the t axis by substituting 90° + e in place of Q. 

^ = e xx cos 2 (90° + 6) = s,, sin 2 e (9.1.e) 

4> 2 = |s xx sin(9O o + 0)cos(9O o + e)| = s xx sin9 cos9 (9.1.f) 

The angle between the n and t directions increases, as seen from the rectangle in Figure 9.4a. This implies that the shear strain 
will be negative and is given as 

Jn? = -(+i + + 2 ) = -2e xx sine cose (9.1. g) 

Calculations for s yy acting alone 

The preceding calculations can be repeated for s The calculations for Steps 1-3 are shown in Figure 9.5. Based on small strain, 

we once more approximate OP n = OP and tan^ « § x to obtain 

P P P P 
tan^^^ = -^~~fjf = z yy sine cose (9.2.a) 

Step 4: The normal strain in the n direction can be found as 

s^ } = PP n /An = e^sin 2 e (9.2.b) 

We can obtain the normal strain in the t direction and the rotation § 2 of the t axis by substituting 90° + e in place of e. 

4 2) = s yy sin 2 (90° + 9) = e yy cos 2 e (9.2.c) 

(|) 2 = |6^sin(90 o + e)cos(90 o + e)| = e yy sin9 cos( (9.2.d) 

The angle between the n and t directions decreases, as seen from the rectangle in Figure 9.5a. This implies that the shear strain 
will be positive: 

Yn? = <h + <h = 2s^sine cose (9.2.e) 
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P n P x = PP l cos = Syy Ay cos = (s yy cos sin 6) An 
n x 



PP n = PP 1 cos = s Ay sin = (s sin 2 0) An 



(a) 
Figure 9.5 Strain transformation with s only. 



(b) 



Calculations for y xy acting alone 

The preceding calculations can be repeated for y The calculations for Steps 1-3 are shown in Figure 9.6. Based on small strain, 
we once more approximate OP n = OP and tan^ « ty x to obtain 



tan^j » (Pi = 7T7T ~ "7T7T = Yxv sm " 



(9.3.a) 



OP n OP 

Step 4: The normal strain in the n direction can be found as 

e^ = PP n /An = y xy sinG cos0 (9.3.b) 

We can obtain the normal strain in the t direction and the rotation (j) 2 of the t axis by substituting 90° + 6 m place of 6. 

s^ 3) = y xy sin(90° + 6) cos (90° + 6) = -y xy sin0 cos0 (9.3.c) 

<|> 2 = |y^cos 2 (90° + 9)| = y^cos 2 9 (9.3.d) 

From Figure 9.6a it is seen that the movement of the line in the n direction to n x increases the initial angle, and the movement of the 
line in the t direction to t x decreases the initial angle. The final angle between the n x and t x directions is nil + <p x - (j) 2 . Thus from the 
definition of shear strain in Chapter 2, we obtain 

Jn? = 4>i-4>2 = Y^(cos 2 9-sin 2 e) (9.3.e) 



PP n = PP X cos = y Ay cos = (y sin cos 0) An 




Ay = An sin 




P n P x = PP X sin = y^Ay sin = (y xy sin 2 0) An 



O Ax 



(a) 
Figure 9.6 Strain transformation with y only. 



(b) 



Total strains 

Step 5: As we are working with small strains, we have a linear system, and the total strain in the n and t directions is the superpo- 
sition of the strains due to the individual components. That is, 

,( 1 )^„( 2 )_L„( 3 ) 



_ (0 I (2) , (3) _ ,v ., , i . v-, , . f ,w ; a = ^ v . ; n y-, , v - , 

C-HM C-HH "■" C"HM "■" ^"MM *>// *^tt ' W* "■" W/ I Ht I tit I tit I tit 



^nn ^nn ^tin ^nn 



,(!) + P ( 2 ) + P (3) 
^« c « fc tt fc « 



We obtain the following equations: 



2 2 

£ «« = £ xjc cos 9 + z yy sin + y sinG cosG 



(9.4) 
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2 2 

e tt = £ xx sin + s cos - y sin0 cos0 



Jnt 



2 2 

^s^sinO cos0 + 2s sin0 cosO + y (cos - sin 0) 



(9.5) 



(9.6) 



Equations (9.4), (9.5), and (9.6) are similar to the stress transformation equations, Equations (8.1), (8.2), and (8.3). However, the 
coefficient of the shear strain term is half "the coefficient of the shear stress term. This is because we are using engineering strain 
instead of tensor strain. 2 With this difference accounted for, we can rewrite the results from stress transformation for strain trans- 
formation, as described next. 

9.2.1 Principal Strains 



Analogous to the case of stress transformation, we have the following definitions. 

• The principal directions are the coordinate axes in which the shear strain is zero. 

• The angles the principal axes make with the global coordinate system are called principal angles. 

• Normal strains in the principal directions are called principal strains. 

• The greatest principal strain is called principal strain 1 (e x ). By greatest principal strain we refer to the magnitude and 
the sign of the principal strain. Thus a strain of -600 ju is greater than one of -1000 ju 

Note that the coefficient of the shear strain in strain transformation equations is half the coefficient of shear stress in the 
stress transformation equations. We therefore obtain the principal angle 6 p and principal strains [see Equations (8.6) and (8.7)], 



tan20 n 



I XV 




(9.7) 



(9.8) 



Here s X2 represents the two strains s x and s 2 . The plus sign is to be taken with s x and the minus sign with s 2 . Like principal 
stresses, the principal strains correspond to the maximum and minimum normal strains at a point. 
Adding Equations (9.4) and (9.5) and the principal strains in Equation (9.8), we obtain 



Sun ' &tt &rr ' ^i;i; ^1 ' £? 



(9.9) 



Equation (9.9) shows that the sum of the normal strains at any point in an orthogonal coordinate system does not depend on the 
orientation of the coordinate system. 

The angle of principal axis 1 from the x axis is reported only in describing the principal coordinate system in two-dimen- 
sional problems. Counterclockwise rotation from the x axis is defined as positive. 

Two values of 0^ satisfy Equation (9.7), separated by 90°. The direction Q x corresponding to s x is 90° from the direction 2 
corresponding to s 2 . In other words, the principal directions are orthogonal. It is not clear whether the principal angle found 
from Equation (9.7) is associated with e x or s 2 . We will resolve this problem as we did in stress transformation, as elaborated in 
Example 9.4. 

In plane strain, the shear strains with subscript z are zero. Therefore the z direction is a principal direction and the normal 
strain s zz is a principal strain of zero value. In plain stress the shear strains with subscript z are again zero, but s zz is not zero; as 

shown in Figure 3.27, it is equal to v(a xx + <j yy ) . If we add Equations (3.12a) and (3.12b) for plane stress problems, we obtain 



^ rY + a i; 



E[(s xx + 8 )/(l - v)] . Thus [See Equation (3.18)], 



:(£** + O 



2 An alternative is to let y = 2e xy and y nt = 2s nt in Equations (9.4) through (9.6), where it is understood that s xy is the tensor shear strain and 
y is the engineering shear strain. In such a case the equations of stress and strain transformation have identical forms. 
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and we can write the third principal strain as 



0, 



1-v 



(Zxx + £ vv) = 



1-V 



plane strain 
(cj + e 2 ), plane stress 



(9.10) 



9.2.2 Visualizing Principal Strain Directions 

A circle at a given point will deform into an ellipse with the major axis in the direction of maximum normal strain (principal 

strain 1) and the minor axis in the direction of minimum normal strain (principal strain 2). We make use of this observation to 

estimate the direction of the principal strains within a 45° quadrant. 

Step 1: Visualize or draw a square with a circle inside. 

Step 2: Visualize or draw the deformed shape of the square due to only normal strains. 

The deformed shape will be a rectangle. The circle within the square has now become an ellipse with the major axis either 
along the x direction or along the y direction, depending which normal strain is greater. 
Step 3: Visualize or draw the deformed shape of the rectangle due to the shear strain. 

The rectangle will deform into a rhombus, and the ellipse inside would have rotated such that the major axis is in the direc- 
tion of the longer diagonal of the rhombus. The major axis can rotate at most 45° from its orientation in Step 2. The major axis 
represents principal direction 1 and the minor axis represents principal direction 2. 

Step 4: Using the eight 45° sectors shown in Figure 9.7, report the orientation of principal direction 1. Also report principal 
direction 2 as two sectors counterclockwise from the sector reported for principal direction 1 . 



- 


J 


©\ 


®/ 
/® 


®/ 
/® 


\® 
®\ 



Figure 9.7 The eight sectors in which the principal axis will lie. 

As in stress transformation, principal directions 1, 2, and 3 form a right-handed coordinate system. The z direction is the 
third principal direction. Once principal direction 1 is determined, the right-hand rule places principal direction 2 at two sectors 
(90°) counterclockwise from it. 

EXAMPLE 9.2 

At a point in plane strain, the strain components are s xx = 200 //, s yy = 500 //, and y = 600 ju. Estimate the orientation of the principal 
directions and report your results using the sectors shown in Figure 9.7. 



PLAN 

We will follow the steps outlined in section Section 9.2.2. 
SOLUTION 

Step 1: We draw a circle inside a square, as shown in Figure 9.8a. 



(a) 




/ 


J 


/j- Principal 
' J direction 1 


(c) 




y^~ Principal 
direction 2 

*► X 



Figure 9.8 (a) Undeformed shape, (b) Deformation due to normal strains, (c) Additional deformation due to shear strain. 
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Step 2: As s > s xx , the extension in the y direction is greater than that in the x direction. The square becomes a rectangle and the circle 

becomes an ellipse, as shown Figure 9.8Z?. 

Step 3: As y is positive, the angle between the x and;; axes must decrease and we obtain the rhombus shown in Figure 9.8c. 

Step 4: The two solutions follow by inspection. 

Principal axis 1 is in sector 2 and principal axis 2 is in sector 4. 

or 
-Principal axis 1 is in sector 6 and principal axis 2 is in sector 8. 



ANS. 



COMMENTS 

1. In Figure 9.8Z? the major axis is along the;; axis. This major axis can rotate at most 45° clockwise or counterclockwise, as dictated by 
the shear strain. Thus principal axis 1 will be either in sector 2 or in sector 6, according to Figure 9.8c. 

2. We will always obtain two answers for principal angle 1 as we did in stress transformation. Both answers are correct, and either can 
be reported. 



EXAMPLE 9.3 

At a point in plane strain, the strain components are s xx = -200 //, s = -400 //, and y = -300 ju. Estimate the orientation of the principal 
directions and report your results using the sectors shown in Figure 9.7. 



PLAN 

This time we will visualize but not draw any deformed shapes. 



SOLUTION 

Step 1: We visualize a square with a circle. 

Step 2: Due to normal strains, the contraction in the y direction is greater than that in the x direction. Hence the rectangle will have a 

longer side in the x direction, that is, the major axis is along the x axis. 

Step 3: As the shear strain is negative, the angle will increase. The major axis will rotate clockwise, and it will lie either in sector 8 or in 

sector 4. 

Step 4: Principal axis 1 is either in sector 8 or in sector 4, giving the solution. 

— Principal axis 1 is in sector 8 and principal axis 2 is in sector 2. 
ANS. or 

— Principal axis 1 is in sector 4 and principal axis 2 is in sector 6. 



9.2.3 Maximum Shear Strain 



As in stress transformation, we differentiate between in-plane maximum shear strain and maximum shear strain. The maximum 
shear strain in coordinate systems that can be obtained by rotating about the z axis is called in-plane maximum shear strain. Since 
the coefficient of shear strain in strain transformation equations is half the coefficient of shear stress in stress transformation equa- 
tions, we obtain the in-plane maximum shear strain as 

Si-s 2 



2 
The maximum shear strain at a point is the maximum shear strain in any coordinate system given by 



Tmax ( 

— = max^ 


6 1 -6 2 


i 


s 2 - £3 


> 


83-8! 


) 


2 


2 


2 



(9.11) 



(9.12) 



Equation (9.12) shows that the value of the maximum shear strain depends on the value of principal strain 3. Equation (9.10) shows 
that the value of principal strain 3 depends on the plane stress or plane strain problem. As in stress transformation, the maximum 
shear strain exists in two coordinate systems that are at 45° to the principal coordinate system. 
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EXAMPLE 9.4 

At a point in plane strain, the strain components are s xx = 200 //, s = 1000 //, and y = -600 ju. Determine (a) the principal strains and 
principal angle 1; (b) the maximum shear strain; (c) the strain components in a coordinate system that is rotated 25° counterclockwise, as 
shown in Figure 9.9. 



Figure 9.9 




PLAN 

(a) Using Equation (9.7), we can find . We can substitute 6 p into Equation (9.4) and find one of the principal strains. Using Equation 
(9.9), we find the other principal strain and decide which is principal strain 1. (b) We can find the maximum shear strain using Equa- 
tion (9.12). (c) We can find the strains in the n and t coordinates by substituting 6= 25° in Equations (9.4), (9.5), and (9.6). 



SOLUTION 



(a) From Equation (9.7) we obtain the principal angle, 

= 0.75 



f od -600 \i 

tan20 * = 200 n- 1000 n 



tan 36.87° 



0. 



18.43°ccw 



(El) 



Substituting 9^ into Equation (9.4), we obtain one of the principal strains, 

E p = (200 jli) cos 2 18.43° + (1000 jli) sin 2 18.43°+ (-600 jli) sin 18.43° cos 18.43° = 100 jli (E2) 

Now s xx + £ = 1200 jli. From Equation (9.9) we obtain the other principal strain as 1200 - 100 = 1 100 //, which is greater than the prin- 
cipal strain in Equation (E2). Thus 1100 //is principal strain 1, and principal angle 1 is obtained by adding (or subtracting) 90° from 
Equation (El). As the point is in plane strain, the third principal strain is zero. We report our results as 

ANS. e { = 1100 jli s 2 = 100 \i s 3 = 

We can check the principal strain values using Equation (9.8), 



0! = 108.4° ccw or 71.6 cw 



= (200 jn) + (1000 ju) | pOO ii-lOOO \i 



-600 jli 



600 ju + 500 n— -Checks 



Intuitive check orientation of principal axis 1: We visualize a circle in a square, as shown in Figure 9. 10a. As s yy > s xx , the rectangle will 
become longer in the y direction than in the x direction and the circle will become an ellipse with major axis along the y direction, 
as shown in Figure 9.10Z?. As y < 0, the angle between the x and;; directions will increase. The rectangle will become a rhombus and 
the major axis of the ellipse will rotate counterclockwise from the;; axis. Hence we expect principal axis 1 to be in either the third sector 
or the seventh sector, confirming our result. 

Principal 
direction 1 





(a) (b) (c) 

Figure 9.10 (a) Undeformed shape, (b) Deformation due to normal strains, (c) Additional deformation due to shear strain, 
(b) We can find the maximum shear strain from Equation (9. 12), that is, the maximum difference is between s x and s v thus the maximum 
shear strain is 



(c) Substituting 6 = 25 in Equations (9.4), (9.5), and (9.6), we obtain 



(200 jli)cos 2 25° + (1000 jli) sin 2 25° + (-600 jli) sin 25° cos 25° = 113.1 jli 



ANS. y max = 1100 n 

(E3) 

(E4) 

(E5) 

ANS. E nn = 113.1 jli e„ = 1086.9 \i y nt = 227.2 jli 

We can use Equation (9.9) to check our results. We note that s nn + s n = 1200 jli, which is the same value as for s xx + s^ confirming the 
accuracy of our results. 



e tt = (200 \i) sm 25° + (1000 \i) cos 2 25° -(-600 jli) sin 25° cos 25° = 1086.9 jli 
y nt = -2(200 jli) sin 25° cos 25° + 2(1000 jli) sin 25° cos 25° + (-600 jli) (cos 2 25° - sin 2 25°) = 227.2 \x 



August 2012 



M. Vable 



Mechanics of Materials: Strain Transformation 



9 422 



COMMENTS 



1. It can be checked that if we substitute 6= 25° + 180° = 205° or 6= 25° - 180° = -155° in Equations (9.4), (9.5), and (9.6), we 
will obtain the same values for s nn , s tt , and y nt as in part (c). In other words, adding or subtracting 180° from the angle #in Equa- 
tions (9.4), (9.5), and (9.6) does not affect the results. This emphasizes that the strain at a point in a given direction (coordinate 
system) is unique and does not depend on how we describe or measure the orientation of the line. 



If the point were in plane stress on a material with a Poisson's ratio of - , then the third principle strain would be s 3 



+ s ) = -600 jU and the maximum shear strain would be y m> 
plane strain. 



[v/(\ - v)](s xx 
1700 /j which is different than the value we obtained in part (b) for 



EXAMPLE 9.5 

For the wooden cantilever beam shown in Figure 9.11 determine at points (a) the principal strains and the angle of first principal direc- 
tion 6 X \ (b) the maximum shear strain. Use the modulus of elasticity E = 12.6 GPa and Poisson's ratio v= 0.3. 



L 



At- 



Figure 9.11 Beam and loading in Example 9.5. 




$15 i 



0.4 m 



0.4 m 



900 N 
30 mm 
30 mm 



f 



6 mm 



6 mm 



PLAN 

The bending stresses <j xx and r at points can be found using Equations (6.12) and (6.27), respectively. Using Hooke's law, the strains 
s xx , £ ' and y can be found. Using Equation (9.7), 9 can be found and substituted into Equation (9.4) to obtain one of the principal 
strains. Using Equation (9.9), we find the other principal strain and decide which is principal strain 1. The maximum shear strain can be 
found using Equation (9.12). 



SOLUTION 



Bending stress calculations: Recall that A s is the area between the free surface and the parallel line passing through point A, where shear 
stress is to be found. The area moment of inertia I zz and the first moment Q z of the area A s shown in Figure 9. \2a are 

( l / mm w fil t mm x "" 



(12mm)(60mm) ftoun A 4 „. unn -6, 4 
1 r^ — = 0.216(10 )mm = 0.216(10 ) m 



Q z = (12 mm)(15 mm)(15 mm + 7.5 mm) = 4.050(10 3 ) mm 3 



4.050(10 6 ) m 3 



(El) 
(E2) 



Figure 9.12 Calculation of geometric and internal quantities. 



J 

7.5 mm 
15 mm 


,_ 


- 

* 













60 mm 



12 mm 

(a) 



M 



0[ 



900 N I 



0.4 m 



(b) 



Figure 9.12Z? shows the free-body diagram of the right part of the beam after making the imaginary cut through point A in Figure 9.11. 
The shear force V and the bending moment M z are drawn according to our sign convention. By balancing forces and moment we obtain 

V y = -900 N (E3) 

M z = -(0.4 m)(900 N) = -360 N-m (E4) 

Substituting Equations (El), (E4), and^ = 0.015 m into Equation (6.12), we obtain the bending normal stress, 



M z y = (-360 N-m)(0.015 m) = ^ 



0.216(10 )m 



(10 6 ) N/m 2 



(E5) 



By visualizing the beam deformation, we expect <j xx to be tensile consistent with the calculations above. 
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Substituting Equations (El), (E2), and (E3) and t = 0.012 m into Equation (6.27), we obtain the magnitude of r . Noting that r must 
have the same sign as V r we obtain the sign of z xy (see Section 6.6.6) as given by 



LJ 



(-900 TV) [4.050(10 6 ) m 3 ] 
[0.216(10" 6 )m 4 ](0.012m) 



1.41(10 6 ) N/m 2 or x = -1.41(10 6 ) N/m 2 (E6) 



Bending strain calculations: The shear modulus of elasticity can be found from G = E/2(\ + v). Substituting E = 12.6 GPa and v- 0.3, 
we obtain G = 4.85 GPa. The only two nonzero stress components are given by Equations (E5) and (E6). Using the generalized Hooke's 
law [or Equation (6.29)], we obtain the bending strains, 

= 2s = 25(10 6 ) N/m 2 = L984(10 -3 ) = 19g4 (E7) 

E 12.6(10 ) N/m 

e yy = ~^r = -vs xx = -0.3(1984 p) = -595.2 p (E8) 

= z -1.41(H) 6 ) N/m 2 = _ 02907(10 -3 ) = _ 290? (E9) 

G 4.85(10 ) N/m 
(a) Siraw transformation calculations: From Equation (9.7) we obtain the principal angle, 

tan29 ^ 1984; 2 -?-59 a 5.2p) ^-°- 1124 ^- tM 
Substituting 9 into Equation (9.4) we obtain one of the principal strains, 

E p = (1984 n) cos 2 (-3.21°) + (-595.2 jli) sin 2 (-3.21 °) + (-290.7 n)sin(-3.21°)cos(-3.21°) = 1992 \i (Ell) 

Now s xx + s ' = 1389 //. From Equation (9.9) we obtain the other principal strain as 1389 ju - 1992 ju = -603 //, which is less than the prin- 
cipal strain in Equation (Ell). Thus 1992 ju is principal strain 1, and principal angle 1 is obtained from Equation (E10). The third princi- 
pal strain will be the same as the second principal strain. We report our results as 

ANS. e { = 1992 jli s 2 = -603 jli e 3 = -603 jli 

Check on principal strains: We can check the principal strain values using Equation (9.8), 



ta " 29 , - 1984 f^fski p) ■ - 0J124 = - tan6 - 41 ° or e ^" 3 - 21 ° ( E10 > 



ej 2 = 1984 p + (-595.2 p) ± | l984 p - (-5952 ^ + (-VO^ _ mA ^ ± m7J ^ QT 

Sj = 1992.1 jli s 2 = -603.3 jli— -checks 
Intuitive check orientation of principal axis 1: We visualize a circle in a square. As s xx > s yy the rectangle will become longer in the x 
direction. The circle will become an ellipse with its major axis along the x direction. As the shear strain is negative, the angle will increase. 
The major axis will rotate clockwise, and it will lie either in sector 8 or in sector 4, confirming our result, 
(b) We can find the maximum shear strain from Equation (9.12), as the difference between s x and s 2 (or s 3 ). 

ANS. Ymax = 2595 li 



COMMENT 

1. The example demonstrates the synthesis of the theory of symmetric bending of beams and the theory of strain transformation. A sim- 
ilar synthesis can be elaborated for axial and torsion members. 



9.3 MOHR'S CIRCLE 

As for stress transformation, Mohr's circle is graphical technique for solving problems in strain transformation. We eliminate 
from Equations (9.4) and (9.6) written in terms of double angles, to obtain 



e nn - J ^Y M ) +{f) ={ Ji£ Y^) + {f) (9-13) 

Comparing Equation (9. 13) with the equation of a circle, (x - a) 2 +y 2 = R 2 , we see that Equation (9. 13) it represents a circle with 
a center that has coordinates (a, 0) and radius R, where 



a = 5z±S* R = j^E^\[r^ 2 (9 . 14) 

The circle is called Mohr's circle for strain. Each point on Mohr's circle represents a unique direction passing through the point at 
which the strains are specified. The coordinates of each point on the circle are the strains (s nn , yJ2). These represent the normal 
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strain of a line in the n direction and half the shear strain, which represents the rotation of the line passing through the point at 
which strains e xx , s , and y are specified. 



9.3.1 Construction of Mohr's Circle for Strains 



The construction of Mohr's circle for strain is very similar to that for stress. However, there are two important differences, (i) In 
stress transformation we talked about planes, while here we talk about directions. The directions are the outward normals of the 
planes, (ii) The vertical axis is shear strain divided by 2. All values of shear strain that are plotted on Mohr's circle or calculated from 
Mohr's circle must take into account that the vertical coordinate is shear strain divided by 2. 

The steps in the construction of Mohr's circle for strain are as follows. 
Step 1: Draw a square with a shape deformed due to shear strain y Label the intersection of the vertical plane and the x axis as V 
and the intersection of the horizontal plane and they axis as H, as shown in Figure 9.13. 








(b) 



Figure 9.13 Deformed cube for construction of Mohr's circle. 

Unlike in stress transformation, where V and H represented planes, here V and //refer to directions. The outward normal to 
the vertical plane is the x axis, and V is the label associated with it. Similarly, the outward normal to the horizontal plane is the 
y axis, which is represented by point H. 
Step 2: Write the coordinates of points Fand H, 

H £ xx , r xy /2}) H{ s yr y xy /2}), for y xy > 
The arrow of rotation along side the shear strains corresponds to the rotation of the line on which the point lies, as shown in Figure 
9.13. 

Step 3: Draw the horizontal axis to represent the normal strain, with extensions (E) to the right and contractions (C) to the left, as 
shown in Figure 9.14a. Draw the vertical axis to represent half the shear strain, with clockwise rotation of a line in the upper plane 
and counterclockwise rotation of a line in the lower plane. 

As this step emphasizes, the value of shear strain read from Mohr's circle does not tell us whether shear strain is positive or 
negative. Rather, it shows that the shear strain will cause a line in a given direction to rotate clockwise or counterclockwise. This 
point is further elaborated in Section 9.3.2. 

Step 4: Locate points V and //and join the points by drawing a line. Label the point at which line VH intersects the horizontal axis 
asC. 

Step 5: The horizontal coordinate of point C is the average normal strain. Distance CE can be found from the coordinates of points 
E and C and the radius R calculated using the Pythagorean theorem. With C as the center and CVov CH as the radius, draw Mohr's 
circle. 

y/2 



r~\y/2 




cw 



ccw 
Figure 9.14 Mohr's circle for strains. 

Step 6: Calculate the principal strains by finding the coordinates of points P l and P 2 in Figure 9. 14a. 
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Step 7: Calculate principal angle 6 p from either triangle VCD or triangle ECH. Find the angle between lines CKand CP X if 6 X is dif- 
ferent from 6 p . 

In Figure 9.14a, p and 6 X have the same value, but this may not always be the case, as elaborated in Example 9.6. 6 X is the 
angle measured from the x axis, which is represented by point Fon Mohr's circle, and principal direction 1 is represented by 
point P x . 

Step 8: Check your answer for 6 X intuitively using the visualization technique of Section 9.2.2. 

Step 9: The in-plane maximum shear strain y 12 equals R, the radius of the in-plane circle shown in Figure 9.14a. To find the abso- 
lute maximum shear strain, locate point P 3 at the value of the third principal strain. Then draw two more circles between P x and P 3 
and between P 2 and P 3 , as shown in Figure 9. 146. The maximum shear strain at a point is found from the radius of the largest circle. 

For plane strain P 3 is at the origin, as shown in Figure 9.14b. But for plane stress, the third principal strain must be found 
from Equation (9.10) and located before drawing the remaining two circles. Notice that the radii of the circles yield half the 
value of the maximum shear strain. 

9.3.2 Strains in a Specified Coordinate System 

The strains in a specified coordinate system are found by first locating the coordinate directions on Mohr's circle and then determin- 
ing the coordinates of the point representing the directions. This is achieved as follows. 

Step 10: Draw the Cartesian coordinate system and the specified coordinate system along with a square in each coordinate system, 
representing the undeformed state. Label points V, H, TV, and Tto represent the four directions, as shown in Figure 9.15a. 
Step 11: Points V and H on Mohr's circle are known. Point N on Mohr's circle is located by starting from point Kand rotating by 
26 v in the same direction, as shown in Figure 9.15a. Similarly, starting from point Hon Mohr's circle, point Tis located as shown in 
Figure 9.156. 






(a) 



(b) 






Figure 9.15 Strains in specified coordinate system. 
It should be emphasized that we could start from point H on Mohr's circle and reach point TV by rotating 26 H as shown in 
Figure 9.156. In Figure 9.15a, 6 H + 6 V = 90°' and in Figure 9. 156 we see that 20 H +20 v is 180°' which once more emphasizes that 
each point on Mohr's circle represents a unique direction, and it is immaterial how one reaches it. 
Step 12: Calculate the coordinates of points TV and T. 

This is the reverse of Step 2 in the construction of Mohr's circle and is a problem in geometry. As seen in Figure 9.156, the 
coordinates of points N and Tare 

N(s nn , r „/2}) T( £w y nt /2 }) 

The rotation of the line at point N is clockwise, as it is in the upper plane, whereas the rotation of the line at point Tis coun- 
terclockwise, as it is in the lower plane in Figure 9.156. 
Step 13: Determine the sign of the shear strain. 

To draw the deformed shape we rotate the n coordinate in the direction shown for point N in Step 3. Similarly, we rotate the 
t coordinate in the direction shown for point Tin Step 3, as illustrated in Figure 9.15c. The angle between the n and t directions 
increases, and hence the shear strain y nt is negative. 
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EXAMPLE 9.6 

At a point in plane strain, the strain components are s xx = 200 //, s = 1000 //, and y = -600 ju. Using Mohr's circle, determine (a) the 
principal strains and principal angle 1 ; (b) the maximum shear strain; (c) the strain components in a coordinate system that is rotated 
25° counterclockwise, as shown in Figure 9.16. 



Figure 9.16 




PLAN 

We can follow the steps outlined for the construction of Mohr's circle and for the calculation of the various quantities as outlined in this 
section. 



SOLUTION 

Step 1: The shear strain is negative, and hence the angle between the x and y axes should increase. We draw the deformed shape of a 
square due to shear strain y . We label the intersection of the vertical plane and the x axis as V and the intersection of the horizontal 
plane and they axis as H, as shown in Figure 9.17. 



(a) 




(b) 
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Figure 9.17 (a) Deformed cube, (b) Mohr's circle. 
Step 2: Using Figure 9.17a, we can write the coordinates of points Fand H, 

F(200, 300 }) #(1000, 300^) 

Step 3: We draw the axes for Mohr's circle as shown in Figure 9.17Z?. 

Step 4: Locate points V and H and join the points by drawing a line. 

Step 5: Point C, the center of Mohr's circle, is midway between points A and B — that is, at 600 ju. The distance BC can thus be found as 

400 //, as shown in Figure 9. lib. From the Pythagorean theorem we can find the radius R, 



R = JCB 2 + BH 2 = J400 2 + 300 2 = 500 (E2) 

Step 6: The principal strains are the coordinates of points P 1 and P 2 in Figure 9.17b. By adding the radius CP X to the coordinate of point 
C, we can obtain the principal strains, s 1 = 600 + 500 = 1 100 and s 2 = 600 - 500 = 100. Note that for plane strain the third principal strain 
is zero. 

ANS. 



i i 



1100 JLl 



100 JLl 







Step 7: Using triangle BCHwe can find the principal angle 6 , 



tan2©„ 



BH _ 300 
BC 400 
Principal angle 1 can be found from 6 as shown in Figure 9.18 



20 =36.87° 



(E3) 



6, = 108.4° ccw 



ANS. ©J = 71.6° cw o 

Step 8: Intuitive check: We visualize a circle in a square, as shown in Figure 9. 186. As s yy > s xx the rectangle will become longer in the;/ 
direction than in the x direction, and the circle will become an ellipse with the major axis along the y direction, as shown in Figure 9.18c. 
As y < 0, the angle between the x and y directions will increase. The rectangle will become a rhombus, and the major axis of the ellipse 
will rotate counterclockwise from the y axis, as shown in Figure 9. 1 8 d. Hence we expect principal axis 1 to be either in the third sector or 
in the seventh sector, confirming the result. 
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(b) 



(c) 



Principal A? 




direction 1 






(d)^-J 


/> 


Principal 
y direction 2 




s 


flk ►x 



*<^j/ 2d : = 180 + 2d n = 216.87° 



Figure 9.18 (a) Two values of principal angle 1. (b) Un-deformed shape, (c) Deformation due to normal strains, (d) Additional 

deformation due to shear strain. 
Step 9: The circles between P 1 and P 2 and between P 2 and P 3 will be inscribed in the circle between P 1 and P 3 . Thus the maximum shear 
strain at the point can be determined from the circle between P 1 and P 3 , 



/max 

2 



1100 

2 



ANS. 



1100 \i 



(E4) 



Step 10: We can draw the Cartesian coordinate system and the specified coordinate system with a square representing the undeformed 
state. Label points V, H, N, and T to represent the four directions, as shown in Figure 9.19. 




Figure 9.19 n, t coordinate system in Example 9.6 

Step 11: Starting from point V on Mohr's circle, we rotate by 50° counterclockwise and obtain point N on Mohr's circle in Figure 9.17. 

Similarly, by starting from points and rotating by 50° counterclockwise, we obtain point Ton Mohr's circle in Figure 9.17. 

Step 12: Angle ACN and angle BCT can be found as 50-26? = 13.13°. From triangle ACN in Figure 9.21, the coordinates ofpointiVare 

e nn = 600-500 cos 13.13° = 113.1 y„/2 = 500sinl3.13° = 113.58^ (E5) 

From triangle BCT, the coordinates of point Tare 

e tt = 600 + 500 cos 13.13° = 1086.9 y„/2 = 500sinl3.13° = 113.58} (E6) 

Step 13: In Figure 9.19 line ON rotates in the counterclockwise direction to ON x , as seen in Equation (E5), and line OT rotates in the 
clockwise direction to OT x , as seen in Equation (E6). Angle N x OT x is less than angle NOT, and hence the shear strain in the n, t coordi- 
nate system is positive. 

ANS. s nn =113.1 jLi E tt = 1086.9 jli y nt = 227.2 \i 



COMMENT 

1. Example 9.4 and this example solve the same problem. But unlike with the method of equations used in Example 9.4, this example 
shows that we do not need an equation to solve the problem by Mohr's circle. Once Mohr's circle is constructed, the problem of strain 
transformation becomes a problem of geometry. 
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QUICK TEST 9.1 



Time: 15 minutes/Total: 20 points 



Grade yourself with the answers given in Appendix E. Each question is worth two points. 
In Questions 1 through 3, associate the strain states with the appropriate Mohr's circle given. 




Circle D 



Circle E 



Circle F 



Circle A Circle B Circle C 

!• £ xx = " 60 ° A £„ = 0, and y xy = -600 ju. 

2 - 8 xx = °> s yy = 600 A and y xy = 600 ju. 

3. 6" xx = 300 //, £^ = -300 //, and ^ y = -600 ju. 

In Questions 4 and 5, the Mohr's circles corresponding to the states of strain s xx = -500 //, s yy = 1100//, and ^y = - 
1200 ju are shown. Identify the circle you would use to find the strains in the n, t coordinate system in each question. 

N 





Circle B 



Circle D 




5. T 



In Questions 6 and 7, the Mohr's circles for a state of strain are given. Determine the two possible values of principal 
angle 1 (0 X ) in each question. 





In Questions 8 through 10, the Mohr's circles for points in plane strain are given. Report principal strain 1 and maximum 
shear strain in each question. 



8. 



700 /it 1 




9. 




10. /2300 
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9.4 GENERALIZED HOOKE'S LAW IN PRINCIPAL COORDINATES 

In Section 3.5 it was observed that the generalized Hooke's law is valid for any orthogonal coordinate system. We have seen that the 
principal coordinates for stresses and strains are orthogonal. 

It has been shown mathematically and confirmed experimentally that for isotropic materials the principal directions for 
strains are the same as the principal directions for stresses. In Example 9.9, we will see that the principal directions for stresses 
and strains are different when the material is orthotropic. For isotropic materials, we can write the generalized Hooke's law relat- 
ing principal stresses to principal strains as follows: 

• l 2 ,; (9.14.a) 

(9.14.b) 

(9.14.c) 

Note that there are no equations for shear stresses and shear strains, as both these quantities are zero in the principal coordinate sys- 
tem. Now that we know that, at a point, principal axis 1 for stresses and strains is the same for isotropic material, we can extend our 
intuitive check to stress transformation. This can be done by viewing cr xx , o yr and r xy as analogous to £ xx , e yy , and y in the visualiza- 
tion procedure outlined in Section 9.2.2. 

EXAMPLE 9.7 

The stresses o xx = 4 ksi (T), a = 10 ksi (C), and t = 4 ksi were calculated at a point on a free surface of an isotropic material. Deter- 
mine (a) the orientation of principal axis 1 for stresses, using Mohr's circle for stress; (b) the orientation of principal axis 1 for strains, 
using Mohr's circle for strain. Use the following material constants: E = 7500 ksi, G = 3000 ksi, and v= 0.25. 





E 




<J 2 - 


- l/(cr 3 + 


*i) 




E 




cr 3 - 


- vOi + 


cr 2 ) 



PLAN 

By substituting the stresses and material constants into the generalized Hooke's law in Cartesian coordinates, we can find the strains £ xx , 
s yy , and y xy We can draw Mohr's circle for stress to find principal direction 1 for stress, and we can draw Mohr's circle for strain to find 
principal direction 1 for strain. 



SOLUTION 

As the point is on a free surface, the state of stress is plane stress; hence <r zz = 0. Substituting the stresses and the material constants into 
Equations (3.12a), (3.12b), and (3.1 2d), we obtain 

6 » - T~h> = 7^fc-7l^ ( - 10kSl) - °- 867(1 °" ) = 86? " (E1) 

*» ' if "^ - ^-^fe< 4 kS '> - - 1 ' 46 ^ 10 "> - - 1467 " < E2 > 

*- = G = 3^ = L333(10_3) = 1333 " (E3) 

(a) We draw the stress cube and record the coordinates of planes VmdH, 

F(4,4^) H(-10,ty) (E4) 

We then draw Mohr's circle for stress, as shown in Figure 9.20a. The angle 9 can be found from triangle BCH (or ACV) and is given by 

tan 20^ = ^ or Q p = 14.87° (E5) 

For this example 6 X = 6 p and we obtain the result for the orientation of principal axis 1. 

ANS. ©J = 14.87° ccw 

(b) Since y is positive, the angle between the x and y coordinates decreases, as shown by the deformed shape in Figure 9.20Z?. Noting 
that the vertical coordinate is y/1, we record the coordinates of points VmdH, 

F(867, 666.7^) H(-1467, 666.7^) (E6) 
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4ksi 



<y 


1 10 ksi 










4 ksi 




> 




H 




V 


V 




4 ksi 




H 




— >- X 





Figure 9.20 Mohr's circles in Example 9.7. (a) Stress, (b) Strain. 



^y 



^^ 



ccw 



(a) 



(b) 



We then draw Mohr's circle for strain, as shown in Figure 9.20b. The angle 6 p can be found from triangle BCH (or ACV) and is given by 

666.7 



tan2A 



1167 



6^ = 14.87° 



(E7) 



For this example 6 X = 6 and we obtain the result for the orientation of principal axis 1. 



ANS. 



14.87° ccw 



COMMENTS 



1. The example highlights that for isotropic materials the principal axes for stresses and strains are the same. 

2. The principal stresses can be found from Mohr's circle for stress as 



o\ = -3 ksi + 8.06 ksi = 5.06 ksi 



<r 9 = -3 ksi - 



i.06 ksi = -11.06 ksi 



Noting that <j 3 = because of the plane stress state, we obtain the principal strains from Equations (9.21a) and (9.21b), 



5.06 ksi-0.25(-11.06 ksi) 



1044 (i 



1 7500 ksi 

From Mohr's circle for strain we obtain the same values, 
e { = -300 Li +1344 n = 1044 \i 



(-11.06 ksi) -0.25(5.06 ksi) 
7500 ksi 



-1644 jli 



(E8) 



(E9) 



s 2 = -300 jli-1344 li = -1644 \i 

The preceding highlights that the sequence of using the generalized Hooke's law and Mohr's circle does not affect the calculation of the 

principal strains. 

4. We can conduct an intuitive check on the orientation of principal axis 1 for strain. We visualize a circle in a square, as shown in this 
example (Figure 9.21). Since s xx > s , the rectangle will become longer in the x direction than in the y direction, and the circle will 
become an ellipse with its major axis along the x direction. Since y > 0, the angle between the x and y directions will decrease. The 
rectangle will become a rhombus, and the major axis of the ellipse will rotate counterclockwise from the x axis. Hence we expect 
principal axis 1 to be either in the first sector or in the fifth sector of Figure 9.6. The result given in Equation (E7) puts principal axis 
1 in sector 1, which is one of our intuitive answers. 

V V 

Principal 
direction 1 





Principal 
direction 2 






(b) 






Figure 9.21 Estimating principal directions in Example 9.7 (a) Undeformed shape, (b) Deformation due to normal strains, (c) Addi- 
tional deformation due to shear strain. 
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EXAMPLE 9.8 

For an isotropic materials show that G = EI2{\ + v). 

PLAN 

We can start with a state of pure shear and find principal stresses in terms of shear stress rand principal strains in terms of shear strain y 
Using Equation (9.14.a) we can relate principal strain 1 to the principal stresses and then obtain a relationship between shear stress rand 
shear strain y This relationship will have only E and vin it. Comparing this to the relationship r= Gy we can obtain the relationship 
between E, v, and G. 



SOLUTION 

We start by assuming that all stress components except r xy = r are zero in the Cartesian coordinate system. We draw the stress cube and 
Mohr's circle in Figure 9.22a and find the principal stresses in terms of r, 

cr 2 = -r (El) 



+ r 




V(0, y/2)) 
H(0, y/2)) 



Figure 9.22 Mohr's circles for pure shear in Example 9.8. (a) Stress, (b) Strain. 

We then start with all strains except y = y as zero. Using Mohr's circle in Figure 9.22Z?, we find the principal strains, 

6j = +y/2 s 2 = -y/2 

Noting that <r 3 = 0, we substitute Equations (El), (E2), and (E3) into Equation (9. 14. a) to obtain 



t-v(-t + 0) _ 1 +v 



2 E E 

Comparing Equation (E5) to r= Gy, we obtain G = E/2(\ + v). 



2(1 +v) 



y 



(E2) 
(E3) 



COMMENTS 

1. Principal axes 1 in Mohr's circles for stress and for strain are seen to be at 90° counterclockwise from plane V. This implies that for 
isotropic materials the principal direction for stresses is the same as the principal direction for strains. 

2. The state of pure shear can be produced by applying tensile stress in one direction (0^) and a compressive stress of equal magnitude in 

a perpendicular direction (<r 2 ). Then on a 45° plane a state of pure shear will be seen. 



EXAMPLE 9.9 

The stresses <j xx = 4 ksi (T), <j - 10 ksi (C), and r = 4 ksi were calculated at a point on a free surface of an orthotropic composite mate- 
rial. An orthotropic material has the following stress-strain relationship at a point in plane stress: 



E r 






yy 
E~ 



xy 
E r 



(9.15) 



Determine (a) the orientation of principal axis 1 for stresses using Mohr's circle for stress; (b) the orientation of principal axis 1 for 
strains using Mohr's circle for strain. Use the following values for the material constants: E x = 7500 ksi, E = 2500 ksi, G = 1250 ksi, 
and v =0.3. 



August 2012 



M. Vable 



Mechanics of Materials: Strain Transformation 



9 432 



PLAN 

By substituting the stresses and material constants into Equation (9.15), we can find the strains s xx , s yr and y xy . We can draw Mohr's cir- 
cle for stress to find principal direction 1 for stress, and we can draw Mohr's circle for strain to find principal direction 1 for strain. 



SOLUTION 



From VyJE y = v xy /E x , we obtain 



V* 



:y = (2500ksi)(0.3) = 
' yx E x (7500 ksi) 

Substituting the stresses and the material constants into Equation (9.15), we obtain 



xx yx 



4 ksi 



7500 ksi 2500 ksi 



01 (-10 ksi) = 0.933(10" 3 ) = 933 jli 



<Jyy_ Yxy = (-10 ksJ) 

E v E v Gxx 2500 ksi " (7500 ksi) 



03 -(4 ksi) = -4.160(10 3 ) = -4160// 



y 



= ^xy_ 4 ksi 

Jxy G xv 1250 ksi 

xy 



3.200(10 ) = 3200^ 



(El) 

(E2) 
(E3) 
(E4) 



(a) We draw the stress cube and record the coordinates of points VmdH. We then draw Mohr's circle for stress, as shown in Figure 9.23 a, and 
obtain 

4 



tm2Q p = - or 6^ = 14.87° ccw 



(E5) 



4 ksi 



<y 


110 ksi 








1 ' 


4 KSI 




H 






V 


V 




4 ksi 




H 




► JC 



V(4,4)) AJ 

H(-10,4)) H 



r\~\ T 





V(933, 1600)) 
//(-4160, 1600)) 



2546.5 



(a) (b) 

Figure 9.23 Mohr's circles in Example 9.9. (a) Stress, (b) Strain. 

For this example X = 6 p , and we obtain the result for the orientation of principal axis 1. 

ANS. e T = 14.87° ccw 
(b) Since y is positive, the angle between the x and;; coordinates decreases, as shown by the deformed shape in Figure 9.23Z?. Noting 
that the vertical coordinate is yll, we record the coordinates of points VmdH. We then draw Mohr's circle for strain, as shown in Figure 
9.23b. The angle p can be found from triangle BCH (or ACV): 

1600 

P 



tan26 n 



or 



16.1° ccw 



p 2546.5 
For this example 6 X = , and we obtain the result for the orientation of principal axis 1 



(E6) 



ANS. 



16.1° ccw 
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COMMENTS 

1. The stress state in this example is the same as in Example 9.7. In Example 9.7 we concluded that for isotropic materials the principal 
directions for stresses and strains are the same. Equations (E5) and (E6) show that for orthotropic materials the principal directions 
for stresses and strains are different. 

2. In Example 9.7, if we change the material constants for the isotropic material, then the stress values will be different, but the result for the 
principal angle for stress will not change. If we change the material constants for orthotropic materials, then we not only change the stress 
values but we may also change the principal angle for stress. This is because we may change the degree of orthotropicness — that is, the 
degree of difference in the material constants in the x and;; directions. 

3. The preceding two comments highlight some of the reasons why intuition based on isotropic materials can be misleading when work- 
ing with composite materials. In such cases mathematical rigor can provide answers that once confirmed by experiment, can form a 
new knowledge base for the development of intuitive understanding. 


PROBLEM SET 9.2 

Visualization of principal axis 

In Problems 9.14 through 9.18, the state of strain at a point in plane strain is as given in each problem. Estimate the orientation of the principal 
directions and report your results using the sectors shown in Figure 9. 7. 




Strains 




Problem s rr s m , v 

xx yy i xy 




9 - 14 -400// 600// -500// 

9.15 -600// -800// 500//. 

9.16 800// 600// -1000// 

9.17 o 600//, -500// 

9.18 -1000// -500// 700// 








Method of Equations and Mohr's circle 

9.19 Starting from Equation (9.4), show that maximum or minimum normal strain will exist in 
(9.7). {Hint: See the similar derivation in stress transformation.) 


the direction of p , as given by Equation 


9.20 Show that the values of the maximum and minimum normal strains are given by Equation 
stress transformation.) 


(9.8). {Hint: See the similar derivation in 


9.21 Show that angle 6 p as given by Equation (9.7) is the principal angle, that is, shear strain is zero in a 
Cartesian coordinate system. {Hint: See the similar derivation in stress transformation.) 


coordinate system that is at an angle 6 to the 


9.22 Show that the coordinate system of maximum in-plane shear strain is 45° to the principal coordinate system. {Hint: See the similar deriva- 
tion in stress transformation.) 


9.23 Show that the maximum in-plane shear strain is given by Equation (9.11). {Hint: See the similar derivation in stress transformation.) 


9.24 Starting from Equations (9.4) and (9.6), obtain the expression of Mohr's circle given by Equation (9.13). {Hint: See the similar deriva- 
tion in stress transformation.) 


9.25 Solve Problem 9.5 by the method of equations. 




9.26 Solve Problem 9.5 by Mohr's circle. 




9.27 Solve Problem 9.6 by the method of equations. 




9.28 Solve Problem 9.6 by Mohr's circle. 




9.29 Solve Problem 9.7 by the method of equations. 




9.30 Solve Problem 9.7 by Mohr's circle. 
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In Problems 9.31 through 9.34, at a point in plane strain, the strain components in the x, y coordinate system are as given. Using the associated 
figure, determine (a) the principal strains and principal angle 1; (b) the maximum shear strain; (c) the strain components in the n, t coordi- 
nate system. 



Problem 



9.31 



-400// 



Strains 



600// 



-500// 



Figure P9.31 



no° 



9.32 



9.33 



-600// 



250// 



-800 //, 



850//, 



500// 



1600// 



Figure P9.32 



Figure P9.33 



^0° 



ky 



9.34 



-1800// -3600// -1500// 



Figure P9.34 



In Problems 9.35 through 9.38, at a point in plane strain, the strain components in the n, t coordinate system are as given. Using the associated 
figure, determine (a) the principal strains; (b) the maximum shear strain; (c) the strain components in the x, y coordinate system. 



Problem 




Strains 














£ nn 


£ tt 


Ynt 






9.35 


2000// 


-800// 


750 // 


Figure P9.35 


J 




^t 














y 55° 
















\ f 


i 


9.36 


-2000 ju 


-800// 


-600// 


Figure P9.36 


t\ 


, 


n 


9.37 


350// 


700// 


1400// 


Figure P9.37 




t 


\ 


<y 

-15° 












t^ 






9.38 


-3600 // 


2500// 


-1000// 


Figure P9.38 
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y 
















"V 












n 




\ 


















\t 



August 2012 



M. Vable 



Mechanics of Materials: Strain Transformation 



9 435 



In Problems 9.39 through 9.42, the principal strains £ 1 and £ 2 and the direction of principal direction I 6 \ from the x axis are given. Determine 
strains s xx , s , and y at the point. 





Principal Strains 


Principal Angle 1 


Problem 


£\ 


£ 2 


o l 


9.39 


1200// 


300// 


27.5° 


9.40 


900// 


-600// 


-20° 


9.41 


-200// 


-2000// 


105° 


9.42 


1400// 


-600// 


-75° 



Generalized Hooke's law in principal coordinates 

In Problems 9.43 through 9.45, the stresses in a thin body (plane stress) in the xy plane are as shown on each stress element. The modulus of 
elasticity E and Pois son's ratio v are given in each problem. Using the associated figure, determine (a) the principal strains and principal 
angle 1 at the point; (b) the maximum shear strain at the point. 



Problem 



9.43 



70GPa 



v=0.25 



1 60 MPa 

->* 40 MPa 



Figure P9.43 



30 MPa 



9.44 



70GPa 



v=0.25 



Figure P9.44 



15 MPa 

- 20 MPa 



45 MPa 



9.45 



30,000 ksi 



0.28 



Figure P9.45 



20 ksi 

► 30 ksi 



10 ksi 



In Problems 9.46 through 9.48, the stresses in a thick body (plane strain) in the xy plane are as shown on each stress element. The modulus of 
elasticity E and Pois sons ratio v are given in each problem. Using the associated figure, determine (a) the principal strains and principal 
angle 1 at the point; (b) The maximum shear strain at the point. 



Problem 



9.46 



105 GPa 



v=0.35 



i40 MPa 

- 40 MPa 



Figure P9.46 



20 MPa 
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Problem E 

9.47 70GPa 



v=0.25 



125 MPa 



Figure P9.47 



20MPa 



35MPa 



9.48 



30,000 ksi 0.28 



Figure P9.48 




Orthotropic materials 



In Problems 9.49 through 9.52, the properties of an orthotropic material and the stresses or strain are given at a point on a free surface. Using Equa- 
tion (9.15), determine the principal direction for stresses and strains. 



Problem 



G„ 



Stresses / Strains 



9.49 
9.50 
9.51 
9.52 



7500 ksi 
7500 ksi 
50GPa 
50GPa 



2500 ksi 
2500 ksi 
18GPa 
18GPa 



1250 ksi 

1250 ksi 

9GPa 

9GPa 



0.25 £ xx = -400 ju, £ yy = 600 ju, and y xy = -500 ju 

0.25 o xx = 10 ksi (T), o yy = 1 ksi (C), and T xy = 5 ksi. 

0.25 s xx = 800 ju, £ yy = 200 //, and y xy = 300 ju. 

0.25 g xx = 70 MPa (C), a = 49 MPa (C), and r = -30 MPa 



9.5 STRAIN GAGES 



Strain gages are strain-measuring devices based on the changes in resistance in a wire with changes in its length. Since strain causes 
a length change, the change in resistance can be correlated to the strain in the wire by conducting an experiment. By bonding a wire 
to a stressed part, we can assume that the deformation of the wire is the same as that of the material. Hence, by measuring changes in 
the resistance of a wire, we can get the strains in the material. Strain gages are a sophisticated application of this technique. 

Strain gages are usually manufactured by etching a thin foil of material, as shown in Figure 9.24. The back-and- forth pattern 
increases the sensitivity of the gage by providing a long length of wire in a very small area. Strain gages can be as small in length 

as -$— in., which for many engineering calculations is equivalent to measuring strain at a point. 

Tabs for 

wire 

attachments 

Figure 9.24 Typical strain gage. ^ Gage Length 

used in measurement 
Since we are measuring changes in the length of a wire, a strain gage measures only normal strains directly and not shear strains. In 
this section it will be shown how shear strains are calculated from the measured normal strains. Because of the finite sizes of strain 
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gages, strain gages give an average value of strain at a point. To protect the strain gage from damage, no force is applied on its top. 
Hence strain gages are bonded to a free surface; that is, measurements take place in plane stress. We record the following observa- 
tions: 

1. Strain gages measure only normal strains directly. 

2. Strain gages are bonded to a free surface. That is, the strains are in a state of plane stress and not plane strain. 

3. Strain gages measure average strain at a point 

In plane stress there are three independent strain components e xx , £ , and y . To determine these, we need three observations at a 
point. In other words, we need to find normal strains in three directions. Figure 9.25 shows an assembly of three strain gages called 
a strain rosette. The strain gage readings s a , s b , and e c can be related to e xx , £ , and y by Equation (9.4) as 

E a = 8 JCJC cos\ + 8 j;j; sin 2 e a + y JC>; sine a cose a 



E b = s^cosX + e^sinX + y^sine^cosG^ 



2 2 

s c = s^cos 9 c + s sin 9 c + y sin6 c cos6 c 



(9.16.a) 
(9.16.b) 
(9.16.c) 



The three equations can be solved for the three unknowns e^ s ' and y since a , 6 b , and 6 C are known. 




Figure 9.25 Strain rosette. 

The angles at which strain gages are attached are chosen to reduce the algebra in the calculation of £ xx , s and y . Figure 
9.26 shows two popular choices of angles in a strain rosette. Notice in Figure 9.26b that angle 6 C can be 120° or -60° (or 300° 
or -240°). This emphasizes that Equation (9.4) does not change if 180° is added to or subtracted from angle 6. (See Problem 
9.53.) An alternative explanation is that normal strain is a measure of the deformation of a line and deformation is the relative 
movement of two points on a line. Hence the value does not depend on whether the two points on the line have positive or nega- 
tive coordinates. We can summarize our observation simply: 

• A change in strain gage orientation by ±180° makes no difference in the strain values. 

ky A3 7 



-60° 



Figure 9.26 Strain rosettes, (a) 45°. (b) 60°. 








(b) 



Once strains s xx , s yy , and y are found, then the principal strains can be found. The principal stresses can be found next, if 
needed, from the generalized Hooke's law in principal coordinates. Alternatively, the stresses <r xx , <j yy , and r xj; may be found first 
from the generalized Hooke's law, and then the principal stresses can be found. But it is important to remember that the point 
where strains are being measured is in plane stress, and hence o zz - 0. The strain in the z direction is the third principal strain and 
can be found from Equation (9.10). 
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EXAMPLE 9.10 

Strains s a = 900 //in./in., s b = 200 //in./in., and s c = 700 //in./in. were recorded by the three strain gages shown in Figure 9.27 at a point on 
the free surface of a material that has a modulus of elasticity E = 30,000 ksi and a Poisson ratio v= 0.3. Determine the principal stresses, 
principal angle 1 , and the maximum shear stress at the point. 



Figure 9.27 Strain rosette in Example 9. 10. 




PLAN: METHOD 1 

We note that s a = s xx . We can find strains s and y from the two equations obtained by substituting 6 h = +60° and 6 C = -60° into Equa- 
tion (9.4). We can then find principal strains 1 and 2 and principal angle 1 by using either Mohr's circle or the method of equations. Prin- 
cipal strain 3 can be found from Equation (9.10), and the maximum shear strain from the radius of the biggest circle. Using the 
generalized Hooke's law in principal coordinates we can find the principal stresses. 



SOLUTION 

Strain gages: The strain in the x direction is given by the strain gage a reading. Thus 

e« = 900 n 
Substituting b -+60° and 6 C = -60° into Equation (9.4), we obtain 

200 or 

700 
Solving Equations (E2) and (E3), we obtain 

s yy = 300 )li y xy = -511 A n 

Mohr s circle for strain: We draw the deformed shape as shown in Figure 9.28a and write the coordinates of points V and H as 

F(900, 288.7^) #(300, 288.7^ ) 



£ b = (900)cos 2 60 + s^sin 2 60 + Y x;; sin60cos60 
8 C = (900)cos 2 (-60) + s vv sin 2 (-60) + Y xv sin(-60)cos(-60) 



0.75 s 
or 



,,. ■ 0.433 y xy = -25 
0.758^ - 0.433 y xy = 475 



(El) 

(E2) 
(E3) 

(E4) 
(E5) 



We then draw Mohr's circle for strain shown in Figure 9.28b and calculate the principal strains. From the Pythagorean theorem we can 
find the radius R, 



R = JCB 2 + BV 2 = V300 2 + 288.7 2 = 416.4 



(E6) 




Figure 9.28 Mohr's circle in Example 9.4. 




■H-300-H 






(b) 



The principal strains are the coordinates of points P l and P 2 in Figure 9.28Z?, 



600 + 416.4 = 1016.4 



600-416.4 = 183.6 



(E7) 



As the point is on a free surface, the state is in plane stress. Hence the third principal strain from Equation (9.10) is 
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0.3 
"1-0.3 



(900 + 300) = -514.2// 



Using triangle BCV in Figure 9.28Z?, we can find the principal angle 6 , 



cos20 n 



CB 
CV 



300 

416.4 



From Figure 9.28Z? we see that X = 6 ' and the direction is clockwise: 



26„ 



43.9° 



21.9° cw 



(E8) 



(E9) 



(E10) 



Intuitive check: We visualize a circle in a square, as in Figure 9.29a. Since s xx > s , the rectangle will become longer in the x direction 
than in the jy direction, and the circle will become an ellipse with its major axis along the x direction, as shown in Figure 9.29Z?. Since y 
< 0, the angle between the x and;; directions will increase. The rectangle will become a rhombus, and the major axis of the ellipse will 
rotate clockwise from the x axis, as shown in Figure 9.29c. Hence we expect principal axis 1 to be either in the eighth sector or in the 
fourth sector, confirming the result given in Equation (E10). 



Principal 
direction 1 





(a) 



(b) 



(c) 



Figure 9.29 Estimating principal directions in Example 9.10. (a) Un-deformed shape, (b) Deformation due to normal strains, (c) Addi- 
tional deformation due to shear strain. 

Locating point P 3 , which corresponds to the third principal strain in Figure 9.28Z?, we note that the circle between P 1 and P 3 will be a big- 
ger circle than between P 2 and P 3 , or between P x and P 2 . Thus the maximum shear strain at the point can be determined from the circle 
between P x andP 3 , 

/max _ £ \ ~ g 3 

2 2 



765.3 7max = 1531// 



(Ell) 



Hooke's law: For plane stress <r 3 = 0. From Equations (9. 14. a) and (9.14.b) we obtain 

1016(10" 6 ) or CT!-0.3a 2 = 



30,000 ksi 



M 



184(10 6 ) 



or 



30.48 ksi 



5.52 ksi 



(E12) 



(E13) 



2 30,000 ksi 

Solving Equations (El 2) and (E13), we obtain a x = 35.31 ksi and <r 2 = 16.11 ksi. For isotropic materials the principal direction for 
stresses and strains is the same. 



The shear modulus of elasticity is 



ANS. G! = 35.3 ksi(T) 
E 



16.1 ksi(T) 







e, 



2(l+v) 

The maximum shear stress can be found from Hooke's law as 



11,538 ksi 



21.9 CW 



(E14) 



G lma 



(11,538)(1531)(10 ) = 17.65 ksi 



(E15) 



Check: We can also find the maximum shear stress as half the maximum difference between principal stresses. That is, from Equation 
(8.13), r max = (35.3-0)72 = 17. 65 ksi, confirming Equation (El 5). 



ANS. 



W = 17.65 ksi 



COMMENT 



This example combines three concepts: the use of strain gages to find strain components in Cartesian coordinates, the use of Mohr's cir- 
cle for finding principal strains, and the use of Hooke's law in principal coordinates for finding principal stresses. 



PLAN: METHOD 2 

We can find s xx , s , and y fro m the values of the strains recorded by the strain gages, as we did in Method 1. We can use Hooke's law in 
Cartesian coordinates to find <j xx , o ' and r . Using Mohr's circle for stress (or the method of equations), we can then find the principal 
stresses, principal angle 1, and the maximum shear stress. 
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SOLUTION 



(E16) 



(E17) 



(E18) 



Strain gages: From Equations (El) and (E4), 

s xx = 900 n s yy = 300 li y xy = -577 Ap 

Hooke's law: We note that for plane stress a zz = 0. Using Equations (3.12a) and (3.12b), we can write 

^= |2 = 9 °° (1(r6) ° r ^-0.3^ = 27ksi 

6 - = SoS = 300(1 °" 6) ° r ^-0.3o»-»W 
Solving Equations (E17) and (El 8), we obtain a xx = 32.63 ksi and a = 18.79 ksiFrom Equations (3.12d) and (E14) we obtain the 
shear stress as 

* xy = G Y xy = (H,538)(-577.4)(10" 6 ) = -6.66 ksi (E19) 

Mohr s circle for stress 
We draw the stress cube as shown in Figure 9.30a and record the coordinates of points Fandi^as 

F(32.63, 6.66^) #(18.79, 6.66^) (E20) 

We then draw Mohr's circle for stress as shown in Figure 9.30Z? and calculate the principal stresses. From the Pythagorean theorem we 
can find the radius R, 



R = JCB 2 + BV 2 



V6.92 2 + 6.66 2 = 9.60 



(E21) 

The principal stresses are the coordinates of points P 1 and P 2 in Figure 9.30Z?. As the point is on free surface, the state is in plane stress. 
Hence the third principal stress is zero, 



25.71+9.60 = 35.31 ksi 



25.71-9.60 = 16.11 ksi 







(E22) 



Using triangle BCV in Figure 9.30Z? we can find the principal angle 6 p , From Figure 9.30Z? we see that 6 X - p and the direction is clock- 
wise: 

CB 6.92 



COS26 ^CK 9.6 



26^ = 43.9° 



) x = 6 /? = 21.9°cw 



(E23) 



Figure 9.30 Mohr's circle in Example 9.10. 




6.92 -H 



(a) (b) 

ANS. a x = 35.3 ksi(T) a 2 = 16.1 ksi(T) a 3 = T = 21.9° cw 

The biggest circle will be between P 1 and P 3 . The maximum shear stress is the radius of this circle and can be calculated as 
x max = (35.3 ksi-0)/2 = 17.65 ksi. 



ANS. 



17.65 ksi 



COMMENT 

1. As in Method 1, three concepts are combined, but the sequence in which the problem is solved is different. In Method 1 we used 
Mohr's circle (for strain) first and Hooke's law (in principal coordinates) second. In Method 2 we used Hooke's law (Cartesian coor- 
dinates) first and Mohr's circle (for stress) second. The number of calculations differs only with respect to s 3 , which is not calculated 
in Method 2. 
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EXAMPLE 9.11 

The strain gage at point A recorded a value of s A = -200 ju. Determine the load P that caused the strain for the three cases shown in Fig- 
ure 9.31. In each case the strain gage is 30° clockwise to the longitudinal axis (x axis). Use E = 10,000 ksi, G = 4000 ksi, and v= 0.25. 



h 



0.5 in 



0.5 in 



H^ 



- 20 in -+\+- 20 in — > 
Case 1 
Figure 9.31 Three beams in Example 9.11 



2 in 

fp 

2 in 



L 



0.5 in 



0.5 in 



M-, 



1 



^V 



0.5 in 



0.5 in 



U* 



2 in 
2 in 



- 20 in -4<- 20 in — ► 
Case 2 



2 in 



2 in 



- 20 in -»+«- 20 in — ► 
Case 3 



PLAN 

The axial stress <j xx in case 1, the bending normal stress <j xx in case 2, and the bending shear stress r xy in case 3 can be found in terms of 
P using Equations (4.8), (6.12), and (6.27), respectively. All other stress components are zero. Strains s xx , s , and y can be found in 
terms of P for each case, using the generalized Hooke's law. Substituting the strains and 6 A = -30° into Equation (9.4), the strain in the 
gage can be found in terms of P and equated to the given value of -200 ju to obtain the value of P. 



SOLUTION 

Stress calculations: Recollect that A s is the area between the free surface and point A, where shear stress is to be found. The cross-sec- 
tional area ^4, the area moment of inertia I zz , and the first moment g z of the area^ shown in Figure 932a can be calculated as 

x3 



A = (1)(4) = 4 in 



(1 in.)(4in.r 
12 



5.33 in. Q z = (1 in.)(2 in.)(l in.) = 2 in. 



(El) 



, lin t 


z 

-* — >- 



4 in 



N 



M 



lin 
(a) 
Figure 9.32 Calculation of geometric and internal quantities in Example 9.11 



20 in — -| 
(b) 



Ge 



-20 in — 4 
(c) 



Figure 932b and c shows the free-body diagrams of the axial member and the beam after making the imaginary cut through point A. 
Using force and moment equilibrium equations, we find the internal forces and moment, 



N = -P kips V. = P kips 



M z = 20P in. -kips 



Substituting Equations (El) and (E2) into Equation (4.8), we find the axial stress in case 1, 

= N = -P kips 



-0.25P ksi 



4 in.' 



Substituting Equations (El), (E2), and;; = 2 in into Equation (6.12), we find the bending normal stress in case 2, 



= M 2 y = (20Pin.-kips)(2in.) = _ ? 5p 



ksi 



J zz 5.33 in." 

Substituting Equations (El), (E2), and t = 1 into Equation (6.27), we find the magnitude of t in case 3, 



VyQ, 



I„t 



(P kips)(2 in/) 
(5.33 in. 4 )(l in.) 



0.375P ksi 



Noting that r must have the same sign as V , we obtain the sign of r (see Section 6.6.6), 

x v „ = 0.375P ksi 



(E2) 
(E3) 

(E4) 

(E5) 
(E6) 



Strain calculations: The only two nonzero stress components are given by Equations (E3), (E4), and (E6) for each case. Using the gen- 
eralized Hooke's law [or Equations (4.13) and (6.29)], we obtain the strains for each case. Substituting the strains and 9 A = -30° into 
Equation (9.4) and equating the result to -200// give the value of load P for each case: 
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• Case 1: 



-025P ksi 
10000 ksi 



= -25P// 



E 



-vs xx = 6.25 P /j 



(E7) 



e A = (-25P//) cos 2 (-30°) + (6.25P//) sin 2 (-30°) = -17.19P// = -200// or P = 11.6 kips 



(E8) 
ANS. P = 11.6 kips 



• Case 2: 



-1.5P ksi 
10000 ksi 



-750P// £-, = 



-wr xx = 187.5P// Yxv = 



(E9) 



^ = (-750P//)cos 2 (-30°) + (187.5P//)sin 2 (-30°) = -515.63P// = -200// or P = 0.39 kips 



• Case 3: 



Oyy. U a.,., U 



= ^ = 0.375Pksi = 



'^ G 4000 ksi 
84 = (93.75Pjli) sin(-30°)cos(-30°) = -40.59P \i = -200 n or P = 4.93 kips 



(E10) 
ANS. P = 0.39 kips 

(Ell) 

(E12) 
ANS. P = 4.93 kips 



COMMENTS 

1. This example demonstrates one of the basic principles used in the design of load transducers, also called load cells. Load transducers 
are used for measuring, applying, and controlling forces and moments on a structure. This example showed how one may measure a 
force by using strain gage readings and mechanics of materials formulas. The electrical signal from the strain gage can be processed 
and correlated with the intensity of the force and moment. It can be used to apply and control these quantities. 

2. In this example the strain in the gage was caused by a single force. When there are multiple forces or moments acting on a structure, 
then to correlate strain gage readings to the applied forces and moments we need to supplement the formulas of mechanics and mate- 
rials with the formulas for the Wheatstone bridge. See Section 9.6 for additional details on the Wheatstone bridge. 

3. In Examples 9.5 and 9.10 and in this example we saw the use of the generalized Hooke's law. An alternative is to use formulas that 
are derived from the generalized Hooke's law. This is one important reason for memorizing the generalized Hooke's law. 



PROBLEM SET 9.3 

Strain gages 

9.53 Show that upon substituting 6+ 180° in place of 0, the strain transformation equation, Equation (9.4), is unchanged. 



9.54 At a point on a free surface the strain components in the x, y coordinates are calculated as s xx = 400 //in./in., s w = -200 //in./in., and y = 500 
//rad. Predict the strains that the strain gages shown in Figure P9.54 would record. 



Figure P9.54 




9.55 At a point on a free surface the strains recorded by the three strain gages shown in Figure P9.54 are s a = 200 /in./in., e b - 100 /in./in., 
and e c = -400 /in./in. Determine strains s xx , 8 yr and y . 



9.56 At a point on a free surface of an aluminum machine component (E = 10,000 ksi and G = 4000 ksi) the stress components in the x, y 
coordinates were calculated by the finite- element method as o xx = 22 ksi (T), cr yy = 15 ksi (C), and r xy = -10 ksi. Predict the strains that the 
strain gages shown in Figure P9.56 would show. 
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9.57 At a point on a free surface of aluminum (E = 10,000 ksi and G = 4000 ksi) the strains recorded by the three strain gages shown in Fig- 
ure P9.56 are s a = -600 /in./in., s b = 500 /in./in., and s c = 400 //in./in. Determine stresses o xx , a , and r 



9.58 At a point on a free surface of a machine component (E = 80 GPa and G = 32 GPa) the stress components in the x, y coordinates were 
calculated by the finite-element method as o xx = 50 MPa (T), a yy = 20 MPa (C), and r xy = 96 MPa. Predict the strains that the strain gages 
shown in Figure P9.58 would show. 



Figure P9.58 




25° 



9.59 At a point on a free surface of a machine component {E = 80 GPa and G = 32 GPa) the strains recorded by the three strain gages shown in Fig- 
ure P9.58 are s a = 1000 //m/m, s h = 1500 //m/m, and s c = -450 //m/m. Determine stresses a xx , <j w and r^ 



9.60 On a free surface of steel {E = 210 GPa and v = 0.28) the strains recorded by the three strain gages shown in Figure P9.60 are e a = -800 
//m/m, s b = -300 //m/m, and s c = -700 //m/m. Determine the principal strains, principal angle 1, and the maximum shear strain 



Figure P9.60 




9.61 On a free surface of steel {E = 210 GPa and v= 0.28) the strains recorded by the three strain gages shown in Figure P9.60 are s a = 200 
//m/m, e h = 100 //m/m, and £ c = 0. Determine the principal stresses, principal angle 1, and the maximum shear stress. 



9.62 On a free surface of an aluminum machine component (E = 10,000 ksi and v= 0.25) the strains recorded by the three strain gages 
shown in Figure P9.62 are s a = -100 /in./in., s b = 200 //in./in., and s c = 300 //in./in. Determine the principal strains, principal angle 1, and the 
maximum shear strain. 



Figure P9.62 




9.63 On a free surface of an aluminum machine component (E = 10,000 ksi and v= 0.25) the strains recorded by the three strain gages 
shown in Figure P9.62 are s a = 500 /in./in., s b = 500 /in./in., and s c = 500 /in./in. Determine the principal stresses, principal angle 1, and the 
maximum shear stress. 
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Strain gages on structural elements 

9.64 An aluminum (E = 70 GPa, G = 28 GPa) 50-mm x 50-mm square bar is axially loaded with a force F = 100 kN as shown in shown in Fig- 
ure P9.64. Determine the strain that will be recorded by the strain gage. 



Figure P9.64 



/^~~ 


/ 


/YX? 


~ 







9.65 An aluminum (E = 70 GPa, G = 28 GPa) 50-mm x 50-mm square bar is axially loaded as shown in shown in Figure P9.64. Determine 
applied force F when the gage shows a reading of 200 \i. 



9.66 A circular steel (E = 30,000 ksi, v= 0.3) bar has a diameter of 2 in. and is axially loaded as shown in Figure P9.66. If the applied axial 
force F= 100 kips, determine the strain the gage will show. 



Figure P9.66 




9.67 A circular steel (E = 30,000 ksi, v= 0.3) bar has a diameter of 2 in. and is axially loaded as shown in Figure P9.66. Determine the 
applied axial force F when the strain gage shows a reading of 1000 /in./in. 



9.68 A circular shaft of 2-in diameter has a torque applied to it as shown in Figure P9.68.The shaft material has a modulus of elasticity of 
30,000 ksi and a Poisson's ratio of 0.3. Determine the strain that will be recorded by a strain gage. 
T = 30 in • kips 

T 



Figure P9.68 




9.69 A circular shaft of 50-mm diameter has a torque applied to it as shown in Figure P9.69. The shaft material has a modulus of elasticity E=10 
GPa and a shear modulus G = 28 GPa. If the applied torque T= 500 N-m, determine the strain that the gage will show. 
T 



Figure P9.69 




9.70 A circular shaft of 50-mm diameter has a torque applied to it as shown in Figure P9.69. The shaft material has a modulus of elasticity E = 70 
GPa and a shear modulus G = 28 GPa. If the strain gage shows a reading of -600 //, determine the applied torque T. 



9.71 The steel cylindrical pressure vessel (E = 210 GPa and v = 0.28) shown in Figure P9.71 has a mean diameter of 1000 mm. The wall of the 
cylinder is 10 mm thick and the gas pressure is 200 kPa. Determine the strain recorded by the two strain gages attached on the surface of the cylinder. 



Figure P9.71 




9.72 An aluminum beam (E = 70 GPa and v = 0.25) is loaded by a force P = 10 kN and moment M- 5 kN-m at the free end, as shown in 
Figure P9.72. If the two strain gages shown are at an angle of 25° to the longitudinal axis, determine the strains in the gages. 

A J /10 mm 



10 mm 



r 



Figure P9.72 



-<V 



M 



^^ 



-0.5m + 0.5m 



-1 
30 mm 

LI + 

30 mm 

> 



=a 
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9.73 An aluminum beam (E = 70 GPa and v = 0.25) is loaded by a force P and a moment M at the free end, as shown in Figure P9.72. Two 
strain gages at 30° to the longitudinal axis recorded the following strains: s a = -386 jumlm and e b = 4092 jumlm. Determine the applied force P and 
applied moment M. 



9.74 A steel rod (E = 210 GPa and v= 0.28) of 50-mm diameter is loaded by axial forces P = 100 kN, as shown in Figure P9.74. Determine 
the strain that will be recorded by the strain gage. 



Figure P9.74 




0.75 m 



9.75 The strain gage mounted on the surface of the solid axial steel rod (E = 210 GPa and v= 0.28) illustrated in Figure P9.74 showed a 
strain of -214 jum/m. If the diameter of the shaft is 50 mm, determine the applied axial force P. 



9.76 A steel shaft (E = 210 GPa and v- 0.28) of 50-mm diameter is loaded by a torque T— 10 kN-m, as shown in Figure P9.76. Determine 
the strain that will be recorded by the strain gage. 

T 



zfc 



^T2 0° 



XT* 



Figure P9.76 



0.75 m 



-2m- 



9.77 The strain gage mounted on the surface of the solid steel shaft (£' = 210 GPa and v- 0.28) shown in Figure P9.76 recorded a strain of 
1088 jum/m. If the diameter of the shaft is 75 mm, determine the applied torque T. 



Stretch yourself 

In Problems 9.78 through 9.80, Equations (9. 17. a) and (9.17.b) are transformation equations relating the x, y coordinates to the n, t coordi- 
nates of a point (Figure P9.77). Equations (9.17.c) and (9.17.d) are transformation equations relating displacements u and v in the x and y 
directions to the displacements u n and u t in the n and t directions, respectively. Solve each problem using Equations (9.24a) through (9.24d). 

(9.17.a) 



Figure P9.77 




xcost) +jsmt 



t = -xsinO + 7 cos 6 



u n = wcost) + vsmt 



-wsinO + vcosO 



(9.17.b) 
(9.17.C) 
(9.17.d) 



9.78 Starting with s nn = dujdn and using Equations (9.24a) through (9.24d) and the chain rule for differentiation, derive Equation (9.4). 

9.79 Starting with s u = dujdt and using Equations (9.24a) through (9.24d) and the chain rule for differentiation, derive Equation (9.5). 

9.80 Starting with y nt = dujdn + dujdt and using Equations (9.24a) through (9.24d) and the chain rule for differentiation, derive Equation (9.6). 



9.81 Starting from Equation (9. 15), show that for isotropic materials E x = E and G = E X I2(\ + v). 



Computer problems 

9.82 The displacements u and v in the x and y directions are given by the equations 

u = [0.5(x 2 -/) + 0.5x.y + 0.25x]10" 3 mm v = [0.25(x 2 -/) - xy]l0~ 3 mm 

Assuming plane strain, determine the principal strains, principal angle 1, and the maximum shear strain every 30° on a circle of radius 1 around 
the origin. Use a spreadsheet or write a computer program for the calculation. 
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9.83 On an aluminum beam (E = 70 GPa and v= 0.25) two strain gages were attached to monitor loads P and w, which vary slowly over time (Fig 
ure P9.83). The strain gage readings are given in Table 9.83. Determine the values ofP and w at the times the strains were measured. 

I P TABLE P9.83 Strain values 




30 mm 



30 mm 



Figure P9.83 







3. 


1 


1501 


2368 


2 


1433 


2276 


3 


1385 


2193 


4 


1483 


2336 


5 


1470 


2331 


6 


1380 


2191 


7 


1448 


2282 


8 


1496 


2366 


9 


1398 


2223 


10 


1411 


2228 



QUICK TEST 9.2 



Time: 15 minutes/Total: 20 points 



Grade yourself with the answers given in Appendix E. Each question is worth two points. 
l.The strain gage recorded a strain of 800 ju. What is e for the two cases shown? 



(a) 



!! 



(b) 



In Questions 2 through 4, report the smallest positive and the smallest negative angle that can be substituted in the 
strain transformation equation relating the strain gage reading to strains in Cartesian coordinates. 




ky 



3. 



In Questions 5 through 7, Mohr's circles for strains for points in plane stress are as shown. The modulus of elasticity of 
the material is E = 10,000 ksi and Poisson's ratio is 0.25. What is the maximum shear strain in each question? 





800 /j) 





100 /j} 




In Questions 8 through 10, answer true or false. If false, then give the correct explanation. 

8. In plane strain there are two principal strains, but in plane stress there are three principal strains. 

9. Since strain values change with the coordinate system, the principal strains at a point depend on the coordinate 
system used in finding the strains. 

10. The principal coordinate axis for stresses and strains is always the same, irrespective of the stress-strain rela- 
tionship. 
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MoM in Action: Load Cells 

Load cells are everywhere in our lives, even if we do not call them by their name. A load cell is a device that mea- 
sures, controls, or applies a force or a moment. Bathroom scales, tire pressure gauges, hydraulic presses, and pressure pads 
are all load cells, based on variety of mechanical principles. 

Scales for weighing were the first kind of load cell. They have been in existence at least since Archimedes (Syra- 
cuse, Greece, 287-212 BCE) stated the lever principle. These mechanical load cells can measure weights with high preci- 
sion (Figure 9.33a) over a large range, provided the fulcrum point is a fine knife edge. A pointer, attached at the fulcrum 
point, allows the readings to be calibrated and amplified (Figure 9.33a). In this way measurements can be made from a 
few milligrams in chemistry laboratories to thousands of kilograms on truck scales. In spring scales, it is the extension of 
a spring that is calibrated. However, the familiar pointers from bathroom scales are now being replaced by digital read- 
ings. 

Today most load cells are constructed using strain gages. Trucks that had to come to a stop for weighing by 
mechanical scales now simply drive over scales that have been strain gaged. The popularity of strain gages comes from 
two facts, one in the mechanics of materials and the other electrical: the formulas relating the force or moment on struc- 
tural members to the strains (see Example 9.1 1) are very reliable; and the signal from strain gages can be processed for 
reading, storage, or control. A vast variety of load cells are manufactured ready for use; others are custom build for spe- 
cific applications. Figure 9.33Z? shows a load cells built around axial-member. 





Figure 9.33 Load cells: (a) weighing scale (b) tension/compression (Courtesy Celsum Technologies Ltd.). 

Load cells are used to maintain proper tension in manufacturing rolls of paper or metal sheets. They are also used 
for monitoring tension in the cables and compression in the towers of a suspension bridge. Load cells embedded in 
masonry can detect cracks in structures during construction and operation. Accurate drug dosages can be delivered by cal- 
ibrating the weight of fluid to load cell readings. The field of robotics and assembly-line automation also uses a vast vari- 
ety of load cells, from earthbound applications to the Rovers on the Moon and Mars. 

For all their complexity and variety, from mundane applications to the cutting edge, the heart of a load cell is the 
predictable deformation of a structural member, according to the simple formulas we have studied in this book. Such is the 
breath and importance of mechanics of materials. 
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*9.6 CONCEPT CONNECTOR 

The history of strain gages is interesting in its own right. As we see in Section 9.6.1, however, it also heralds the pitfalls for mod- 
ern universities in maintaining the delicate balance between pure research for knowledge and its potential commercial benefits. 
Section 9.6.2 then looks ahead at how strain gage resistance is measured using a Wheatstone bridge. 

9.6.1 History: Strain Gages 



Two Americans invented the strain gage nearly simultaneously. In 1938 Arthur C. Ruge of the Massachusetts Institute of Tech- 
nology (MIT) wanted to measure low-level strains in an elevated thin-walled water tank during an earthquake. He solved this 
problem by inventing the strain gage. When Ruge sought to register his invention with the MIT patent committee in 1939, the 
committee felt that the invention was unlikely to have significant commercial use and released the invention to him. Around the 
same time, Edward E. Simmons, then a graduate student at the California Institute of Technology, was studying the stress-strain 
characteristics of metals during impact. He invented the strain gage independently, as part of a dynamometer for measuring the 
power of impact. Caltech and Simmons waged a legal battle for the rights to the patent, but Simmons won because, as a student, 
he was not a salaried employee. Ruge and Simmons subsequently resolved their patent claims to each one's satisfaction. 

Today strain gages are the most popular strain-measuring devices. Strain gages are also used in applications involving mea- 
surements or control of forces and moments. Pressure transducers, force transducers, torque transducers, load cells, and dyna- 
mometers are all examples of industrial applications of strain gages, whereas a bathroom scale is an example of a household 
product using strain gages. The popularity of strain gages comes from their cost-effectiveness in measuring strains as small as 
1 //mm/mm to strains as large as 50,000 //mm/mm over a large range of temperatures. 

The sensitivity of a strain gage is called the gage factor, which is the ratio of percentage change in resistance to percent- 
age change in length (strain). Metal foil gages have gage factors of between 2 and 4. Ideally we would like a linear relation- 
ship between changes in resistance to strain — in other words, a constant gage factor over the range of measurements. To keep 
the value as close as possible to a constant, strain gages are constructed with different materials for different applications. The 
most common material is constantan or Advance, an alloy of copper (55%) and nickel (45%). The thermal conductivity of the 
two metals is such that the gage does not undergo significant thermal expansion over a large range of temperatures (-75°C to 
175°C); the gage is thus said to be self-temperature-compensated. Annealed constantan is useful in large strain measurements 
(as high as 20%). For high-temperature applications, an alloy of iron (70%), chromium (20%), and aluminum (10%), called 
Armour D, is used. Strain gages using semiconductors (doped silicon wafers) have gage factors of between 50 to 200 and are 
used for small-strain measurements, but they require extreme care during installation because of the brittle nature of the sili- 
con wafers. 

9.6.2 Wheatstone Bridge Application to Strain Gages 



Early strain gages were built by taking a very thin wire and going back and forth a number of times over a small area. This 
construction technique is based on the observation that the resistance R of a wire is related to its length Z, its cross-sectional area 
A, and the material-specific resistance p by the expression R = pLIA. For a given value of strain, a longer wire results in a larger 
change in L, and hence a larger change in the resistance, which can be measured more easily. At the same time, the small cross- 
sectional area reduces the transverse effect of Poisson's ratio. Winding the long wire in a small region therefore leads to a better 
average strain value. Though the idea of using a long thin conductor in a small region still dictates the design of modern strain 
gages, the manufacturing process has changed. Photo etching, in which material is removed chemically to produce a desired pat- 
tern, has replaced winding a wire. 

By measuring the change in resistance and knowing the gage factor, one can find the strain from a strain gage. The most 
common means of measuring changes in resistance is the Wheatstone bridge circuit, shown in Figure 9.34. The bridge was 
invented by Samuel Hunter Christie in 1833 and made popular by Charles Wheatstone in 1843. 

The voltage V in Figure 9.34 can be related to Fas follows: 

v = v- ' - 4 



{R X +R 2 ){R, + R A ) 
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Figure 9.34 Wheatstone bridge circuit. 

Clearly, if R X R 3 = R 2 R 4 then the voltage V is be zero, and the bridge is said to be balanced. Suppose that one of the resistor is a 
strain gage — say, R x . Before the material is loaded (and strained) the bridge is balanced. When the load is applied, the resistance 
R l changes. By adjusting the values of the other resistances by a known amount, we can again balance the bridge, and from 7^3 
= R 2 R 4 the resistance of R { can again be found. The strain can then be calculated from the change in R v A Wheatstone bridge is 
so important in strain measurements because it is sensitive to very small changes in resistance. And since we need to use only 
one of the resistances to balance the bridge, strains due to different causes can be separated by creative combinations of two or 
more gages. 

9.7 CHAPTER CONNECTOR 

In this chapter we studied the relationship of strains in different coordinate systems, and we found methods to determine the 
maximum normal strains and maximum shear strains. We noted that the principal axes form an orthogonal coordinate system. 
Hence we can determine the principal stresses from the principal strains by using the generalized Hooke's law. These principal 
stresses will be used in Chapter 10 to determine whether a material would fail. 

We also learned about strain gages as a means of measuring strains at a point on a material. In Chapters 4 through 7 we stud- 
ied one-dimensional structural elements and developed theories that let us compute the strains in an x, y, z coordinate system that 
an applied load produces. From these predicted strains, we are able to determine what a strain gage will record at any orientation. 
This same idea, of relating external loads to the reading of a strain gage, can be used in monitoring and controlling the applied 
forces and moments on a structure. 
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POINTS AND FORMULAS TO REMEMBER 



Strain transformation equations relate strains at a point in different coordinate systems: 

S nn = S xx C0S # + S yy SU1 # + Yxy ^ ® COS 9 (9.4) 

y nt = -2s xx sin 9 cos 9+ 2e yy sin# co$9+y xy (cos 9- sin 9) (9.6) 
Directions of the principal coordinates are the axes in which the shear strain is zero. 
Normal strains in principal directions are called principal strains. 
The greatest principal strain is called principal strain 1. 
The angles the principal axis makes with the global coordinate system are called principal angles. 

The angle of principal axis 1 from the x axis is only reported in describing the principal coordinate system in two-dimen- 
sional problems. Counterclockwise rotation from the x axis is defined as positive. 

Principal directions are orthogonal. 

Maximum and minimum normal strains at a point are the principal strains. 

The maximum shear strain in coordinate systems that can be obtained by rotating about one of the three axes (usually the 
z axis) is called in-plane maximum shear strain. 

The maximum shear strain at a point is the absolute maximum shear strain that can be obtained in a coordinate system by 
considering rotation about all three axes. 

Maximum shear strain exists in two coordinate systems that are 45° to the principal coordinate system. 



tan 2 P = 



Yxy 



(9.7) 



&rr ' &vi 



r, 



(9.8) 



s x -s 2 



(9.11) 



where 6 is the angle to either principal plane 1 or 2, s x and s 2 are the principal stresses, y is the in-plane maximum shear 



stress. 



^nn ' &tt 



P + F 



S\ + Go 



(9.9) 



fo, 



£3 



V 1-v 



plane strain 
(s xx + s yy ) plane stress 



(9.10) 



/max 

2 



£ \ ~ £2 s 2~ £3 £3 ~ £\ 



(9.12) 



• Each point on Mohr's circle represents a unique direction passing through the point at which the strains are specified. The 
coordinates of each point on the circle are the strains (s nn , y n J2). 

• The maximum shear strain at a point is the radius of the biggest of the three circles that can be drawn between the three 
principal strains. 

• The principal directions for stresses and strains are the same for isotropic materials. 

• Generalized Hooke's law in principal coordinates: 



e x = ^ V " ( 9 - 14 - a > 



^ = — — V — - ( 9 - 14 - b ) ^ = - — V — - ( 9 - 14 - c ) 



• Strain gages measure only normal strains directly. 

• Strain gages are bonded to a free surface, i.e., the strains are in a state of plane stress and not plane strain. 

• Strain gages measure average strain at a point. 

• The change in strain gage orientation by ±180° makes no difference to the strain values. 
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CHAPTER TEN 

DESIGN AND FAILURE 



Learning objectives 

1. Learn the computation of stresses and strains on a structural member under combined axial, torsion, and bending 
loads. 

2. Develop the design and analysis skills for structures constructed from one-dimensional members. 



In countless engineering applications, the structural members are subjected a combination of loads. The propeller on a boat 
(Figure 10.1a) subjects the shaft to an axial force as it pushes the water backward, but also a torsional load as it turns through 
the water. Gravity subjects the Washington Monument (Figure 10.16) to a distributed axial load, while the wind pressure of a 
storm subjects the monument to bending loads. In still other cases, we have to take into account that a structure is composed 
of more than one member. For example, wind pressure on a highway sign (Figure 10.1c) subjects the base of the sign to both 
bending and torsional loads. This chapter synthesizes and applies the concepts developed in the previous nine chapters to the 
design of structures subjected to combined loading. 




Figure 10.1 Examples of combined loadings. 




10.1 COMBINED LOADING 



We have developed separately the theories for axial members (Section 4.2), for the torsion of circular shafts (Section 5.2), 
and for symmetric bending about the z axis (Section 6.2). All these are linear theories, which means that the superposition 
principle applies. In many problems a structural member is subject simultaneously to axial, torsional, and bending loads. The 
solution to the combined loading problems thus involves a superposition of stresses and strains at a point. 

Equations (10.1), (10.2), (10.3a), and (10.3b), listed here for convenience as Table 10.1 summarizes the stress formulas 
derived in earlier chapters. Equations (10.4a) and (10.4b) extend of the formulas for symmetric bending about the z axis 
[Equations (10.3a), and (10.3b)] to symmetric bending about the y axis as we shall see in Section 10.1.3. 
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TABLE 10.1 Stresses and strains in one-dimensional structural members 

Stresses Strains 



Axial 



Torsion 



Symmetric bending about 



Symmetric bending about 
y axis 



N 






o yy = 


°zz 
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^y = 
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<*« = o 


*yy 
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V = ° 






M z y 
a xx — 






VyQz 
T xs ,^ ( 






° yy - o 


®zz 


= 


Mz 
°xx = -j 

yy 






KQy 

Txs V 






^ = 


®zz 


= 



(10.1) = f£ 

xx p 



s yy E e zz E 

Yxy = J yz = y X2 = 



x„ = 



cr„ = 



-c,„ = 



(10.2) 

T x6 

T X 0- G 

*xx = ° 

Yv, = 

(10.3a) a 

_ XX 

xx p 

d°- 3b ) Txs = 'f 

Jyz = 

(10.4a) = ^EJ 



^ 
£ 



^x, 

£ 



^ 
£ 



^ 
£ 



(10.4b) 



V 



G 




T,„ = 



To understand the principal of superposition for stresses, consider a thin hollow cylinder (Figure 10.2) subjected to com- 
bined axial, torsional, and bending loads. We first draw the stress cubes at four points A,B, C, and D. The stress direction on 
the stress cube can then be determined by inspection or using subscripts (as in Sections 5.2.5, 6.2.5, 6.6.1, and 6.6.3). The 
magnitude of the stress components follows from the formulas in Table 10.1. 

We will use the following notation for the magnitude of the stress components: 

• <r axial — axial normal stress. 



• cr hend . y — normal stress due to bending about y axis. 

• o- bend _ 2 — normal stress due to bending about z axis. 

• r tor — torsional shear stress. 

• T hend _ y — shear stress due to bending about y axis. 

• T hend _ z — shear stress due to bending about z axis. 



(10.5) 




Figure 10.2 Thin hollow cylinder. 

Because the surface of the shaft is a free surface, it is stress free. Hence, irrespective of the loading, no stresses act on this 
surface at the four points A, B, C, and D in Figure 10.2. The free surfaces at points B and D have outward normals in the y 
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direction. Recall that the first subscript in each stress component is the direction of the outward normal to the surface on 
which the stress component acts. Thus r which acts on this surface, has to be zero. Since r xy = t , it follows that T xy aX points 
B and D will be zero irrespective of the loading. Similarly, the free surfaces at points A and C have outward normals in the z 
direction, and hence r zx = 0. Thus, r xz is also zero at these points, irrespective of the loading. 

10.1.1 Combined Axial and Torsional Loading 



Figure 10.3 show the axial and torsional stresses on stress cubes at points A,B, C, and D due to individual loads. When both axial 
and torsional loads are present together, we do not simply add the two stress components. Rather we superpose or add the two stress 
states. 




°"axial 




Figure 10.3 Stresses due to (a) axial loading; (b) torsional loading 

What do we mean by superposing the stress states? To answer the question, consider two stress components <j xx and r xy at 
point C. In axial loading, <j xx = <j ax[al and r xy = 0; in torsional loading <j xx = and r xy = r tor . When we add (or subtract), we add 
(or subtract) the same component in each loading. Hence, the total state of stress at point C is <j xx = <J ax[al + = <r axial and 
t ■ = + r tor = r tor . The state of stress at point C in combined loading (Figure 10.4) is thus very different from the states of 
stress in individual loadings (Figures 10.3a and b). Think how different is the Mohr's circle associated with the state of stress 
at point C in Figure 10.4 with those associated in Figures 10.3a and b. Example 10.1 further elaborates the differences in 
stress states and associated Mohr circle. 



figure 10.4 Stresses in combined axial and torsional loading. 




°"axial 
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10.1.2 Combined Axial, Torsional, and Bending Loads about z Axis 

Figure 10.5a shows the thin hollow cylinder subjected to a load that bends the cylinder about the z axis. Points B and D are on 
the free surface. Hence the bending shear stress is zero at these points. Points A and C are on the neutral axis, and hence the 
bending normal stress is zero at these points. The nonzero stress components can be found from the formulas in Table 10.1, as 
shown on the stress cubes in Figure 10.5a. If we superpose the stress states for bending at the four points shown in Figure 
10.5a and the stress states for the combined axial and torsional loads at the same points shown in Figure 10.4, we obtain the 
stress states shown in Figure 10. 5b. 




Figure 10.5 Stresses due to (a) bending about z axis; (b) Combined axial, torsional, and bending about z axis 

In Figure 10.5a, the bending normal stress at point D is compressive, whereas the axial stress in Figure 10.4 is tensile. 
Thus, the resultant normal stress <j xx is the difference between the two stress values, as shown in Figure 10. 5b. At point B both 
the bending normal stress and the axial stress are tensile, and thus the resultant normal stress <j xx is the sum of the two stress 
values. If the axial normal stress at point D is greater than the bending normal stress, then the total normal stress at point D 
will be in the direction as shown in Figure 10. 5b. If the bending normal stress is greater than the axial stress, then the total nor- 
mal stress will be compressive and would be shown in the opposite direction in Figure 10. 5b. 

At point A the torsional shear stress in Figure 10.4 is downward, whereas the bending shear stress in Figure 10.5a is 
upward. Thus, the resultant shear stress r is the difference between the two stress values, as shown in Figure 10. 5b. At point 
C both the torsional shear stress and the bending shear stress are upward, and thus the resultant shear stress r xy is the sum of 
the two stress values. If the bending shear stress at points is greater than the torsional shear stress, then the total shear stress 
at points will be in the direction of positive z xy> as shown in Figure 10. 5b. If the torsional shear stress is greater than the bend- 
ing shear stress, then the total shear stress will be negative r xy and will be in the opposite direction in Figure 10. 5b. 

10.1.3 Extension to Symmetric Bending about y Axis 



Before we combine the stresses due to bending about the y axis, consider the extension of the formulas derived for symmetric 
bending about the z axis. Assume that the xz plane is also a plane of symmetry, so that the loads lie in the plane of symmetry. 
Equations (10.4a) and (10.4Z?) for bending about the y axis can be obtained by interchanging the subscripts y and z in Equa- 
tions (10.3a) and (10. 3b). The sign conventions for the internal moment My and the shear force V z in Equations (10.4a) and 
(10.4Z?) are then simple extensions of M z and V y as shown in Figure 10.6. 



+M y 



Figure 10.6 Sign convention for internal bending moments and shear force in bending about y axis. 
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Sign Convention: The positive internal moment M y on a free-body diagram must be such that it puts a point in the positive 
z direction into compression. 

Sign Convention: The positive internal shear force V z on a free-body diagram is in the direction of positive shear stress r xz 
on the surface. 

The direction of shear stress in Equation (10.4Z?) can be determined either by using the subscripts or by inspection, as we 
did for symmetric bending about the z axis. To use the subscripts, recall that the s coordinate is defined from the free surface 
(see Section 6.6.1) used in the calculation of Q . The shear flow (or shear stress) due to bending about the jy axis only is drawn 
along the centerline of the cross section. Its direction must satisfy the following rules: 

1. The resultant force in the z direction is in the same direction as V z . 

2. The resultant force in the jy direction is zero. 

3. It is symmetric about the z axis. This requires that shear flow change direction as one crosses the jy axis on the center- 
line. Sometimes this will imply that shear stress is zero at points where the centerline intersects the z axis. 

10.1.4 Combined Axial, Torsional, and Bending Loads about y and z Axes 

Figure 10.7a shows the thin hollow cylinder subjected to a load that bends the cylinder about the jy axis. Points A and C are on 
the free surface, and hence bending shear stress is zero at these points. Points B and D are on the neutral axis, and hence the 
bending normal stress is zero at these points. The nonzero stress components can be found from the formulas in Table 10.1, as 
shown on the stress cubes in Figure 10.7a. If we superpose the stress states for bending at the four points shown in Figure 
10.5a add the stress states for the combined axial and torsional loads at the same points shown in Figure 10. 5b, we obtain the 
stress states shown in Figure 10. lb. 

(a) f (b) V 



°bend-z 




v °"bend-> 




T bend-z ~"~ T tor 
axial ^bend-j 



,°axial + °bend-z 



''"tor ' ''"bend-} 



Figure 10.7 Stresses due to (a) bending about;; axis; (b) combined axial, torsional, and bending about y and z axis. 

Thus the complex stress states shown in Figure 10. lb can be obtained by first calculating the stresses due to individual 
loadings. We then simply superpose the stress states at each point. 

10.1.5 Stress and Strain Transformation 



To obtain strains in combined loading, we can superpose the strains given in Table 10.1. Alternatively, we can superpose the 
stresses, as discussed in the preceding sections and then use the generalized Hooke's law to convert these stresses to strains. 
The second approach is often preferable, because we may need to transform torsional shear stress ^(see Section 5.2.5) and 
bending shear stress r xs (see Section 6.6.6) into the x,y, z coordinate system. (Remember that our stress and strain transforma- 
tion equations were developed in the cartesian coordinates.) In Figure 10. lb, at points A and C the shear stress shown is posi- 
tive r , at point B the shear stress shown is negative t xz , and at point D the shear stress shown is positive r xz . In general, it is 
important to show the stresses on a stress element before proceeding to stress or strain transformation. 



August 2012 



M. Vable Mechanics of Materials: Design and Failure 10 456 



In studying individual loading, we often had prefixes to stresses such as maximum axial normal stress, maximum tor- 
sional shear stress, maximum bending normal stress, maximum bending shear stress, or maximum in-plane shear stress. In 
this chapter, however, we are considering combined loading. Hence the maximum normal stress at a point will refer to the 
principal stress at the point, and the maximum shear stress will refer to the absolute maximum shear stress. This implies that 
allowable normal stress refers to the principal stresses and allowable shear stress refers to the absolute maximum shear 
stress. The allowable tensile normal stress refers to principal stress 1, assuming it is tensile. The allowable compressive nor- 
mal stress refers to principal stress 2, assuming it is compressive. 

10.1.6 Summary of Important Points in Combined Loading 

We can now summarize the points to keep in mind when solving problems involving combined loading. 

1. The problem of stress under combined loading can be simplified by first determining the states of stress due to indi- 
vidual loadings. 

2. The superposition principle applies to stresses at a given point. That is, a stress component resulting from one loading 

can be added to or subtracted from a similar stress component from another loading. Stress components at different 
points cannot be added or subtracted. Neither can stress components that act on different planes or in different direc- 
tions. 

3. The stress formulas in Table 10.1 give the magnitude and the direction for each stress component, but only if the inter- 
nal forces and moments are drawn on the free-body diagrams according to the prescribed sign conventions. If the 
directions of internal forces and moments are instead drawn so as to equilibrate external forces and moments, then the 
directions of the stress components must be determined by inspection. 

4. In a given structure, the structural members may have different orientations. In using subscripts to determine the direc- 
tion and signs of stress components, we therefore establish a local x, y, z coordinate system for each structural member 
such that the x direction is normal to the cross section. That is, the x direction is along the axis of the structural mem- 
ber. 

5. Table 10.1 shows that stresses <j and <j zz are zero for the four cases listed, emphasizing that the theories are for one- 
dimensional structural members. Additional stress components are zero at free surfaces. 

6. The state of stress in combined loading should be shown on a stress cube before applying stress or strain transfor- 
mation. 

7. The strains at a point can be obtained from the superposed stress values using the generalized Hooke's law. Since the 
normal stresses <j yy and <j zz are always zero in our structural members, the nonzero strains s and s zz are due to the 
Poisson effect; that is, s = s zz = -vs xx . 

10.1.7 General Procedure for Combined Loading 

A general procedure for calculating stresses in combined loading is as follows: 

Step 1: Identify the equations in Table 10.1 relevant for the problem, and use the equations as a checklist for the quantities that 

must be calculated. 
Step 2: Calculate the relevant geometric properties {A, I yy , I zz , J) of the cross section containing the points where stresses have to 

be found. 
Step 3: At points where shear stress due to bending is to be found, draw a line perpendicular to the centerline through the point 

and calculate the first moments of the area (Q y , Q z ) between the free surface and the drawn line. Record the s direction 

from the free surface toward the point where the stress is being calculated. 
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Step 4: Make an imaginary cut through the cross section and draw the free-body diagram. If subscripts are to be used in deter- 
mining the directions of the stress components, draw the internal forces and moments according to our sign conven- 
tions. Use equilibrium equations to calculate the internal forces and moments. 

Step 5: Using the equations identified in Step 1, calculate the individual stress components due to each loading. Draw the tor- 
sional shear stress t x0 and the bending shear stress r xs on a stress cube using subscripts or by inspection. By examining 
the shear stresses in the x, y, z coordinate system, obtain r xy and r xz with proper signs. 

Step 6: Superpose the stress components to obtain the total stress components at a point. 

Step 7: Show the calculated stresses on a stress cube. 

Step 8: Interpret the stresses shown on the stress cube in the x, y, z coordinate system before processing these stresses for the 
purpose of stress or strain transformation. 

EXAMPLE 10.1 

A hollow shaft that has an outside diameter of 100 mm, and an inside diameter of 50 mm is loaded as shown in Figure 10.8. For the three 
cases shown, determine the principal stresses and the maximum shear stress at point A. Point A is on the surface of the shaft. 

iy ky u 




kN-m 



800 kN 




kN-m 



800 kN 



Case 1 
Figure 10.8 Hollow cylinder in Example 10.1. 



Case 2 



Case 3 



PLAN 

The axial normal stress in case 1 can be found from Equation 10.1. The torsional shear stress in case 2 can be found from Equation 10.2. The 
state of stress in case 3 is the superposition of the stress states in cases 1 and 2. The calculated stresses at points can be drawn on a stress 
cube. Using Mohr's circle or the method of equations, we can find the principal stresses and the maximum shear stress in each case. 



SOLUTION 

Step 1: Equations (10.1) and (10.2) are used for calculating the axial stress and the torsional shear stress. 
Step 2: The cross-sectional area A and the polar area moment J of a cross section can be found as 



j[(100mm) 2 -(50mm) 2 ] = 5.1 



(10 3 ) mm 2 



J= ^[(100 mm) 4 -(50 mm) 4 ] 



9.20(10°) mm 4 



(El) 



Step 3: This step is not needed as there is no bending. 



Figure 10.9 Free-body diagrams in Example 10.1. 




800 kN 




Case 1 Case 2 

Step 4: We draw the free-body diagrams in Figure 10.9 after making imaginary cuts. The internal axial force and the internal torque are 
drawn according to our sign convention. By equilibrium we obtain 

7V=-800kN T= -18 kN-m (E2) 

Step 5: 
Case 1: The axial stress is uniform across the cross section and can be found from Equation 10.1, 



TV 
A 



5.S 



-800(10') N 

;io _3 )m 2 



-135.8(10°) N/m 2 



-135.8 MPa 



(E3) 



Case 2: The torsional shear stress varies linearly and is maximum on the surface (p= 0.05 m) of the shaft. It can be found from Equa- 
tion 10.2, 
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= Tjp = [-18(l(r)N-m](0.05 m) = 



-97.83(10°) N/ni = -97.83 MPa 



(E4) 



J 9.20(10 )m 

Steps 6, 7: We draw the stress cube and show the stresses calculated in Equations (E3) and (E4). 
Case 1: The axial stress is compressive, as shown Figure 10.10a. 

Case 2: From Equation (E4) we note that r x6 is negative. The # direction in positive counterclockwise with respect to the x axis, as 
shown in Figure 10.10Z?. At point A the outward normal to the surface is in the positive x direction and the positive 6 direction at A is 
downward. Hence a negative r x0 will be upward at points, as shown in Figure 10.10Z?. 




800 kN 




18kN-m 




Free >^ 
surface 


DpT^ 97.83 MPa 


Free ^ 
surface 


\^X135.8 MPa 
97.83 MPa 




Case 2 




Case 3 




(b) 




(c) 



18kN-m 



800 kN 



Figure 10.10 Stresses on stress cubes in Example 10.1. 
Intuitive check: Figure 10.11 shows the hollow shaft with the applied torque on the right end and the reaction torque at the wall on the 
left end. The left part of the shaft would rotate counterclockwise with respect to the right part. Thus the surface of the cube at point A 
would be moving downward. The shear stress would oppose this impending motion by acting upward at point A, as shown in Figure 
10.11, confirming the direction shown in Figure 10.10Z?. 

18kN-m 

± wall f f ~~^-^— — _ 

\ , r! \ ! 

Figure 10.11 Direction of shear stress by inspection. 

Case 3: The state of stress is a superposition of the states of stress shown on the stress cubes for cases 1 and 2 and is illustrated in Fig- 
ure 10.10c. 

Step 8: We can redraw the stress cubes in two dimensions and follow the procedure for constructing Mohr's circle for each case, as shown 
in Figure 10.12. The radius of the Mohr's circle can be found and the principal stresses and maximum shear stress calculated. 




J 


,y 


i 




V{- 135.8,0) 

-<— H(0, 0) 
135.8 




H 

V V 

H 


H 

V V 

H 


1 1 











V(0, 97.83)) 
H(0, 97.83)) 



J 








H 


k 


V V 




H 


— ► X 



V(- 135.8, 97.83)) 
#(0,97.83)) 




Casel 
Figure 10.12 Mohr's circles in Example 10.1. 
• Case 1: R = 67.9 MPa. 



ANS. 



Case 2: R = 97.83 MPa . 




g 2 = 135.8 MPa (C) 




ANS. 



g t = 97.8 MPa (T) a 2 = 97.8 MPa (C) 
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Case 3: R = 7(67.9 MPa) 2 + (97.83 MPa) 2 = 119.1, thus a 12 = -67.9 MPa+ 119.1 MPa 

ANS. a x = 51.2 MPa (T) a 2 = 187 MPa (C) 



119.1 MPa 



COMMENTS 



1. The results for the three cases show that the principal stresses and the maximum shear stress for case 3 cannot be obtained by super- 
position of the principal stresses and the maximum shear stress calculated for cases 1 and 2. Figure 10.12 emphasizes this graphically. 
Mohr's circle of case 3 cannot be obtained by superposing Mohr's circle for cases 1 and 2. The superposition principle is not applica- 
ble to principal stresses because the principal planes for the three cases are different. We cannot add (or subtract) stresses on different 
planes. If we had calculated the stresses for the three cases on the same plane, then we could apply the superposition principle. 

2. Substituting <j xx = -135.8 MPa, r xy = +97.8 MPa, and cr yy = into Equation (8.7), we can find a x and <j 2 for case 3 



(-135.8 MPa) + 



2 "a/V 2 

Noting that <r 3 = 0, we can find r max from Equation (8.13). 



135.8 MPaA + ^ g Mpa)2 = _ 6? g MPa±1191 MPa 



G \- G 2 ^2-^3 a 3 _a l 



2 ' 2 ' 2 
The results of Equations (E5) and (E6) are same as those obtained from the Mohr's circle. 



(E5) 



(E6) 



EXAMPLE 10.2 

A hollow shaft has an outside diameter of 100 mm and an inside diameter of 50 mm, is shown in Figure 10.13. Strain gages are mounted 
on the surface of the shaft at 30° to the axis. For each case determine the applied axial load P and the applied torque T exi if the strain 
gage readings are s a = -500 ju and e b = 400 ju. Use E = 200 GPa, G = 80 GPa, and v= 0.25. 

ky ky 




P(kN) 




r ext (kN-m) 



r ext (kN-m) 



Case 1 
Figure 10.13 Hollow cylinder in Example 10.2. 



Case 2 




PLAN 

The stresses at points in terms of P and T QXt can be found as in Example 10.1. Using the generalized Hooke's law, we can find the strains 
in terms of P and T exV From the strain transformation equation, Equation (9.4), the normal strain in direction of the strain gage can be 
found in terms of P and T ext . The values of P and T ext can be determined from the given strain gage readings. 



SOLUTION 

Step 1: Equations 10.1 and 10.2 will be used for calculating the axial stress and the torsional shear stress. 
Step 2: From Example 10.1, the cross-sectional area A and the polar area moment J of a cross section are 

A = 5.89(10 3 ) mm 2 J= 9.20(10 6 ) mm 4 

Step 3: This step is not needed as there is no bending. 



(El) 




P(kN) 

Figure 10.14 Free-body diagrams in Example 10.2. 

Casel 
Step 4: We make an imaginary cut and draw the free-body diagrams in Figure 10.14. By equilibrium we obtain 




Case 2 



N = -P kN 



T = -T ext kN-m 



(E2) 
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Step 5: 

Case 1: The axial stress is uniform across the cross section and can be found from Equation (10.1), 

-0.17P(10 6 ) N/m 2 



XX A 5.89(10" 3 )m 2 
Case 2: The torsional shear stress on the surface (p = 0.05 m) of the shaft can be found from Equation (10.2), 



Tp [-r ex ,(10 J )N-m] (0.05 m) 6 2 

x re = -f = = -5.435 r ext ( 10 ) N/m 

9.20(10 6 )m 



J 



(E3) 



(E4) 



Steps 6, 7: Figure 10.15 shows the stresses on the stress elements calculated using Equations (E4) and (E5), as in Example 10.1. 




P(kN) 




r ext (kN-m) 



Free- 

surface ^5.4357;, 




r ext (kN-m) 



'P(kN) 



5.4357 ext 

Case 1 Case 2 Case 3 

(a) (b) (c) 

Figure 10.15 Stresses on stress cubes in Example 10.2. 

Step 8: 

Case 1: We note that the only nonzero stress is the axial stress given in Equation (E4). From the generalized Hooke's law we obtain the 

strains, 

e xx = ^ = -°- 17ap n° ) N/m = -0.85P(10" 6 )= -0.85P jlx s vv = -ve xx = -0.25(-0.85P ju) = 0213P jU (E5) 

E 200(10 9 )N/m 



Yxy G 



(E6) 



Case 2: From Figure 10.15 we note that the shear stress z xy - +5.435T ext . The normal stresses are all zero. From the generalized Hooke's 
law we obtain the strains, 







x xv 5.435 T ext (10 6 ) N/m 2 



(10.6) 



80(10') N/m 

Case 3: The state of strain is the superposition of the state of strain for cases 1 and 2, 

e xx = -0.85P n E yy = 0.213P li y xy = 67.94T ext » (E7) 

Load calculations 

Case 1: Substituting 6 a - 150° or -30° and e xx 8^ and y xy , into the strain transformation equation, Equation (9.4), we can find the nor- 
mal strain in terms of P and equated it to the given value of s a - -500 ju. The value of P can be found as 

e a = (-0.85P Li)cos 2 (-30°) + (0.213P ^ s in 2 (-30°) = -500 jli or (-0.638 u. + 0.053 \x)P = -500 \i (E8) 

ANS. P = 855 kN 
Case 2: Substituting 6 h = 30° and e xx 8^ and y xy , into the strain transformation equation, Equation (9.4), we can find the normal strain in 
terms of 7 ext and equate it to the given value of e b = 400 //. The value of T ext can be found as 

E b = (67.94 T ext jli) sin (30°) cos (30°) = 400 jli or 29.42 uT ext = 400 \i (E9) 



Case 3: Substituting 6 a = -30°, 6 b = 30, and Equations (E12), (E13), and (E14) into the strain transformation equation, Equation (9.4), 
and using the given strain values, we obtain 



E a = (-0.85P u.) cos (-30°) + (0.213P \i) sin (-30°)+ (67.94 T ext jli) sin(-30°)cos(-30°) = -500 p, or 



8^ = (-0.85P |ii)cos 2 (30 o ) + (0.213/ 5 \i) sin 2 (30°) + (67.94 T QXt \x) sin(30°)cos(30°) = 400 \x 



(E10) 
(Ell) 
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Equations (E10) and (Ell) can be solved simultaneously to obtain the result. 



ANS. 



85.4 kN 



15.3 kN-m 



COMMENTS 



1. The values of P and T ext for combined loading are different than the values obtained for individual loadings. The next comment 
explains why. 

2. If we had been given P and T ext and were required to predict the strains in the gages, we could have calculated strains along the strain 
gage direction for individual loads and superposed to get the total strain in the gages for combined loading. But as the results in this 
example demonstrate, the strains in the gages (or the total strain) for combined loading cannot be separated into strain due to axial 
load and strain due to torsion. Loads P and T QXt affect both strain gages simultaneously, and these effects cannot be decoupled into 
effects of individual loadings. 

3. In this example and the previous one we solved the problem by separating axial and torsion problems and calculated internal axial 
force and internal torque using separate free-body diagrams. We could have used a single free-body diagram, as shown in Figure 
10.16, to calculate the internal quantities. In subsequent examples we shall construct a single free-body diagram for the calculation of 
the internal quantities, 



TV 



-P kN 



Figure 10.16 Single free-body diagram for combined loading. 




(kN-m) 



P(kN) 



This choice is not only less tedious but may be necessary. A single force may produce axial, torsion, and bending, which cannot be sepa- 
rated on a free-body diagram. 



EXAMPLE 10.3 



A box column is constructed from - -in.-thick sheet metal and subjected to the loads shown in Figure 10.17. (a) Determine the normal 

and shear stresses in the x, y, z coordinate system at points A and B and show the results on stress cubes, (b) A surface crack at point B is 
oriented as shown. Determine the normal and shear stresses on the plane containing the crack. 

1 ci- v 20ki P S 

1.5kips v 



2 kips 



Figure 10.17 Beam and loading in Example 10.3. 




PLAN 

(a) We can follow the procedure in Section 10.1.7. The 20-kips force is an axial force, whereas the 2-kips and 1.5-kips forces produce 
bending about the z and;; axes, respectively. Thus Equations 10.1, (10.3a), (10. 3b), (10.4a), and (10.4Z?) will be used for calculating 
stresses. These formulas can be used as a checklist of the quantities that must be calculated in finding the individual stress components. 
By superposition the total stress at points A and B can be obtained, (b) Using the method of equations or Mohr's circle, the normal and 
shear stresses on the plane containing the crack can be found from the stresses determined at point B. 



SOLUTION 



Step 1: Equations 10.1, (10.3a), (10.36), (10.4a), and (10.46) will be used for calculating the stress components. 
Step 2: The geometric properties of the cross section can be found as 

2 



l yy = ^(4in.)(3in.) 3 - 



^(3.5 in.)(2.5 in.) 3 



(4in.)(3 in.)-(3.5in.)(2.5in.) 

4 T 



3.25 



4.443 in. 



j-(3 in.)(4 in.) 3 --^(2.5 in.)(3.5 in.) 3 = 7.068 in. 4 



(El) 
(E2) 
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Step 3: At points A and B we draw a line perpendicular to the centerline of the cross section. We may then obtain the area ^4 S needed for 
the calculations of Q and Q z at points A and B as shown in Figure 10. 1 8: 

(E3) 
(E4) 
(E5) 



t A = t B = 0.25 in. + 0.25 in. = 0.5 in. 
(Q y ) A = 2 ( L5 in.)(0.25 in.)(0.75 in.) + (3.5 in.)(0.25 in.)(1.5 in.-0.125 in.) = 1.766 in. : 



(QX 







(Q y ) B = (Q Z ) B = (2 in.)(2 in.)(0.25 in.)(l in.) + (2.5 in.)(0.25 in.)(2 in. -0.125 in.) = 2.172 in. 



(a) 



4 in 



.V 



0.75 in 



m. 



^3L 



3.5 in W 



(b) 



-2 in - 



lin 



~® 



1.5 in 



0.125 in - 



0.125 in \z V Free surface 



Figure 10.18 Calculation of Q and Q z at (a) point A; (b) point B in Example 10.3. 



Free surface - 



33 



2.5 in 



_® 



3 in 



Step 4: We can make an imaginary cut through the cross section containing points A and B and draw the free-body diagram shown in 
Figure 10.19. Internal forces and moments are drawn according to our sign convention. From the equilibrium equations, the internal 
forces and moments can be found, 

1.5kipsv 20ki P s 



40 in 



Figure 10.19 Free-body diagram in Example 10.3. 

N = -20 kips V y = -2.0 kips V z = 1.5 kips M y = 60 in. -kips M z 

Step 5: The stress components due to each loading are calculated next. 

Axial stress calculations: The axial stresses at points A and B can be found from Equation (10.1) as 




-80 in. -kips 



\®xx)A,B 



N = (-20 kips) 



-6.154 ksi 



A 3.25 in. 2 
Stresses due to bending about they axis: We note that z A = and z B = 1.5. From Equation (10.4a), we obtain 



( G xx) A 







(Os 



M„z 



B 



xx> A " y^xx'B j 

yy 
From Equation (10.4b) we obtain the shear stress at ^4 and B, 



(60 in.-kips)(1.5 in.) 
4.443 in. 4 



-20.258 ksi 



KQy 

LJ 



(1.5kips)(1.766in/) 



(*xs) A = -TT = - 4 = - L192 k8i ^s) B = ^xy) B = 

! 3 (4.443 in. )(0.5 in.) 

From Figure 10.18a we note that the s direction is in the negative z direction at points. Thus 

^xz) A = -^xs) A = 1-19 ksi 
Stresses due to bending about the z axis: We note that j/^ = 2 andy B = 0. From Equation (10.3a), we obtain 

M z y A _ (-80 in.-kips)(2in.) 



( G xx) A j 4 

hz 7.068 in. 

From Equation (10.3Z?), we obtain the shear stresses at points A and B, 



22.638 ksi (a xx ) B = 



(E6) 

(E7) 

(E8) 

(E9) 
(E10) 
(Ell) 



^xs) A = ° ( T xz) A = ° ( T xs) B 



= VyQz = (-2kips)(2.172in. J ) = 



229 ksi 



1 zz t (7.068 in.")(0.5 in.) 

From Figure 1 0. 1 %b we note that the s direction is in the negative y direction at point B. Thus 

( T *A = -^xs) B = - 1 ' 23 ksi 

Step 6: Superposition 

Normal stress calculations: The normal stress at point A can be obtained by superposing the values in Equations (E7), (E8), and (Ell), 



(E12) 
(E13) 
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(°xx)a 



-6.154 ksi + + 22.638 ksi = 16.484 ksi 



ANS. (a xx ) A 
Similarly, the normal stress at point B can be obtained by superposition of Equations (E7), (E8), and (Ell), 

(a xx ) B = -6.154 ksi -20.258 ksi + = -26.412 ksi 

ANS. (a xx ) B 



(E14) 
16.5 ksi(T) 

(E15) 
26.4 ksi (C) 



Intuitive check on normal stress calculations: The axial stress <r axial due to a 20-kips force will be compressive. Figure 10.20 shows the 
exaggerated deformed shapes due to bending about the;; and z axes. (These deformed shapes can actually be visualized without drawing 
the figures.) From Figure 10.20a it can be seen that the line passing through A will be in tension. That is, the normal stress due to bending 
about the z axis cr bendz will be tensile. From 10.24Z? it can be seen that points is on the neutral (bending) axis. Hence the normal stress due 
to bending about they axis cr bend = 0. Thus the total normal stress at points is (<J XX ) A = o^ end _ z - cr axial . Substituting the magnitude of cr bend _ 



= 22.638 ksi and <r axial = 6.154 ksi, we obtain the result in Equation (E14). 




1.5 kips 



Compression 



Tension 



Neutral axis Neutral axis 

y 




Compression 



(a) (b) 

Figure 10.20 Determination of normal stress components by inspection for bending about (a) z axis; (b)y axis. 

From Figure 10.20Z? it can be seen that the line passing though B will be in compression. That is, the normal stress due to bending about 
they axis <r bend will be compressive. From Figure 10.20a it can be seen that point B is on the neutral (bending) axis; hence cr bens _ z = 0. 
Thus the total normal stress at point B can be written as (<J XX ) B = -c^xiai - ^bend-y Substituting the magnitude of cr bend = 20.258 ksi and 
<r axial = 6.154 ksi, we obtain the result in Equation (El 5). 

Shear stress calculations: The shear stresses at point A can be obtained by superposing the values in Equations (E10) and (El 2). The 
shear stress at point B can be obtained by superposing the values in Equations (E9) and (El 3). 

ANS. (t xz ) a = 1.2 ksi (T xy ) B = -1.2 ksi 

Intuitive check on shear stress calculations: By inspection we deduce that the shear force on the bottom segment containing points A and 
B is in the negative y and positive z direction, as shown in Figure 10.21. We obtain the shear stress distribution (see Section 6.6.1) as 
shown. The direction of shear stress at point A and B are consistent with our results. Points A and B are on free surfaces with outward nor- 
mals in y and z, respectively. Hence, (t ) A = and (t xz ) b = 0. Thus the total shear stresses at^4 and B are (t xz ) a = r bend and (t ) B = -T hend _ z , 
consistent with our answers. 



2 kips 




1.5 kips 



Shear force 
in positive 
y direction 

Resultant 
shear force 
in negative 
y direction 



Shear force 
in negative 
z direction 

Resultant 
shear force 
in positive 
Z direction 




(a) 
Figure 10.21 Direction of shear stress components by inspection for bending about (a) z axis; (b) y axis. 

Step 7: The stresses at points A and B can now be drawn on a stress cube, as shown in Figure 10.22. 



(b) 
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1.5 kips 20 kips 



Figure 10.22 Stress cubes in Example 10.3. 




16.5 

Free 

surface 

±z 

Free 

surface 

Step 8: Figure 10.23 shows the plane containing the crack. From geometry we conclude that the angle that the outward normal makes 
with the x axis is 35°. Substituting 6- 35°, (<J XX ) B = -26 A ksi, (r xy ) B = -1.2 ksi, and (<J y y) B = into Equations (8.1) and (8.2), we obtain 
the normal and shear stresses on the plane containing the crack, 

a nn = (-26.4 ksi) cos 2 35° + 2(-1.2 ksi) sin 35° cos35° = -18.84 ksi (E16) 

T nt = -(-26.4 ksi)cos35° sin35° +(-1.2 ksi)(cos 2 35°- sin 2 35°) = 11.99 ksi (E17) 



Figure 10.23 Angle of normal to plane containing crack. 




ANS. 



18.84 ksi(C) 



11.99 ksi 



COMMENTS 



1. It may seem that the intuitive checks take as much effort as the calculation of the stresses by the procedural approach. But much of the 
description and diagrams here are for purpose of explanation only. Most of the intuitive check is by inspection. In the process you will 
develop an intuitive sense of the stresses under combined loading. 

2. In place of three-dimensional free-body diagram of Figure 10.19, you may prefer drawing two perspectives of the free-body diagram 
shown in Figure 10.24. Figure 10.24a is constructed by looking down the;; axis, whereas Figure \0.24b is the perspective looking 
down the z axis. Equation (E6) can be obtained from equilibrium. 

i20 kips 1 20 kips 

2.0 kips 



40 in 



LpS 1 



y^- 



fM v 



N 



40 in 



-►K 



M 7 



Figure 10.24 Two-dimensional free-body diagrams in Example 10.3. 



Nl 
(a) (b) 

3. In calculating bending stresses by inspection, be sure to use the correct area moment of inertia in the formula for rectangular cross 
sections: / is not the same as I zz . The subscripts emphasize that the moment of inertia to be used is the value about the bending axis. 

4. The stresses on the plane containing the crack are used to assess whether a crack will grow and break the body. 
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EXAMPLE 10.4 

A thin cylinder with an outer diameter of 100 mm and a thickness of 10 mm is loaded as shown in Figure 10.25. At point A, which is on 
the surface of the cylinder, determine the normal and shear stresses in the x, y, z coordinate system. Show your results on a stress cube. 

20 kN 1QkN 



Figure 10.25 Geometry and loading in Example 10.4. 




100 kN 



PLAN 

We can follow the procedure outlined in Section 10.1.7. The 100 kN is an axial force. The 20-kN force will produce bending about the z 
axis. The 10-kN force will produce bending about they axis and will also produce torque. Thus we need all the stress equations listed in 
Table 10.1. We can use these equations as a checklist of the quantities to calculate, and determine the stress at points by superposition. 



SOLUTION 



Step 1: All the stress equations in Table 10.1 will be used. 

Step 2: The geometric properties of the cross section can be found as 



A = 7i[(50mm) 2 -(40mm) 2 ] = 2.827(10 3 ) mm 2 



J = | [(50 mm) 4 -(40 mm) 4 ] = 5.796(10 6 ) mm 4 



(El) 



l yy = /„ = £ = 2.898(10 6 ) mm 4 



(E2) 



Step 3: At points A we draw a line perpendicular to the centerline of the cross section to obtain the area A s needed for the calculations of 
Q and Q z at point A, as shown in Figure 10.26a. 

t A = 20 mm (Q V ) A = 



(a) 




(b) 



10 kN 



4 X 40/377 

"f |4 X 50/377 





Figure 10.26 (a) Calculation of g z .(b) Free-body diagram, (c) Direction of torsional shear stress in Example 10.4. 43.13 MPa 

To find (Q Z ) A , we use the formula 4r/3;r, given in Table C.2, for the location of the centroid for a half-disc of radius r. From Figure 
10.26a, subtracting the first moment of the area of the inner disc of radius 40 mm from the first moment of the outer disc of radius 
50 mm, we obtain 



(Q z )a 



7t(5Q mm) Hf ( 4 mm)(50 mm) ] r 7i(40 mm) ~| |~ (4 mm)(40 mm) 



r 7i(50 mm) 1T( 



371 



r 7i(40 mm) I r( 



371 



40.667(10 3 ) mm 3 



(E4) 



Step 4: We draw the free-body diagram shown in Figure 10.26Z? by making an imaginary cut at x = 0. The internal forces and moments 
are drawn according to our sign convention and can be obtained by equilibrium, 



N = 100 kN V y = -20 kN V z = -10 kN T = -5 kN-m 

Step 5: The stress components due to each loading are calculated next. 
Axial stress calculations: From Equation (10.1) we obtain 



M v 



-12 kN-m 



M v 



-24 kN-m 



( G xx)a 



N 
A 



100(10') N 
2.827(10" 3 )m 2 



35.373(10 6 ) N/m 2 



35.373 MPa 



Torsional shear stress calculations: Noting p A = 50 (10" 3 ) m we obtain from Equation (10.2), 



<Xe)„ = — 



Tp A r — 3 — ~ 3 ^ 



[-5(10 J )N-m][50(10~ J )m] 
5.796(10" 6 )m 4 



-43.133(10 6 ) N/m 2 



(E5) 



(E6) 



(E7) 



The shear stress can be drawn on a stress cube using the subscripts, as shown in Figure 10.26c. The direction of shear stress in the x, y 
coordinate system is 

(x xy ) A = 43.133 MPa (E8) 
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Stresses due to bending about they axis: Noting that z A = 50 x 10" 3 m, we obtain from Equation (10.4a), 



M v z A 



( G xx) A 

From Equation (10.4Z?) we obtain 



lyy 



_ r-12(10')N-mir50(10-')ml = m04(1(r) N/m ^ 
2S-- ■ " J 



1 A" 6 \ 4 

10 ) m 



207.04 MPa 



y^xsJA 







y^xyJA 







Stresses due to bending about the z axis: Noting that j^ = 0, we obtain from Equation (10.3a) 

From Equation (10.3b) we obtain 

V y(Qz) A = [-20(10 3 ) N][40.667(10" 6 ) m 3 
hzh [2.898(10" 6 ) m 4 ][20(10" 3 ) m] 



(E9) 

(E10) 
(Ell) 



(*xs)a 



14.033(10 6 ) N/m 2 



(E12) 
(E13) 



From Figure 10.26a we note that the s direction is in the negative y direction at point A. Thus, 

(^y) A = <*»\ = - 14 - 033 MPa 

Step 6: Superposition 

Normal stress calculations: The normal stress at point A can be obtained by superposing the values in Equations (E6), (E9), and (El 2), 

(o xx ) A = 35.373 MPa + 207.04 MPa + = 242.412 MPa (E14) 

ANS. (g xx ) a = 242.4 MPa (T) 

Intuitive check on normal stress calculations: The axial stress <r axial due to a 100-kN force will be tensile. Figure 10.27 shows the exag- 
gerated deformed shapes due to bending about the y and z axes. From Figure 10.27a, it can be seen that line AB and hence the normal 
stress due to bending about the j; axis <J hend _ y will be tensile at points. Hence the normal stress due to bending about the z axis cr bend _ z = 
at points is on the neutral (bending) axis in Figure 10.27Z?. Thus the total normal stress at points can be written as (cr xx ) A = <r axial + <r bend . 
confirming our results. 



Compression 



Tension 




Figure 10.27 Determination of normal stress components by inspection from bending about (a) y axis; (b) z axis. 
Shear stress calculations: The shear stress at point A can be obtained by superposing the values in Equations (E8), (E10), and (El 3), 

(x xy ) A = 43.133 MPa + 0-14.033 MPa = 29.10 MPa (E15) 

ANS. (T xy ) A = 29.10 MPa 

Intuitive check on shear stress calculations: Figure 10.28 shows the direction of shear stress due to torsion (see Section 5.2.5) and bend- 
ing about y andz axis (see Section 6.6.1). We see that at points the torsional shear stress r tor is upward, the shear stress due to bending about 
the z axis r bend . z is downward, and the shear stress due to bending about y axis r bend is zero. Thus the total shear stress at A can be written as 



(ixyh = r tor " ?bend-z> confirming our results 



20 kN 





Resultant 
shear force 
in negative 
y direction 



Shear force 
in positive 
y direction 



Resultant 
shear force 
in negative 
z direction 



Shear force 
in positive 
z direction 



(a) (b) (c) 

Figure 10.28 Direction of shear stress components by inspection from (a) torsion; (b) bending about z axis; (c) bending about;; axis. 
Step 7: Figure 10.29 shows the result of stresses on a stress cube. 

iy 20 kN 



Free 
surface 



:e c l^29.10MPa 

^ 242.4 MPa 



10 kN 



Figure 10.29 Results on stress cube in Example 10.4 
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COMMENTS 

1. The stresses shown on the stress cube in Figure 10.29 can be processed further if necessary. We could find principal stresses as in 
Example 10.1, stresses on a plane as in Example 10.3, or strains along the direction of a gage as in Example 10.2. 

2. The advantage of the procedure outlined in Section 10.1.7 is that it is methodical. It breaks a complex problem into a sequence of sim- 
ple steps, as shown in this and previous examples. The shortcoming of this procedural approach is that it does not exploit any simpli- 
fication that may be intrinsic to the problem. 

3. Solving a problem by inspection has two distinct advantages: it helps build an intuitive understanding of stress behavior, and it can 
reduce the computational effort significantly. 

4. The possibility of error is higher when solving the problem primarily by inspection because less is worked out on paper. For example, 
internal forces and moments are equal and opposite on the two surfaces created by an imaginary cut. It is easy to confuse one surface 
with another if we try to visualize all in our head, particularly in calculating of shear stress. Rough sketches can help. 

5. You may find it more effective to solve part of the problem by a procedural approach and part by inspection. For example, you could 
solve for normal stresses but not shear stresses by inspection. 



Consolidate your knowledge 

Write a procedure you would use for solving combined loading problems. 



EXAMPLE 10.5 

The cylinder of 800-mm outer diameter shown in Figure 10.30 has a wall thickness of 15 mm. In addition to the axial and torsional 
loads, the cylinder is pressurized to 150 kPa. Determine the normal and shear stresses at point A on the center line of the cross section, 
and show them on a stress element in a cylindrical coordinate system. 



300kN-m 



Figure 10.30 Cylinder and loading in Example 10.5*. 



PLAN 




500 kN 



The stress state at any point is from three sources: axial stress [Equation (10.1)]; torsional shear stress [Equation (10.2)]; and axial and 
hoop stresses due to pressure on the thin cylinder [Equations (4.28) and (4.29)]. 



SOLUTION 

Step 1: Equations (10.1), (10.2), (4.28) and (4.29) will be used to find the stress components. 

Step 2: The outer radius (R ), the inner radius (R t ), the mean radius (R m ), the cross sectional area (A), and polar moment of inertia (J) can 

be found as 

R = 0.4 m R. = 0.385 m R m = 0.3925 m (El) 

A = k(R 2 -R]) = 7i[(0.4 m) 2 -(0.385 m) 2 ] = 36.99(10" 3 ) m 2 (E2) 

J= \(K- RA i) = f[(°- 4 m) 4 -(0.385 m) 4 ] = 5.701(10" 3 ) m 2 (E3) 

Step 3: This step is not needed as there is no bending. 

T A 

Figure 10.31 Free-body diagram in Example 10.5*. ^^^^^V>/500 kN 

Step 4: By equilibrium of free-body diagram in Figure 10.31 we obtain 

N A = 500 kN T A = 300 kN-m (E4) 

Step 5: The stress components due to each loading are calculated next. 
Axial stress calculation: From Equation (10. 1) we obtain 

N± = 500(10 3 )N = 13 6) N/m 2 = U52 Mpa 

A 36.99(10" 3 )m 2 
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Torsional shear stress: Noting p A = 0.3925 m we obtain from Equation (10.2) 



TjPa _ [300(10 3 )N-m](0.3925m) 



J 



5.701(10 3 )m 4 



20.65(10 ) N/m = 20.65 MPa 



(E6) 



1.96 x 10 6 N/m 2 = 1.96 MPa 



Stresses due to pressure of thin-walled cylinders: Noting that the pressure is p = 150 kPa and t = 0.015 m we obtain from Equations 
(4.28) and (4.29) 

= pRjn = [150(10 3 )N/m 2 ](0.3925 m) 
Gxx It 2(0.015 m) 

^ee- — 

Step 6: Superposition 

The normal stress at point A can be obtained by superposing the values in Equations (E5) and (E7), 

g xx = 13.52 MPa + 1.96 MPa = 15.48 MPa 
Figure 10.32 shows the stresses in Equations (E6), (E8), and (E9) on a stress element. 



3.92 MPa 



(E7) 
(E8) 

(E9) 



3.92 MPa 

20.67 MPa 



15.48 MPa 



Figure 10.32 Stress element in Example 10.5* 




COMMENTS 

1. From the stress state in Figure 10.32, we could find principal stresses, or strains in any direction. 

2. We could have used Equation (5.26) in place of Equation (10.2), as the shaft is thin-walled, to obtain the same results 



Tj_ = [300(10') N-m] 

2tA E 2(0.015 m)[7i(0.3925 m) 2 ] 



20.67 MPa 



PROBLEM SET 10.1 



Combined axial and torsion forces 

10.1 Determine the normal and shear stresses in the seam of the shaft passing through point A, as shown in Figure PI 0.1 The seam is at an 
angle of 60° to the axis of a solid shaft of 2-in. diameter 
T= 30 in -kips 



Figure P10.1 




P = 50 kips 



10.2 A 4-in. -diameter solid circular steel shaft is loaded as shown in Figure PI 0.2. Determine the shear stress and the normal stress on a plane 
passing through point E. Point E is on the surface of the shaft. 

120kips_. t . 
L 120 in -kips 

^^J/^\ ^420 in -kips 

200 in -kips 

100 in «kips 



Figure P10.2 




120 kips 
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10.3 A solid shaft of 75-mm diameter is loaded as shown in Figure PI 0.3. The strain gage is 20° to the axis of the shaft and the shaft material 
has a modulus of elasticity E = 250 GPa and a Poisson ratio v= 0.3. If T= 20 kN-m and P = 50 kN, what strain will the strain gage show? 



k 



Figure P10.3 



^5^20° 



10.4 A solid shaft of 75-mm diameter is loaded as shown in Figure PI 0.3. The strain gage is 20° to the axis of the shaft and the shaft material 
has a modulus of elasticity E = 250 GPa and a Poisson ratio v- 0.3. If the strain gage shows a reading of -450 //m/m and T= 10 kN, determine 
the axial load P 



10.5 A solid shaft of 75-mm diameter is loaded as shown in Figure PI 0.3. The strain gage is 20° to the axis of the shaft and the shaft material 
has a modulus of elasticity E = 250 GPa and a Poisson ratio v= 0.3. If the strain gage shows a reading of -300 //m/m and P = 55 kN, deter- 
mine the applied torque T. 



10.6 A solid shaft of 2-in. diameter is loaded as shown in Figure P10.6 The shaft material has a modulus of elasticity E = 30,000 ksi and a 
Poisson ratio v= 0.3. Determine the strains the gages would show if P = 70 kips and T= 50 in. -kips. 




Figure P10.6 



--£^4 



10.7 A solid shaft of 2-in. diameter is loaded as shown in Figure P10.6 The shaft material has a modulus of elasticity E = 30,000 ksi and a 
Poisson ratio v= 0.3. The strain gages mounted on the surface of the shaft recorded the strain values e a = 2078 ju and e b = -1410 ju. Deter- 
mine the axial force P and the torque T. 



10.8 Two solid circular steel (E 5 = 200 GPa, G s = 80 GPa) shafts and a solid circular bronze shaft (E hT = 100 GPa, G br = 40 GPa) are securely 
connected and loaded as shown Figure PI 0.8 Determine the maximum normal and shear stresses in the shaft. 

T= 10 kN-m 

,T 



Figure P10.8 




1C D' 
Bronze 



1 100 mm 



4m- 



10.9 Determine the normal and shear stresses on a plane 35° to the axis of the shaft at point E in Figure PI 0.8. Point E is on the surface of the shaft. 



Combined axial and bending forces 



10.10 A 6-in. x 4-in. rectangular hollow member is constructed from a ^-in.-thick sheet metal and loaded as shown in Figure P10.10. Deter- 
mine the normal and shear stresses at points A and B and show them on the stress cubes for P l = 72 kips, P 2 = 0, and P 3 = 6 kips. 



> ; l 



6 in 



Figure P10.10 




10.11 Determine the principal stresses and the maximum shear stress at points A and B in Figure P10. 10 for P l = 72 kips, P 2 = 3 kips, and P 3 = 0. 



10.12 Determine the strain shown by the strain gages in Figure P10.12 ifP l = 3 kN, P 2 = 40 kN, the modulus of elasticity is 200 GPa, and 
Poisson's ratio is 0.3. The strain gages are parallel to the axis of the beam. 
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Figure P10.12 




30 mm 



30 mm 



H— 0.4 m — +— 0.4 m -^ 



5 mm 
5 mm 



10.13 The strain gages shown in Figure PI 0.1 2 recorded the strain values e a = 1000 // and s b = -750 //. Determine loads P l and P 2 . The mod- 
ulus of elasticity is 200 GPa and Poisson's ratio is 0.3. 



10.14 Determine the strain shown by the strain gages in Figure P10.14 if P l = 3 kN, P 2 = 40 kN, the modulus of elasticity is 200 GPa, and 
Poisson's ratio is 0.3. 

PA 



Figure P10.14 



-«— 0.4 m >|< 0.4 m —>\j\ 



30 mm 



5 mm 



30 mm 



5 mm 



10.15 The strain gages shown in Figure P10. 14 recorded the strain values s a = 133 // and s b = 159 ju. Determine loads P 1 and P 2 . The modulus 
of elasticity is 200 GPa and Poisson's ratio is 0.3. 



10.16 Determine the strain recorded by the gages at points A and B in Figure P10. 16. Both gages are at 30° to the axis of the beam. The mod- 
ulus of elasticity E = 30,000 ksi and v= 0.3. 



y 



30° P y = 2 kips I 

B d i p 



is: 



4 in ^^0 ( 



P z = 3 kips/^ 



Figure P10.16 



z V 



V 



-24in- 



40 kips 



2 in 



Combined axial, torsion, and bending forces 

10.17 A thin cylinder with an outer diameter of 1 00 mm and a thickness of 1 mm is loaded as shown in Figure P 1 0. 1 7. Points A and B are on 
the surface of the shaft. Determine the normal and shear stresses at points A and B in the x, y, z coordinate system and show your results on 
stress cubes. 



2kN-m 



Figure P10.17 




100 kN 



P=12kN |P v =15kN 



10.18 Determine the principal stresses and the maximum shear stress at point B on the shaft shown in Figure P10. 17. 
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In problems 10.19 through 10.27, a pipe has outer diameter 120 mm and a thickness of 10 mm. All forces except the one given are zero, (a) 
Using the notation in Equation 10.5, determine by inspection the total normal and shear stresses at points A and B which are on the surface of 
the pipe, (b) Calculate the stresses and show on the stress cube. 



Problem 



10.19 
10.20 
10.21 



10.22 
10.23 
10.24 



Loads 

> = 9 kN 



Use 



Figure PI 0.1 9 

a =1.2 m, b =1.5m 
P y =\2kN Figure P10.19 

a =1.2 m, b =1.5m 
P z =15kN Figure P10.19 

a =1.2 m, b =1.5m 



P =9kN Figure PI 0.22 

a = 0.64 m, b = 0.5 m, c =0.3 m 
P y =lim Figure P10.22 

a = 0.64 m, b = 0.5 m, c =0.3 m 
P z =15kN Figure PI 0.22 

a = 0.64 m, b = 0.5 m, c =0.3 m 



10.25 


P x =9kN 


Figure PI 0.25 

a = 0.5m,b = 0.8m, c =0.7 m 


10.26 


P =12kN 
y 


Figure PI 0.25 

a = 0.5 m, b = 0.8 m, c =0.7 m 


10.27 


P z =15kN 


Figure PI 0.25 

a = 0.5m,b = 0.8m, c =0.7 m 



Figure P10.19 



Figure P10.22 



Figure P10.25 




In problems 10.28 through 10.30, a pipe has outer diameter 120 mm and a thickness of 10 mm. All forces except the one given are zero. Deter- 
mine the maximum normal and shear stress at points A and B. 



Problem 



10.28 
10.29 
10.30 



Loads 



Use 



P = lOkN Figure PI 0.28 

a = 0.7 m, b = 0.9 m, c =0.7 m 

P^lSkN Figure PI 0.28 

a = 0.7m,b = 0.9m, c =0.7 m 
P z = 20kN Figure PI 0.28 

a = 0.7 m, b = 0.9 m, c =0.7 m 



Figure P10.28 




I 0.5 m | 

|<F— 1>| 



\*F 



•x — - B 



T rT = T 



K a \>\<3 b 



i 



10.31 A pipe with an outside diameter of 2.0 in. and a wall thickness of ^ in. is loaded as shown in Figure PI 0.3 1. Determine the normal and 
shear stresses at points A and B in the x, y, z coordinate system and show them on a stress cube. Points A and B are on the surface of the pipe. 
Use a =48 in. and b = 60 in. 




P = 2001b 



Figure P10.31 



10.32 Determine the maximum normal stress and the maximum shear stress at point B on the pipe shown in Figure PI 0.3 1. 
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10.33 A pipe with an outside diameter of 40 mm and a wall thickness of 10 mm is loaded as shown in Figure PI 0.3 3. Determine the normal 
and shear stresses at points A and B in the x, y, z coordinate system and show them on a stress cube. Points A and B are on the surface of the 
pipe. Use a = 0.25 m, b = 0.4 m, and c = 0. 1 m. 



Figure P10.33 




10.34 Determine the maximum normal stress and the maximum shear stress at point B on the pipe shown in Figure PI 0.3 3. 



10.35 A bent pipe of 2-in. outside diameter and a wall thickness of - in. is loaded as shown in Figure PI 0.3 5. If a = 16 in., b = 16 in.,and 

c = 10 in., determine the stress components at point A, which is on the surface of the shaft. Show your answer on a stress cube. 

,P„=2001b 

P = 1000 lb 



Figure P10.35 




10.36 Determine the normal and shear stresses on a seam through point A that is 22° to the axis of the pipe shown in Figure PI 0.3 5. 



10.37 The hollow steel shaft shown in Figure P10.37 has an outside diameter of 4 in. and an inside diameter of 3 in. Two pulleys of 24-in. 
diameter carry belts that have the given tensions. The shaft is supported at the walls using flexible bearings, permitting rotation in all directions. 
Determine the maximum normal and shear stresses in the shaft. 

14001b 112001b 
12001b! [ 400 lb i 



c 



Figure P10.37 



^3ftH^4.5ft- 



-3ftH 



10.38 A thin hollow cylinder with an outer diameter of 120 mm and a wall thickness of 15 mm is loaded as shown in Figure PI 0.3 8. In x, y, z 
coordinate system, determine the normal and shear stresses at points A and B on the surface of the cylinder and show your results on stress cubes. 



20 kN 



Figure P10.38 




10.39 A 6 in. x 1 in. rectangular structural member is loaded as shown in Figure P10.39. Determine the maximum normal and shear stress in 
the member. 

1001b | I 1501b 

2 kips 4 kips! 



Figure P10.39 




C\\ D £6 in. 



2 kips 4 kips 
60 in H- 

2501b 



20 in 
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10.40 A thin cylinder is subjected to a uniform pressure of 300 psi and torques as shown in Figure PI 0.40. The cylinder has a outer radius of 
10 in. and a wall thickness of 0.25 in. Determine the normal and shear stresses at points and show them on a stress element in cartesian coor- 
dinates. 

50 in «kips 

300 in «kips 

100 in 'kips 



Figure P10.40 




10.2 ANALYSIS AND DESIGN OF STRUCTURES 

Most real structures are composed of many members joined together. Analyzing or designing these structures requires that we 
create a mathematical model to approximate the actual structure. Many decisions go into the creation of a model, including 
the proper modeling of joints and supports. Approximating joints by pins simplifies the analysis significantly, because pin 
joints do not transmit moments. In other words, we are neglecting the joints' intrinsic moment-carrying ability. Thus the 
model will predict higher internal forces, moments, and hence stresses than actually exist. This makes the pin joint approxi- 
mation a conservative assumption. 

Analyzing complex mathematical models requires numerical solutions. Here we shall consider simple structures made up 
of only a few members. Some members of the structure may be subjected to one type of combined loading, whereas other 
members may be subjected to another combination of loading. 

There are two major steps in the solution of problems related to the analysis and design of structures: 

1. Analysis of internal forces and moments that act on individual members. 

2. Computation of stresses on members under combined loading. 

For statically determinate structures, the internal forces and moments can be found using the principles of statics, as shown in 
Example 10.6. For statically indeterminate structures, we will also need the deformation equations developed earlier to com- 
plement the analysis skills learned in statics as we will see in Example 10.7. 

10.2.1 Failure Envelope 



In design, unlike analysis, the variable can assume a multitude of values. Each set of values corresponds to a different design. 
Which set of values gives the best design? The word best, of course, implies an objective. In engineering the objective is gen- 
erally to minimize weight or cost. Algorithms that minimize an objective function (such as weight) subject to constraints 
(such as limits on stresses and displacements) are called optimization methods. Although optimization methods are beyond the 
scope of this book, we can develop an appreciation of the methods using the concept of failure envelope. A failure envelope 
separates the acceptable design space from the unacceptable values of the variables affecting design. More rigorous optimiza- 
tion algorithms would search the design space systematically, to minimize (or maximize) the objective function. 

Consider a circular shaft that is subjected to axial loads and torsion, as shown in Figure 10.33a. Suppose the design limi- 
tation is that the maximum shear stress should not exceed 15 ksi. Further suppose that calculations show that the maximum 

shear stress at point A on the surface of the shaft is given by r max = 0.3183 JP + AT ksi. Now r max should be less than or 

equal to 15 ksi, which gives us the following result: P 2 + AT 2 < 2220. We can now make a plot of T versus P, as shown in Fig- 
ure 10.336. 

The shaded area consists of all possible values of T and P for which the maximum shear stress will be less than 15 ksi and 
hence represents our acceptable design space. The region beyond the shaded area represents values of T and P for which the 
shear stress is greater than 15 ksi and hence represents the failure space. On the curve P 2 + AT 2 - 2220 all values of P and T 



August 2012 



M. Vable 



Mechanics of Materials: Design and Failure 



10 474 



would result in a maximum shear stress of 15 ksi, and we are at incipient failure. This curve represents the failure envelope, 
which separates the design space from the failure space. 

We can generalize this approach to a design problem containing n variables, which could be geometric variables, material 
constants, or loads, as in Figure 10.33. We may need to find the values of the variables to meet several design constraints. If 
one took each design variable and plotted it on an axis, then one would obtain a ^-dimensional space containing all possible 
combinations of the n variables. Some of these combinations of the variables would result in failure. A failure envelope sepa- 
rates the space of acceptable values of these variables from the unacceptable values. On the failure envelope the values of the 
design variables correspond to impending failure. The sum total of all the design constraints defines the failure envelope. We 
shall also use the concept of failure envelope in Section 10.3 to describe failure theories in which the variables are principal 
stresses that are plotted on an axis. 

Within the failure envelope we can compare different designs with respect to other criteria, such as cost, weight, and aes- 
thetics. Example 10.8 elaborates the construction and use of the failure envelope. 
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Figure 10.33 Failure envelope. 
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EXAMPLE 10.6 

A hoist is to be designed for lifting a maximum weight W - 300 lb. Space considerations have established the length dimensions shown 
in Figure 10.34. The hoist will be constructed using lumber and assembled using steel bolts. The dimensions of the lumber cross sec- 
tions are listed in Table 10.2. The bolted joints will be modeled as pins in single shear. Same-size bolts will be used in all joints. The 
allowable normal stress in the wood is 1.2 ksi and the allowable shear stress in the bolts is 6 ksi. Design the lightest hoist by choosing 

the lumber from Table 10.2 and the bolt size to the nearest --in. diameter. 



TABLE 10.2 Dimensions of lumber 3 
Cross-Section Dimensions Cross-Section Dimensions 



2 in. x 4 in. 
2 in. x 6 in. 
2 in. x 8 in. 
4 in. x 4 in. 
4 in. x 6 in. 



4 in. x 8 in. 
6 in. x 6 in. 
6 in. x 8 in. 
8 in. x 8 in. 



The dimensions for finished lumber are slightly smaller and must be properly 
accounted in actual design. 



Figure 10.34 Hoist in Example 10.6. 




PLAN 

We analyze the problem in two steps. First we find the forces and moments on individual members, and then we find the stresses. 

1. BD is a two-force axial member that will be in compression. Members ABC and CDE are multiforce members subjected to axial and 
bending loads. Free-body diagrams of members ABC and CDE will permit calculation of the forces at pin C, the axial force in BD — 
forces on pins B and D are thus known, as well as the reaction forces and the reaction moment at A. 

2. We compute the maximum stresses from the forces calculated in step 1 and, using the limiting values on the maximum stresses, com- 
pute the dimensions of the pin and the wooden members. From the possible set of dimensions that satisfy the limiting criteria we 
choose those that will result in the lightest structure. 
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SOLUTION 

Calculation of forces and moments on structural members: Figure 10.35 shows the free-body diagrams of members CDE and ABC. 
Using the moment equilibrium at point C in Figure 10.35a, we obtain 

(N BD sin45°)(3 ft) -(300 lbs)(5.5 ft) -(300 lbs)(6.5 ft) = or N BD = 1697 lbs (El) 



-3ft- 



-3ft- 



/ 300 lb T 



3 ft 



3 ft 



(a) 



3001b 



6001 



1M 



IK 



(b) 



1200 

*~x -< 

600 

= -V y Qb) 

600 
M. (ft-lb) 



N Rn cos 45 = 1200 



— ►D 



3 ft 



-3 ft- 



N Rn sin 45 = 1200 



1800' 
(C) 



600 
600 






1200 



B 1200 
I 1200 



1200 



H>3600 
600 1 



= -V y M z 3600 
(lb) (ft-lb) 

(d) 



Figure 10.35 (a, b) Free-body diagram of member CDE and ABC. (c, d) Shear and moment diagrams of members CDE and ABC. 
By equilibrium offerees in Figure 10.35a, we obtain 



C X -N BD cos 45 c 







c, 



C 2 - 600 lbs = 



= 1200 lbs 
C 2 = 600 lbs 



(E2) 
(E3) 



By equilibrium of forces and moment about point A in Figure 10.35Z?, we obtain 

-A x = or A 

Ra - 







(E4) 
(E5) 
(E6) 



or R A = 600 lbs 

M A -C l (6 ft) + (N BD cos 45°)(3 ft) = or M A = 3600 ft-lb 

Bolt size calculations: The shear force acting on each bolt can be found from the forces calculated, 

v b = V D = N BD = 1697 lbs V c = Jc] + c\ = 1342 lbs V E = 600 lbs (E7) 

The maximum shear stress will be in bolts B and D. This maximum shear stress should be less than 6 ksi. The cross-sectional area can be 
found and the diameter of the bolt calculated, 

or d> 0.60 in. (E8) 



1697 lbs . ™w. „,. 2 
< 6000 lbs/ in. 



nd 2 /4 



The nearest - -in. size that is greater than the numerical value in Equation (E8) is d = 0.625 in. 



ANS. 



l-in.-size bolts should be used. 



Lumber selection: The normal axial stress in member BD has to be less than 1200 psi. The cross-sectional area for member BD can be 
found as 



N R 



1697 lbs . 1onr . „ ,. 2 
— ■ < 1200 lbs/ in. 



(E9) 



The 2-in. x 4-in. lumber has a cross-sectional area of 8 in. 2 , which is the smallest cross section that meets the restriction of Equation 
(E9). 

ANS. For member BD use lumber with the cross-section dimensions of 2 in. x 4 in. 
Shear force and bending moment diagrams for members ABC and CDE can be drawn after resolving the force NBD into components 
parallel and perpendicular to the axis, as shown in Figure 10.35c, d. A local x,y, z coordinate system for each member is established to 
facilitate drawing the shear and moment diagrams. 

From Figure 10.35c it can be seen that the maximum axial force is 1200 lbs tensile in segment CD. The bending moment is maximum on 
the cross section at D in member CDE. Due to bending, the top surface will be in tension and the bottom will be in compression. Thus 
the maximum normal stress in CDE will be at the top surface just before D and will be the sum of tensile stresses due to axial and bend- 
ing loads. Using an axial force of 1200 lbs and a bending moment of 1800 ft -lbs = 21,600 in. -lbs, the maximum normal stress in CDE 
can be written as 



1200 lbs | 21,600 in. -lbs 

A CDE $CDE 



(E10) 
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where A CDE and S CDE are the cross-sectional area and the section modulus (with respect to the z axis) of member CDE. 

From Figure 10.35J it can be seen that the axial force mAB is 600 lbs compressive and the axial force in BC is 600 lbs tensile. The 
bending moment is a maximum of 1800 ft- lbs = 43,200 in. • lbs throughout segment AB. Owing to bending, the right side of member 
ABC will be in compression and the left side will be in tension. Thus the maximum normal stress in member ABC will be on the right 
surface, just before B in segment AB, and will be the sum of compressive stresses due to axial and bending loads. With an axial force of 
600 lbs and a bending moment of 3600 ft • lbs = 43,200 in. -lbs, the maximum compressive normal stress in ABC can be written as 



600 lbs | 43,200 in. -lbs 



(Ell) 



^ABC °ABC 

where A ABC and S ABC are the cross-sectional area and the section modulus (with respect to the z axis) of member ABC. 

For the available lumber given in Table 10.2, the cross-sectional area A and the section modulus S can be determined assuming that 
the smaller dimension a is parallel to the z axis (bending axis or dimension out of the plane of the paper) and the larger dimension 
b is in the plane of the paper. With this stipulation I zz = ab 3 /\2 and^ max = bll. Hence S = IJy max = ab 2 /6 (see the local coordinates in Fig- 
ure 10.35c, d). Substituting the values of A and S into Equations (E10) and (Ell), we find the stress values a CD and <j ab . Table 10.2 can 
be created using a spreadsheet. Cross-section dimensions for which the normal stress is less than 1200 psi meet the strength limitation 
and are identified in bold in Table 10.2. But for the design of the lightest hoist we choose the cross section with the smallest area among 
the bold values. 

ANS. For member ABC, use lumber with the cross-section dimensions of 4 in. x 8 in. 
ANS. For member CDE, use lumber with the cross-section dimensions of 2 in. x 8 in. 



TABLE 10.2 


Cross-section 


properties 


and stresses 


in Example 


10.6 


a 
(in.) 


b 
(in.) 


A=ab 
(in. 2 ) 


S = ab 2 l6 
(in. 3 ) 


&CD 

(psi) 


(psi) 


2 


4 


8 


5.3 


4200.0 


8175.0 


2 


6 


12 


12.0 


1900.0 


3650.0 


2 


8 


16 


21.3 


1087.5 


2062.5 


4 


4 


16 


10.7 


2100.0 


4087.5 


4 


6 


24 


24.0 


950.0 


1825.0 


4 


8 


32 


42.7 


543.8 


1031.3 


6 


6 


36 


36.0 


633.3 


1216.7 


6 


8 


48 


64.0 


362.5 


687.5 


8 


8 


64 


85.3 


271.9 


515.6 















COMMENTS 

1. Members in axial compression such as BD must be designed for strength as well as checked for buckling failure, as will be elaborated 
in the next chapter. 

2. In actual design it may be preferable to use two pieces of 1-in. x 8-in. lumber for member CDE so that the pulley is in the middle of 
the two members. This will change pins at C, D, and E from single shear into double shear, thus also reducing the shear stresses in the 
pins. 

3. Equation (E10) defines the curve of the failure envelope for member CDE. Substituting for the area and the section modulus in terms 

2 

of a and b, and solving for a in terms of b, we obtain the equation of the curve defining the failure envelope as a = 0.5/6 + 216/6 . 
Figure 10.36 shows the failure envelope. As can be seen, the three possible solutions in Table 10.2 for member CDE fall in the design 
space and the remaining cross sections fall in the failure space. If we were to choose any value for a and b, then the failure envelope 
would identify all possible solutions. 
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Figure 10.36 Failure envelope for member CDE. 







1 



10 



3 4 5 6 7 8 
b (inches) 
4. The bending shear stress was not considered in selecting the lumber cross sections for members ABC and CDE. This is based on the 
consideration that the maximum bending normal stress is significantly (-10 times) greater than the maximum bending shear stress. 
Thus the principal stress at the top or bottom of the member, where the bending normal stress is maximum, will be greater than the 
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principal shear stress at the neutral axis, where bending shear stress is maximum. We check these statements for the selected sizes of 
members ABC and CDE as follows. 

For rectangular cross sections it can be shown (see comment 1 in Example 6. 14) that the maximum shear stress in bending at a cross sec- 
tion is T max =1.5 V/A, where A is the cross-sectional area. From Figure 10.35 the maximum shear force is 600 lb and 1200 lb in mem- 
bers CDE and ABC, respectively. Substituting these shear force values and the values of 16 in. 2 and 32 in. 2 for the areas, we obtain the 
maximum shear stresses of t cd = 56.25 psi and t ab = 56.25 psi in members CDE and ABC, respectively. Comparing these maxi- 
mum shear stress values to the maximum normal stress values of 1087.5 psi and 103 1.3 psi for members CDE and ABC, which are given 
in Table 10.2, we conclude that the shear stresses can be ignored in the selection of lumber. 

EXAMPLE 10.7 

A rectangular wooden beam of 60 mm x 180 mm cross section is supported at the right end by an aluminum circular rod of 8-mm diam- 
eter, as shown in Figure 10.37. The allowable normal stress in the wood is 14 MPa and the allowable shear stress in aluminum is 
60 MPa. The moduli of elasticity for wood and aluminum are E w = 12.6 GPa and E al = 70 GPa. Determine the maximum intensity w of 
the distributed load that the structure can support. 



T T Y T 



Figure 10.37 Beam in Example 10.7. 



H 3m- 



1.3 m 



^1 



180 mm 



PLAN 

We analyze the problem in two steps. First we find the forces and moments on individual members, and then we find the stresses. 

1. To solve this statically indeterminate problem, the deflection of the beam at^4 can be equated to the axial deformation of the alumi- 
num rod. This permits the calculation of the internal axial force in the aluminum rod in terms of w. 

2. The axial stress in the aluminum rod in terms of w can be found from the internal axial force calculated in step 1 . Using Mohr's circle, 
we can find the maximum shear stress in the axial rod in terms of w, and one limit on w can be obtained. The maximum bending 
moment at B can be found in terms of w and the maximum bending normal stress calculated in terms of w. Using the allowable value 
of 14 MPa, another limit on w can be found and a decision made on the maximum value of w. 



SOLUTION 

Calculation of forces on structural members: The area moment of inertia of the wood and the cross-sectional area of the aluminum rod 
can be calculated, 



I w = -^(60 mm)(180 mm) 3 = 29.16(10 6 ) mm 4 = 29.16(10" 6 ) m 4 



j(8 mm) 2 = 50.265 mm 2 = 50.265(10 6 ) m 2 (El) 



Making an imaginary cut through the aluminum rod, we obtain the beam and loading shown in Figure 10.38a. The total loading on the 
beam can be considered as the sum of the two loadings shown in Figure 10.386 and c. 
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Figure 10.38 Superposition of deflection in Example 10.7. 



Comparing the two beam loadings in Figure 10.386 and c to that shown for cases 1 and 3 in Table C.3, we obtain P = -N al N mdp = w N/ 
m, a = 3 m, b = 0, E = 12.6 (10 9 ) N/m 2 , and/ = I w = 29.16 (10" 6 ) m 4 . Noting that v max shown in Table C.3 for the cantilever beam occurs 
at points, we can substitute the load values and superpose to obtain deflection v A , 



(wN/m)(3 m) 



(-7V fl/ N)(3mr 



8[12.6(10 9 ) N/m 2 ][29.16(10" 6 ) m 4 ] 3[12.6(10 9 ) N/m 2 ][29.16(10" 6 ) m 4 ] 
y A = [27.56(10" 6 )w-24.50(10" 6 )7V al ] m 



(E2) 
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The extension of the aluminum rod can be found using Equation (4.21), 

N al L al _ (7V a/ N)(1.3m) 



5 a/ - 



0.369(10 )N al m 



(E3) 



E ai A ai [70(10 9 ) N/m 2 ][50.265(10 6 ) m 4 ] 
The extension of the aluminum rod should equal the deflection of the beam at^4. Equating Equations (E2) and (E3) gives the internal 



force 7V al in terms of w, 



27.56(10"V-24.50(10" 6 )7V a/ = 0.369(10 6 )N al 



N al 



l.llw 



(E4) 
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N^ = l.llw 
3w 



(b) 



l.llw. 
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Figure 10.39 (a) Free-body diagram (b) Shear force and bending moment diagrams (c) Mohr's circle in Example 10.7. 

Figure 10.39a shows the free-body diagram of the beam with the distributed force replaced by an equivalent force. By force and moment 
equilibrium we obtain 



R B -(3w)+N al = or 

M 5 -(3w)(1.5)+iV fl/ (3) = 



R» 



1.89w 



(E5) 
(E6) 



Figure 10.39Z? shows the shear and moment diagrams for the beam. From the moment diagram we see that the maximum moment is at 
the wall, and its value is 



M m 



= -l.llw 



Stress in aluminum: The axial stress in aluminum in terms of w is 



N n 



l.llw 



A ai 50.265 (10" 6 )m 



22.04(10 3 )wN/m 2 



(E7) 



(E8) 



Figure 10.39c shows the Mohr's circle for point on aluminum rod. The maximum shear stress maximum shear stress in should be less 
than 60 MPa, 



-j = 11.02(10 )wN/m < 60(10 ) N/m 



w < 5.44(10 ) N/m 



(E9) 



Stress in wood: The bending normal stress will be maximum at the top and bottom surfaces at the wall; that is, y max = ±0.09 m. The mag- 
nitude of the maximum bending normal stress from Equation (10.3a) should be less than 14 MPa, yielding another limit on w, 



^maxJ, 



max./ max 



(1.17w N • m)(0.09 m) _ 1/1A 3, XT/ 2 1yl/1A 6. XT/ 2 
= ^ — - — L = 3.61(10 )wN/m < 14(10 ) N/m 



w<3.8 



;i0 ) N/m 



(EIO) 



29.16(10 )m 
The value in Equation (E10) also satisfies the inequality in Equation (E9) giving the maximum intensity of the distributed load. 

ANS. w ma , = 3.88 kN/m 



COMMENT 

1. At joint A we ensured continuity of displacement by enforcing the condition that the deformation of the axial member be the same as 
the deflection of the beam. We also enforced equilibrium of forces by using the same force iV al in the axial member and acting on the 
beam. These two conditions, continuity of displacement and equilibrium of forces, must be satisfied by all joints in more complex 
structures. 
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EXAMPLE 10.8 

A circular member was repaired by welding a crack at points that was 30° to the axis of the shaft, as shown in Figure 10.40. The allow- 
able shear stress at point A is 24 ksi and the maximum normal stress the weld material can support is 9 ksi (T). Calculations show that 
the stresses at point A are <j xx = 9.55P 2 ksi (T) and r xy = -6J9P l ksi. (a) Draw the failure envelope for the applied loads P { and P 2 . (b) 
Determine the values of loads P x and P 2 . (c) If P 1 = 2 kips and P 2 = 1.5 kips, determine the factor of safety. 



6.79/*! ksi 
9.55P 2 ksi 



Figure 10.40 Problem geometry in Example 10.1 




PLAN 

(a) By substituting the given stresses into Equation (8.12) we obtain the maximum shear stress in the material in terms of P 1 andP 2 . Not- 
ing that the maximum shear stress is limited to 24 ksi, we obtain one equation relating P x and P 2 . By substituting the given stresses into 
Equation (8.1) as well as the angle of the normal to the weld, we can obtain the normal stress on the weld, which gives us another equa- 
tion relating P l and P 2 . We can sketch both equations and obtain the failure envelope, (b) We can find the values of P l and P 2 that satisfy 
the two equations in part (a), (c) We can calculate the maximum in-plane shear stress in the material and the normal stress in the weld 
from the equations obtained in part (a) and compute two factors of safety. The lower value is the factor of safety for the system. 



SOLUTION 

(a) Substituting the values of the given stresses into Equation (8.12), we can obtain the maximum shear stress in the material. Noting that 
it should be less than 24 ksi, we obtain one equation on P x and P 2 



9.55P 2 ksr\ 2 



+ (-6.79P T ksiy 



= jA6AP\ + 72lp 2 2 ksi < 24 ksi 



46. IP 



22.8P 2 ^ 576 



(El) 



The normal to the weld makes an angle of 60° to the x axis. Substituting the given stresses and 6= 60° into Equation (8.1), the normal 
stress on the weld must be less than 9 ksi (T), we obtain another equation on P 1 and P 2 , 



(9.55P 2 ksi) cos 60° + 2(-6.79P 1 ksi)cos60° sin60° 



(2.387P 2 - 5.881PO ksi < 9 ksi 



(E2) 



The maximum value of P x that will satisfy Equation (El) corresponds to P 2 = 0. This maximum value of P 1 is 3.534 kips. We consider 
values of P 1 between zero and 3.534 in steps of 0.3 and solve for P 2 from Equation (El). For the same values of P 1 we can also find val- 
ues of P 2 from Equation (E2), as shown in Table 10.3, which was produced on a spreadsheet. We can plot the values in Table 10.3, as 
shown in Figure 10.41. The design space is the shaded region and the failure envelope is the boundary AB CD 
TABLE 10.3 Values of loads in Example 10.8 



Pj 
(kips) 



P 2 from Eq. (El) 
(kips) 



P 2 from Eq. (E2) 
(kips) 



0.000 
0.300 
0.600 
0.900 
1.200 
1.500 
1.800 
2.100 
2.400 
2.700 
3.000 
3.300 



5.027 
5.008 
4.954 
4.861 
4.728 
4.551 
4.326 
4.043 
3.690 
3.244 
2.657 
1.800 



3.770 
4.509 
5.248 
5.987 
6.726 
7.465 
8.204 
8.943 
9.682 
10.421 
11.160 
11.899 



6.00 

5.00 

4.00 
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3.00 
2.00 
1.00 
0.00 



Optimum point 







y 




























B 




-t, 


q.( 


L4 


) 
































































E 


4-1 


E2 


) 
































































L 


oac 


lline 


























C 


\ 


















































E 
















































































0^ 
















D 



0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 
Load P 1 (kips) 



Figure 10.41 Failure envelope in Example 10.8. 

(b) The values of P 1 andP 2 correspond to the maximum values of the loads that satisfy Equations (El) and (E2). Using the equality sign 
in Equation (E2), we can solve for P 2 



P 2 = 3.770 + 2.4634P! 
We substitute Equation (E3) into Equation (El) with the equality sign to obtain a quadratic equation in P 1 



(E3) 
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46.1 1P? + 22.80(4.19 + 2A6P x f = 576 or 184.45^ + 423.2^-252 = (E4) 

Solving Equation (E3) we obtain two roots for P x 0.4905 and -2.784. Only the positive root is admissible. Substituting P { = 0.4905 
into Equation (E3), we obtain P 2 = 4.978. 

ANS. P x = 0.49 kips P 2 = 4.98 kips 

(c) Substituting P x = 2 kips and P 2 = 1.5 into Equations (El) and (E2), we obtain 

x max = 746.1 x2 2 + 22.8x 1.5 2 = 15.35 ksi a weld = 2.387 x 1.5-5.881 x2 = -8.18 ksi (E5) 

For the given loads the normal stress in the weld is compressive. Hence it won't fail due to the specified failure in tension. The factor of 
safety is thus calculated from the maximum shear stress as 



_ 24 ksi _ 
K ~ 1535~ks~i " L56 



ANS. 



(E6) 
K = 1.56 



COMMENTS 

1. In this example we generated the failure envelope using analytical equations. For more complex structures, the failure envelope can 
be created using numerical methods, such as the finite-element method described in Section 4.8. 

2. In Figure 10.41 line AB, representing Equation (El), would go downward if the direction of load P 1 were reversed [Substitute -P { in 
place of P 1 in Equation (El)]. If line AB went downward, it would cut the design space considerably. Thus not only is the magnitude 
of the loads important in design, but the direction of the load can also be as critical. Failure envelopes can reveal such characteristics 
in a very visual manner. 

3. The line joining the origin to point E is called load line, on which the loads vary proportionally. It's significance is that it can help 
give a graphical interpretation of the factor of safety. Along a load line, the distance of a point from the failure envelope is the margin 
of safety. In Figure 10.41 the factor of safety is the ratio of length OC to length OE. It can be verified that the coordinates of point C 
are P 1 = 3.1263 kips and P 2 = 2.344. Thus the length OC- 3.9074, whereas the length OE is 2.5. The factor of safety therefore is 
K= 3.9074/2.5 = 1.56, as before. 



PROBLEM SET 10.2 



Structural analysis and design 

10.41 A brick chimney shown in Figure PI 0.41 has an outside diameter of 5 ft and a wall thickness of 6 in. The average specific weight of 
the brick and mortar is y— 120 lb/ft 3 . The height of the chimney is H= 30 ft. Determine the maximum wind pressure/? that the chimney could 
withstand if there is to be no tensile stress. 




Figure P10.41 



10.42 A brick chimney shown in Figure PI 0.41 has an outside diameter of 1.5 m and a wall thickness of 150 mm. The average specific den- 
sity of the brick and mortar is y= 1800 kg/m 3 . The wind pressure acting on the chimney isp = 800 Pa. Determine the maximum height H of 
the chimney is if there is to be no tensile stress. 



10.43 A hollow shaft that has an outside diameter of 100 mm and an inside diameter of 50 mm is loaded as shown in Figure PI 0.43. The normal 
stress and the shear stress in the shaft must be limited to 200 MPa and 115 MPa, respectively, (a) Determine the maximum value of the torque Tthat 
can be applied to the shaft, (b) Using the result of part (a), determine the strain that will be shown by the strain gage that is mounted on the surface at 
an angle of 35° to the axis of the shaft. Use E = 200 GPa, G = 80 GPa, and v = 0.25. 
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10.44 On the C clamp shown in Figure PI 0.44a determine the maximum clamping force P if the allowable normal stress is 160 MPa in 
tension and 120 MPa in compression. 



Figure P10.44 




18 mm 



* 



C 6 mm 



T 



12 mm 



h=Hh<3- 



-o^H 



6 mm 1 8 mm 6 mm 



10.45 The T cross section of the beam was constructed by gluing two rectangular pieces together. A small crack was detected in the glue joint 
at section AA. Determine the maximum value of the applied load P if the normal stress in the glue at section AA is to be limited to 20 MPa in 
tension and 12 MPa in shear. The loadP acts at the centroid of the cross section at C, as shown in Figure PI 0.45. 

A 



E 



2m 



Figure P10.45 




100 mm 



:: 



100 mm 



50 mm 



250 mm 



50 mm 
Cross section AA 



10.46 The bars in the pin connected structure shown in Figure PI 0.46 are circular bars of diameters that are available in increments of 5 mm. The 
allowable shear stress in the bars is 90 MPa. Determine the diameters of the bars for designing the lightest structure to support a force of P = 40 kN. 

P 

t0.5m 




Figure P10.46 



1.2 m 



10.47 Member AB has a circular cross section with a diameter of 0.75 in. as shown in Figure PI 0.47 Member BC has a square cross section of 
2 in. x 2 in. Determine the maximum normal stress in members AB and BC. 



Figure P10.47 




60 in- 



3 



10.48 The members of the structure shown in Figure PI 0.48 have rectangular cross sections and are pin connected. Cross-section dimensions 
for members are 100 mm x 150 mm for ABC, 100 mm x 200 mm for CDE, and 100 mm x 50 mm for BD. The allowable normal stress in the 
members is 20 MPa. Determine the maximum intensity of the distributed load w. 
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Figure P10.48 
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10.49 A hoist is to be designed for lifting a maximum weight J^= 300 lb, as shown in Figure PI 0.49 The hoist will be installed at a certain 
height above ground and will be constructed using lumber and assembled using steel bolts. The lumber rectangular cross-section dimensions 
are listed in Table 10.2. The bolt joints will be modeled as pins in single shear. Same-size bolts will be used in all joints. The allowable normal 
stress in the wood is 1.2 ksi and the allowable shear stress in the bolts is 6 ksi. Design the lightest hoist by choosing the lumber from Table 10.2 

and the bolt size to the nearest I -in. diameter. 



Figure P10.49 




10.50 A rectangular wooden beam of 4-in. x 8-in. cross section is supported at the right end by an aluminum circular rod of l - -in. diameter, as shown 

in Figure PI 0.50. The allowable normal stress in the wood is 1.5 ksi and the allowable shear stress in aluminum is 8 ksi. The moduli of elasticity for 
wood and aluminum are E w = 1800 ksi and E al = 10,000 ksi. Determine the maximum force P that the structure can support. 



Figure P10.50 



T 
I i 4 ' 5 



a r 



B 



10 ft 



I 



10.51 



A steel pipe with an outside diameter of 1.5 in. and a wall thickness of J in. is simply supported at D. A torque of T ext = 30 in. -kips is 
applied as shown in Figure P10.51. If a = 12 in., b = 48 in., and c = 60 in., determine the normal and shear stresses at points A and B in the x,y, 
z coordinate system and show them on a stress cube. Points A and B are on the surface of the pipe. The modulus of elasticity is E = 30,000 ksi 
and Poisson's ratio is v= 0.28. 



FigurP10.51 




10.52 A composite beam is constructed by attaching steel strips at the top and bottom of a wooden beam, as shown in Figure PI 0.52 The 
beam is supported at the right end by an aluminum circular rod of 8-mm diameter. The allowable normal stresses in the wood and steel are 14 
MPa and 140 MPa, respectively. The allowable shear stress in aluminum is 60 MPa. The moduli of elasticity for wood, steel, and aluminum are 
E w = 12.6 GPa, E s = 200 GPa, and E al = 70 GPa, respectively. Determine the maximum intensity w of the distributed load that the structure can 
support. 



10.53 A park structure is modeled with pin joints at the points shown in Figure PI 0.53. Members BD and CE have cross-sectional dimensions of 
6 in. x 6 in., whereas members AB, AC, and BC have cross-sectional dimensions of 2 in. x 8 in. Determine the maximum normal and shear 
stresses in each of the members due to the estimated snow load shown on the structure. 



Figure P10.53 
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10.54 A highway sign uses a 16-in. hollow pipe as a vertical post and 12-in. hollow pipes for horizontal arms, as shown in Figure PI 0.54. 
The pipes are 1 in. thick. Assume that a uniform wind pressure of 20 lb/ft 2 acts on the sign boards and the pipes. Note that the pressure on the 
pipes acts on the projected area Ld, where L is the length of pipe and d is the pipe diameter. Neglecting the weight of the pipe, determine the 
normal and shear stresses at points A and B and show these stresses on stress cubes. 

lft 



Figure P10.54 




17 ft 



10.55 A bicycle rack is made from thin aluminum tubes of j- -in. thickness and 1-in. outer diameter. The weight of the bicycles is sup- 
ported by the belts from C to D and the members between C and B. Member AC carries negligible force and is neglected in the stress anal- 
ysis, as shown on the model in Figure P10.556. If the allowable normal stress in the steel tubes is 12 ksi and the allowable shear stress is 
8 ksi, determine the maximum weight Wto the nearest lb of each bicycle that can be put on the rack. 



W/2 W/2 



Figure P10.55 




U=J 




TTE^\B 



10.56 The hoist shown in Figure PI 0.56 was used to lift heavy loads in a mining operation. Member EF supported load only if the load 
being lifted was asymmetric with respect to the pulley; otherwise it carried no load and can be neglected in the stress analysis. If the 
allowable normal stress in steel is 18 ksi, determine the maximum load JTthat could be lifted using the hoist. 1 



W/2 



Figure P10.56 




W/2 




4 in 



2 in 
Section BB 



Failure envelopes 

10.57 A solid shaft of 50-mm diameter is made from a brittle material that has an allowable tensile stress of 100 MPa, as shown in Figure 
PI 0.57. Draw a failure envelope representing the maximum permissible positive values of Tand P. 



! Though the load on section BB is not passing through the plane of symmetry, the theory of symmetric bending can still be used because of the structure symmetry. 
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Figure P10.57 




10.58 The shaft shown in Figure PI 0.57 is made from a ductile material and has an allowable shear stress of 75 MPa. Draw a failure enve- 
lope representing the maximum permissible positive values of T and P. 



10.59 The shaft in Problem 10.57 is 1.5 m long and has a modulus of elasticity E = 200 GPa and a modulus of rigidity G = 80 GPa. Modify 
the failure envelope of Problem 10.57 to incorporate the limitation that the elongation cannot exceed 0.5 mm and the relative rotation of the 
right end with respect to the left end cannot exceed 3°. 



10.60 A pipe with an outside diameter of 40 mm and a wall thickness of 10 mm is loaded as shown in Figure PI 0.60. At section AA the 
allowable shear stress is 60 MPa. Draw the failure envelope for the applied loads P l and P 2 . Use a = 2.5 m, b = 0.4 m, c =0. 1 m. 



Figure P10.60 




10.61 A bent pipe of 2-in. outside diameter and a wall thickness of J -in. is loaded as shown in Figure P10.61. The maximum shear stress the 

pipe material can support is 24 ksi. Draw the failure envelope for the applied loads P l and P 2 . Use a = 16 in., b = 16 in., and c = 10 in. 

P, 



Figure P10.61 




--^-- 



|<^b- 



±. 



Computer problems 



10.62 A hollow aluminum shaft of 5-ft length is to carry a torque of 200 in.- kips and an axial force of 100 kips. The inner radius of the shaft 
is 1 in. If the allowable shear stress in the shaft is 10 ksi, determine the outer radius of the lightest shaft. 



10.63 The hollow cylinder shown in Figure PI 0.63 is fabricated from a sheet metal of 15-mm thickness. Determine the minimum outer 
radius to the nearest millimeter if the allowable normal stress is 150 MPa in tension or compression. 

r=2kN-m 



Figure P10.63 




P= 100 kN 



10.64 Table PI 0.64 shows the measured radii of the solid tapered member shown in Figure PI 0.64 at several points along the axis of the shaft. The 
member is subjected to a torque T— 30 kN • m and an axial force P = 100 kN. Plot the maximum normal and shear stresses as a function of x. 



Figure P10.64 




R(x) 



& 



TABLE P10.64 




TABLE PI 0.64 




x(m) 


R(x) (mm) 


x(m) 


R(x) (mm) 


0.0 


100.6 


0.8 


60.1 


0.1 


92.7 


0.9 


60.3 


0.2 


82.6 


1.0 


59.1 


0.3 


79.6 


1.1 


54.0 


0.4 


75.9 


1.2 


54.8 


0.5 


68.8 


1.3 


54.1 


0.6 


68.0 


1.4 


49.4 


0.7 


65.9 


1.5 


50.6 
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MoM in Action: Biomimetics 

Nature produces the simplest and most efficient design by eliminating waste and inefficiency through the process 
of natural selection. This is the story about engineering design mimicking nature — that is, Biomimetics. 

Tensegrity and adaptive, or smart, structures are just two of the latest in a long engineering history of mimicking 
nature. The flight of birds inspired the design of planes, while fish have inspired the sleek design of ship hulls. For a 
display of the technology of the Industrial Revolution, Joseph Paxton turned in 1851 to the structure of a lily pad. His 
wrought iron and glass building, the Crystal Palace, started an architectural trend. In Switzerland, George de Mestral 
invented Velcro in 1946 after observing the loops of seed-bearing burr clinging to his pants. 

Tensegrity is the concatenation of tension and integrity. Tensegrity structures stabilize their shapes by continuous 
tension, like the camping tent in Figure 10.42a. Contrast these with stone arches, which achieve stability by continuous 
compression. Our own body is a tensegrity structure, with muscles supporting continual tension and bones in compression. 
Buckminster Fuller designed the first engineering tensegrity structure (Figure 10.426) for the Expo 67 in Montreal, 
Canada. Such geodesic domes are structurally so efficient and stable that theoretically one could enclose New York City. 
Cells and the arrangement of carbon molecules called buckyballs in Fuller's honor are nature's tensegrity structures at the 
molecular level. They, in turn, are being emulated in carbon nano-tubes. 

(a) ( b ) 





Figure 10.42 Tensegrity structures: (a) a tent; (b) Montreal bio-sphere (Courtesy Mr. Philipp Hienstorfer). 

Cracked bones heal, which means that the body senses a crack and then sends the material needed to seal the crack. 
To emulate this in metallic and masonry structures, three elements are needed: a sensor to detect a crack; a controller to 
decide if the crack is a threat; and a smart material that could be activated by the controller to seal the crack. Sensors could 
be electrical (like strain gages), acoustic (ultrasound), piezoelectric (producing current when pressured), or fiber optics. 
The controller on a computer chip is a central processing unit with decision-making algorithms. Finally, smart materials 
are those whose properties can be significantly altered in a controlled fashion by external stimuli — such as changes in 
temperature, moisture, pH, stress, or electric and magnetic fields. 

With these three elements, adaptive or smart structures can adapt to the environment. Adaptive crack sealing 
would have applications to aircraft, bridges, buildings, and medical implants. Buildings that adapt to earthquake motion, 
aircraft wings that change shape during flight, pumps that dispense insulin to people with diabetes — all are possibilities on 
the research frontier of smart structures. 

The healing of bones is only one example of the adaptive nature of our bodies. Bones and muscles get stronger in 
response to stress, a response that is still to be understood and mimicked. The orthotropic nature of bones also have lessons for 
the design of composite materials. Biomimetics is the formal acknowledgement that nature is smart and we would be smart to 
mimic it. 
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10.3 FAILURE THEORIES 



In principle, the maximum strength of a material is its atomic strength. In bulk materials, however, the distribution of flaws 
such as impurities, microholes, or microcracks creates a local stress concentration. As a result the bulk strength of a material 
is orders of magnitude lower than its atomic strength. Failure theories assume a homogeneous material, so that effects of flaws 
have been averaged 2 in some manner. With this assumption we can speak of average material strength values, which are ade- 
quate for most engineering design and analysis. 

For a homogeneous, isotropic material, the characteristic failure stress is either the yield stress or the ultimate stress, usu- 
ally obtained from the uniaxial tensile test (Section 3.1.1). However, in the uniaxial tension test there is only one nonzero 
stress component. How do we relate this the stress components in two- and three-dimensions? Attempt to answer this question 
are called failure theories although no one answer is applicable to all materials. A failure theory relates the stress components 
to the characteristic value of material failure. 
TABLE 10.3 Synopsis of failure theories 



Characteristic failure stress 
Theories 



Ductile Material 

Yield stress 

1 . Maximum shear stress 

2. Maximum octahedral shear stress 



Brittle Material 

Ultimate stress 

1 . Maximum normal stress 

2. Coulomb-Mohr 



We shall consider the four theories listed in Table 10.3. The maximum shear stress theory and the maximum octahedral 
shear stress theory are generally used for ductile materials, in which failure is characterized by yield stress. The maximum 
normal stress theory and Mohr's theory are generally used for brittle material, in which failure is characterized by ultimate 
stress. 



10.3.1 Maximum Shear Stress Theory 



Maximum shear stress theory predicts that the maximum shear stress alone accounts for failure: 

A material will fail when the maximum shear stress exceeds the shear stress at the yield point obtained from a uniaxial 
tensile test. 

The theory gives reasonable results for ductile materials. Figure 10.43 shows that the maximum shear stress at yield in a 
tension test is half that of the normal yield stress. We obtain the following the failure criterion: 



< ^yield 



'yield 




Figure 10.43 Shear stress at yield in tension test. ccw 

Equation (10.7) is also referred to as Trescas yield criterion. The maximum shear stress at a point is given by Equation (8.13). 
If we substitute Equation (8.13) into Equation (10.7), we obtain 

(10.8) 



|max(cr 1 - cr 2 , & 2 - cr 3 , cr 3 - (J\) < cr 



yield 



If we plot each principal stress on an axis, then Equation (10.8) gives us the failure envelope. For plane stress problems the 
failure envelope is shown in Figure 10.45 seen later. 



Micromechanics tries to account for the some of the flaws and nonhomogeneity in predicting the strength of a material, but extrapolating to macro levels requires some form of 
averaging. 
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10.3.2 Maximum Octahedral Shear Stress Theory 

Figure PI 0.44 shows eight planes that make equal angles with the principal planes. These planes are called octahedral planes 
(from octal, meaning eight). The stress values on these planes are called octahedral stresses. The normal octahedral stress 
(cr oct ) and the octahedral shear stress (r oct ) are given by Equations (8.16) and (8.17), written again here for convenience: 

G \ + G 2 + a 3 



r oct = ^Ji^l- Vlf + (^2- G 3f + (^3- &l) 2 




Figure 10.44 Octahedral Planes 

The maximum octahedral shear stress theory for ductile materials states 

A material will fail when the maximum octahedral shear stress exceeds the octahedral shear stress at the yield point 
obtained from a uniaxial tensile test. 



Mathematically the failure criterion is 

^oct Xyield (10.11) 

where x yield is the octahedral shear stress at yield point in a uniaxial tensile test. Substituting a Y = a yield , a 2 = 0, and a 3 = (the 

stresses at yield point in a uniaxial tension test) into the expression of octahedral shear stress, we obtain x yield = V2a yield /3 . 
Substituting this and Equation (10.10) into Equation (10.11), we obtain 



-y= 7(^1 - CT 2 ) 2 + ( Q 2 - ° 3 ) 2 + (<* 3 - °lf ^ Xyield 



(10.12) 



The left-hand side of Equation (10.12) is referred to as von Mises stress. Because the von Mises stress a von is used exten- 
sively in the design of structures and machines, we formally define it as follows: 



^von = "7=7(^1 -°2) 2 + (^2 -Os^ + t^-^l) 2 

V2 



(10.13) 



The failure criterion represented by Equation (10.12) is sometimes referred to as the von Mises yield criterion and is 
stated as follows: 



^ von — °yield 



(10.14) 



At a point in a fluid the principal stresses are all compressive and equal to the hydrostatic pressure (p); that is, a l = a 2 = 
a 3 = -p. Substituting this into Equation (10.9), we obtain a oct = -p ; that is, octahedral normal stress corresponds to the hydro- 
static state of stress. Thus this theory we are assumes that hydrostatic pressure has a negligible effect on the yielding of ductile 
material, a conclusion that is confirmed by experimental observation for very ductile materials like aluminum. 

Equations (10.7) and (10.12) are failure envelopes 3 in a space in which the axes are principal stresses. For a plane stress 
(a 3 = 0) problem we can represent these failure envelopes as in Figure 10.45. Notice that the maximum octahedral shear stress 



3 In drawing failure envelopes, the convention that <j x > <j 2 is ignored. If the convention were enforced, then there would be no envelope in the second quadrant, and only the enve- 
lope below a 45 line would be admissible in the third quadrant. A very strange looking envelope would result, rather than the symmetric envelope shown in Figure 10.45. 
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envelope encompasses the maximum shear stress envelope. Experiments show that, for most ductile materials, the maximum 
octahedral shear stress theory gives better results than the maximum shear stress theory. Still, the maximum shear stress the- 
ory is simpler to use. 

Maximum octahedral 
shear stress 
[Equation (10.12)] 



0"2 A 




Figure 10.45 Failure envelopes for ductile materials in plane stress. 

10.3.3 Maximum Normal Stress Theory 



Maximum 
shear stress 
[Equation (10.7)] 



Maximum normal stress theory predicts that the maximum normal stress alone accounts for failure: 

A material will fail when the maximum normal stress at a point exceeds the ultimate normal stress obtained from a uniax- 
ial tension test. 

The theory gives good results for brittle materials provided principal stress 1 is tensile, or if the tensile yield stress has the 
same magnitude as the yield stress in compression. Thus the failure criterion is given as 



|max(ai, a 2 , cr 3 )| < a u] 



(10.15) 



For most materials the ultimate stress in tension is usually far less than the ultimate stress in compression because microcracks 
tend to grow in tension and tend to close in compression. But the simplicity of the failure criterion makes the theory attractive, 
and it can be used if principal stress 1 is tensile and is the dominant principal stress. 

10.3.4 Mohr's Failure Theory 



The Mohr's failure theory predicts failure using material strength from three separate tests in which the ultimate stress in ten- 
sion, compression, and shear are determined. 

A material will fail if a stress state is on the envelope that is tangent to three Mohr s circles — corresponding to ultimate 

stress in tension, compression, and pure shear 

By experiments, we can determine separately the ultimate stress in tension a T , the ultimate stress in compression a c , and 
the ultimate shear stress in pure shear %. Figure 10.46a shows the stress cubes and the corresponding Mohr's circle for three 
stress states. We then draw an envelope tangent to the three circles to represent the failure envelope. If Mohr's circle corre- 
sponding to a stress state just touches the envelope at any point, then the material is at incipient failure. If any part of Mohr's 
circle for a stress state is outside the envelope, then the material has failed at that point. 

We can also plot the failure envelopes of Figure 10.46a using principal stresses as the coordinate axes. In plane stress this 
envelope is represented by the solid line in Figure 10.466. For most brittle materials the pure shear test is often ignored. In 
such a case the tangent line to the circles of uniaxial compression and tension would be a straight line in Figure 10.46a. The 
resulting simplification for plane stress is shown as dotted lines in Figure 10.466 and is called modified Mohr s theory. 

Figure 10.466 emphasizes the following: 

1. If both principal stresses are tensile, then the maximum normal stress has to be less than the ultimate tensile strength. 

2. If both principal stresses are negative, then the maximum normal stress must be less than the ultimate compressive 

strength. 
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3. If the principal stresses are of different signs, then for the modified Mohr's theory the failure is governed by 



(a) 



&t Failure envelope 



Z c °c 



T s 



<T 9 



0"1 



<1 




(h) Mohr's theory 

Tangent points Modified Mohr's theory \(-t s , t s ) 



Tangent points 



(10.16) 




Figure 10.46 Failure envelopes for Mohr's failure theory in (a) normal and shear stress space; (b) principal stress space. 



EXAMPLE 10.9 

At a critical point on a machine part made of steel, the stress components were found to be cr xx =100 MPa (T), a = 50 MPa (C), and 
t = 30 MPa. Assuming that the point is in plane stress and the yield stress in tension is 220 MPa, determine the factor of safety using 
(a) the maximum shear stress theory; (b) the maximum octahedral shear stress theory. 



PLAN 

We can find the principal stresses and maximum shear stress by Mohr's circle or by the method of equations. (a)From Equation (10.7) 
we know that failure stress for the maximum shear stress theory is half the yield stress in tension. Using Equation (3.10) we can find the 
factor of safety. (b)We can find the von Mises stress from Equation (10.13), which gives us the denominator in Equation (3.10), and not- 
ing that the numerator of Equation (3.10) is the yield stress in tension, we obtain the factor of safety. 



SOLUTION 

For plane stress: a 3 = 

Mohr's circle method: We draw the stress cube, record the coordinates of planes V and H, draw Mohr's circle as shown in Figure 
10.47a. The principal stresses and maximum shear stress are 



R = 7(75 MPa) 2 + (30 MPa) 2 = 80.8 MPa 



g 2 = OC-OP l = 25 MPa -80.8 MPa = -55.8 MPa (E2) 



(El) 
(E2) 
(E3) 



(a) 



iy |5o 



e. 



H 

V V 

H 



*T 



30 



100 




(b) 



V(100, 30 ccw) 
#(-40,30cw) 



Figure 10.47 (a) Mohr's circle in Example 10.9. (b) Failure envelopes in Example 10.9. 



250 MPa 


k Maximum 
distortion energy 


r ° 


105.8 


/ T 1 




55.8 


\i 7>/250MPa 
ZS Load line 




^ ' 





Maximum 
shear stress 



Method of equations: From Equations (8.7) and (8.13) we can obtain the principal stresses and the maximum shear stress, 



100 MPa 50 MPa ± /f l00 MPa + 50 MPa) 2 + (3Q Mpa)2 = 25 Mpa±g08 Mpa 



105.8 MPa 



-55.8 MPa 



= 80.8 MPa 



(E4) 
(E5) 
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(a) The failure shear stress is half the yield stress in tension, that is, 110 MPa. Following Equation (3.10), we divide this value by the 
maximum shear stress [Equation (E3) or (E5)] to obtain the factor of safety K x = (1 10 MPa)/(80.8 MPa) . 

ANS. K T = 1.36 

(b) The von-Mises stress can be found from Equation (10. 13), 



a von = -W[105.8 MPa- (-55.8 MPa)] 2 + (-55.8 MPa) 2 + (105.8 MPa) 2 = 142.2 MPa 

The factor of safety is failure stress is 220 MPa divided by the von Mises stress, or K G = (220 MPa)/( 142.2 MPa) 

ANS. 



K„ 



(E6) 



1.55 



COMMENTS 



1. The failure envelopes corresponding to the yield stress of 250 MPa are shown in Figure 10.47Z?. In comment 4 of Example 10.8 it was 
shown that graphically the factor of safety could be found by taking ratios of distances from the origin along the load line. If we plot 
the coordinates a\ = 105.8 MPa and <r 2 = -55.8 MPa, we obtain point S. If we join the origin O to point S and draw the line, we get the 
load line for the given stress values. It may be verified by measuring (or calculating coordinates of T and V) that the following is true: 
K T = OS/OT= 1.36 andi^= OS/OV= 1.55. 

2. Because the failure envelope for the maximum shear stress criterion is always inscribed inside the failure envelope of maximum octa- 
hedral shear stress criterion, the factor of safety based on the maximum octahedral shear stress will always be greater than the factor 
of safety based on maximum shear stress. 



EXAMPLE 10.10 

The stresses at a point on a free surface due to a load P were found to be <j xx = 3P ksi (C), a = 5P ksi (T), and r xy = -IP ksi, where P is 
measured in kips. The brittle material has a tensile strength of 18 ksi and a compressive strength of 36 ksi. Determine the maximum 
value of load P that can be applied on the structure using the modified Mohr's theory. 



PLAN 

We can determine the principal stresses in terms of P by Mohr's circle or by the method of equations. As the given normal stresses are of 
opposite signs, we can expect that the principal stresses will have opposite signs. Using Equation (10.16) we can determine the maxi- 
mum value of P. 



SOLUTION 



For plane stress: a 3 = 



Mohr s circle method: We draw the stress cube, record the coordinates of planes Fand H, draw Mohr's circle as shown in Figure 10.48. 
The principal stresses and the maximum shear stress are 



R = J{4P ksi) 2 + {IP ksi) 2 = AMP ksi 



a { = OC + OP 1 = P ksi + 4A7P ksi = 5.57 P ksi 



a 2 = OC-OP x = Pksi-4.47Pksi = -337 P ksi 



t' r 




op 


H 




-V V 




H 





3P 



r 



Figure 10.48 Calculation using Mohr's circle in Example 10. 10. 
Method of equations: From Equation (8.7) we can obtain the principal stresses as 

-3P ksi + 5P ksi , If- 3P ksi- 5P ksi ~ 



V(-3P, 2Pcw) 
H(5P, IP ccw) 




5.57 P ksi 



+ {IP ksi) 2 = P ksi + AA7P ksi 



-3.37Pksi 



(E3) 

(E4) 
Substituting the principal stresses into Equation (10.16) and noting that <r T = 18 ksi and <r c = 36 ksi, we can obtain the maximum value of 

(-3.37Pksi) {5.57P ksi) 



(-36 ksi) 



(18 ksi) 



<1 



0.2158P<1 



P< 4.633 



(E5) 
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ANS. 



COMMENT 



1. We could not have used the maximum normal stress theory for this material, since the tensile and compressive strengths are signifi- 
cantly different. Here the compressive strength is the dominant strength, and not the tensile-strength. 



PROBLEM SET 10.3 



Failure theories 

10.65 For a force P measured in kN, the stress components at a critical point that is in plane stress were found to be cr xx = 10P MPa (T), a^ = 20P 
MPa (C), and r^ = 5P MPa. The material has a yield stress of 160 MPa as determined in a tension test. If yielding must be avoided, predict the 
maximum v force P using (a) maximum shear stress theory; (b) maximum octahedral shear stress theory. 



10.66 For a force P, the stress components at a critical point that is in plane stress were found to be <j xx = AP ksi (C), o yy = 3P ksi (T), 
and r xy = -5P ksi. The material has a tensile rupture strength of 18 ksi and a compressive rupture strength of 32 ksi. Determine the max- 
imum force P using the modified Mohr's theory. 



10.67 A material has a tensile rupture strength of 18 ksi and a compressive rupture strength of 32 ksi. During usage a component made 
from this plastic showed the following stresses on a free surface at a critical point: o xx = 9 ksi (T), o yy = 6 ksi (T), and r xy = -4 ksi. Deter- 
mine the factor of safety using the modified Mohr's theory. 



10.68 On a free surface of aluminum (E= 10,000 ksi, v= 0.25, cr yield = 24 ksi) the strains recorded by the three strain gages shown in Figure 
PI 0.68 are s a = -600 //in./in., s b = 500 //in/in, and e c = 400 //in./in. By how much can the loads be scaled without exceeding the yield stress of 
aluminum at the point? Use the maximum shear stress theory. 



Figure P10.68 




10.69 On a free surface of steel (E = 200 GPa, v = 0.28, <r yield = 210 MPa) the strains recorded by the three strain gages shown in Figure 
PI 0.69 are s a = -800 jum/m, e h = -300 jum/m, and s c = -700 //m/m. By how much can the loads be scaled without exceeding the yield stress of 
steel at the point? Use the maximum octahedral shear stress theory. 

ky 



Figure P10.69 




10.70 A thin-walled cylindrical gas vessel has a mean radius of 3 ft and a wall thickness of - in. The yield stress of the material is 30 ksi. 
Using the von Mises failure criterion, determine the maximum pressure of the gas inside the cylinder if yielding is to be avoided. 



10.71 A thin cylindrical boiler can have a minimum mean radius of 18 in. and a maximum mean radius of 36 in. The boiler will be subjected 
to a pressure of 750 psi. A sheet metal with a yield stress of 60 ksi is to be used with a factor of safety of 1.5. Construct a failure envelope with 
the mean radius R and the sheet metal thickness t as axes. Use the maximum octahedral shear stress theory. 



10.72 For plane stress show that the von Mises stress of Equation (10.13) can be written as 



/ 2 2 

N G xx + G yy 



(J xx <J yy + ^ T xy 



(10.17) 
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Stretch Yourself 

10.73 In Cartesian coordinates the von Mises stress in three dimensions is given by 



4x + 4y + °^~ a xx°yy- Vyy^zz- °zz°xx + 3 T ly + 3 *>z + 3 4 



(10.18) 



Show that for plane strain Equation (10.18) reduces to 



(4x + 4y^ l+y2 ~^~ Cr xx Cr yy( l+2v - 2v2 ) + 3T2 xy (10.19) 



where vis Poisson's ratio of the material. 



10.74 Fracture mechanics shows that the stresses in model in the vicinity of the crack tip shown in Figure PI 0.74 are given by 

K i Of, . . 30) K i 0(.. . 6 . 3 3] K i -6 9 3 nnom 

~ ~ :COS-l 1 - sin -sin — I a = cos -I 1 + sin- sin — I r = sin- cos- cos — (10. 20) 



xx 72^ 2V 2 2J yy Jl^r 2V 2 2J X " 72^ 2 2 2 

Notice that at 6— n, that is, at the crack surface, all stresses are zero. In terms of K Y and r, obtain the von Mises stress at 6— and 6— nil, 
assuming plane stress. 

y 



Figure P10.74 ^^ 



10.4 CONCEPT CONNECTOR 



In our problems thus far, we have relied on fixed values for the dimensions, material properties, and loads. Design that does 
not allow for variability in these parameters is called deterministic. Real structural members, however, are manufactured to 
dimensions only within a certain tolerance. Similarly, material properties may vary within a range, depending on material pro- 
cessing. Loads and support conditions, too, are at best an estimate, because wind pressure, snow weight, traffic loads, and 
other conditions are inherently variable. 

Probabilistic design takes into account the variability in dimensions, material properties, and loads. Here we seek to 
achieve not just a given factor of safety but rather a specified reliability. This section offers a peek at how engineers approach 
probabilistic design. Section 10.4.1 discusses the concept of reliability, and Section 10.4.2 introduces a design methodology 
that incorporates it. 



10.4.1 Reliability 



Already in Section 3.3, we encountered the uncertainties regarding material properties, manufacturing processes, the control 
and estimate of loads, and so on. There we defined one measure of the margins of safety, the factor of safety. But choosing a 
factor of safety is always a compromise among several factors, including cost and human safety, based on experience. Such a 
compromise leaves an open question: how reliable is our design? 

To understand the relationship between the factor of safety and reliability, suppose we wish to design an engine mount or 
other axial member with a factor of safety of 1.3. If the material strength of the axial member is 130 MPa, we have an allow- 
able stress of 100 MPa. 

The actual axial stress in the member, however, may be quite different, because of such factors as manufacturing toler- 
ances, the variability of applied loads, temperature, and humidity. If we measured the axial stress in different members, we 
would get a range of values. We might ask instead, then, the frequency of occurrence of a given stress level. A plot of the 
number of members at that level would yield a distribution, perhaps like the left curve in Figure 10.49. Similarly, the material 
strength — that is, the failure stress for different batches of material — may vary due to impurities, material processing, and so 
on. The right curve in Figure 10.49 shows one possible distribution of material strengths. 

In Figure 10.49, the mean axial stress in the members is 100 MPa, and the mean strength of all materials is 130 MPa. Nat- 
urally some axial members with stresses greater than 100 MPa will be made from materials that have failure stresses less than 
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130 MPa. Hence, those axial members are likely to fail. In the graph, these members occupy the region common to both dis- 
tributions, labeled "possible failure." If we know the two distributions, we can always determine this possible failure region. 

Statistical distributions are usually described by two parameters, their mean value and standard deviation. If the predicted 
reliability developed using these parameters is unacceptable, then the design can use a different factor of safety to obtain the 
desired reliability. 



Material 
failure stress 




100 / 130 

Possible failure 



Stress (MPa) 



Figure 10.49 Load and resistance distribution curves. 

10.4.2 Load and Resistance Factor Design (LRFD) 

Load and resistance factor design (LRFD) allows civil engineers to design steel structures to a specified reliability. LRFD 
incorporates ideas from two other design methodologies, allowable stress design (ASD) and plastic design (PD). 

ASD is based on elastic analysis, in which the factors of safety can vary with the primary function of the structural mem- 
ber. For example, a factor of safety of 1.5 is used for beams and 1.67 for tension members. These factors of safety are speci- 
fied in building codes, usually based on statistical analysis. 

Building codes also specify the kinds of load on a structure, and the methodologies that we are considering takes all these 
into account: the dead load (D) due to the weight of structural elements and other permanent features; live load (L) from peo- 
ple, equipment, and other movable objects during occupancy; snow load (S) and rain or ice loads (R) that appear on the roof 
of a structure; roof load L r from cranes, air conditioners, and other movable objects during construction, maintenance, and 
occupancy; wind load W\ and earthquake load E. In ASD, the sum total of the stresses from the various loads must be less 
than or equal to the allowable stress. 

PD uses a single load factor for the design load on the structure. This factor varies with a combination of loads at hand. If 
only dead and live loads are considered, for example, then the load factor is 1 .7 [written as 1 .7 (D + L)]. If, however, the dead, 
live, and wind loads are considered, then the load factor is 1.3 [written as 1.3 (D + L + W)]. A nonlinear analysis can then 
determine the strength of the member at structure collapse. By nonlinear analysis, we mean that the stress values of many 
members fall in the plastic region — between the yield stress and ultimate stress. The member strengths must equal or exceed 
the required strengths calculated using factored loads. 

The LRFD method overcomes shortcomings in both these methods. From the standpoint of consistent reliability in 
design, neither of the two methods is very accurate. In ASD the factor of safety is used to account for all variability in loads 
and material strength. In PD the variability in material strength is ignored. Furthermore, all loads do not have the same degree 
of variability. 

TABLE 10.4 Some resistance factors TABLE 10.5 Load factors and load combinations 



Tension members, failure due to yielding 0.90 

Tension member, failure due to rupture 0.75 

Axial compression 0.85 

Beams 0.90 

High-strength bolts, failure in tension 0.75 



IAD 

1.2D+1.6L + 0.5(L r orSorR) 

1. 2D + 1.6 (L r or S or R) + (0.51 or 0.8 W) 

\2D + 13W+ 0.5 + 0.5 (L r or S or R) 

\2D±l.0E + 0.5L + 0.2S 

0.9D± (1 3W or l.OE) 



In LRFD, the nominal failure strength of a member is multiplied by the appropriate resistance factor (from Table 10.4) 
to obtain the design strength. (The words strength and resistance for a material are often used interchangeably in LRFD. 
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Recall the historical evolution of the concept of strength from Section 1.6.) This accounts for variability in material strength 
and inaccuracies in dimensions and modeling. 

The load factors in Table 10.7 account for the variability of the individual load components. It also takes into account the 
probability of combinations of loads acting together, such as live and snow loads. Using Table 10.5, factored loads are deter- 
mined for a specific load combination. These factored loads are applied to the structure, and the member strength is calcu- 
lated. This computed member strength must be less than or equal to the design strength computed using the resistance factor. 
Since variations of load and member strength are taken into account separately, LRFD gives a more consistent level of reli- 
ability. 

10.5 CHAPTER CONNECTOR 

This chapter synthesized and applied the concepts of all previous chapters. The use of subscripts and formulas to determine 
stress results in a systematic but slower approach to problem solving. Determining the stress directions by inspection can 
reduce the algebra significantly, but it requires care, depending on the problem being solved. For a given problem, it is impor- 
tant to find your own mix of these approaches. Whatever your preference, however, the importance of a systematic approach 
to the problem cannot be overstated. In the design and analysis of complex structures, without a systematic approach the 
chances of error rise dramatically. 

So far we have based designs on material strength and structure stiffness. Instability, however, can cause a structure to fail 
at stresses far lower than the material strength. What is structure instability, and how can we incorporate it? The next chapter 
considers structure instability in the design of columns. 
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POINTS AND FORMULAS TO REMEMBER 



• Superposition of stresses is addition or subtraction of stress components in the same direction acting on the same surface 
at a point. 



TV 
° xx = J (10-1) 



IP 



(10.2) 



M z y 



(10.3a) 



VyQz 



(10.36) 



—f- (10.4a) 

yy 



lyyt 



Sign convention for internal forces and moments: 

1 — ►* 



11 

1 — ►* 



(10.46) 



1 — *^^ 



tl 

1 — ►^ 



+N 



-CzS- i r^n t c r^n ) i r^n t r r^n ) 



The internal forces and moments on a free-body diagram must be drawn according to the sign conventions if subscripts 
are to be used to determine the direction of stress components. 

The direction of the stress components must be determined by inspection if internal forces and moments are drawn on the 
free-body diagram to equilibrate the external forces and moments. 

A local x, y, z coordinate system can be established such that the x direction is along the axis of the long structural mem- 
ber. 

Stress components should be drawn on a stress cube and interpreted in the x, y, z coordinate system for use in the stress 
and strain transformation equations. 

Normal stresses perpendicular to the axis of the member are zero: o yy = 0, cr zz = 0, and z yz = 0. 

Normal strains perpendicular to the axis of the member can be obtained by multiplying the normal strains in the axis 
direction by Poisson's ratio. 

Superpose stresses, then use the generalized Hooke's law to obtain strains in combined loading: 

_ &XX V<J xx V<J xx = ^xy = ^xz =Q 

£ xx E Zyy E £zz E Yxy Q Yxz Q Yyz 

The allowable normal and shear stresses refer to the principal stresses and absolute maximum shear stress at a point, 
respectively. 

An individualized procedure that is a mix of subscripts, formulas, and inspection should be developed for analysis of 
stresses under combined loading. 

There are two major steps in the analysis and design of structures: (i) analysis of internal forces and moments that act on 
individual members; (ii) computation of stresses on members under combined loading. 
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CHAPTER ELEVEN 

STABILITY OF COLUMNS 



Learning objectives 

1. Develop an appreciation of the phenomenon of buckling and the various types of structure instabilities. 

2. Understand the use of buckling formulas in the analysis and design of structures. 



Strange as it sounds, the column behind the steering wheel in Figure 1 1 . la is designed to fail: it is meant to buckle during a car 
crash, to prevent impaling the driver. In contrast, the columns of the building in Figure 11.16 are designed so that they do not 
buckle under the weight of a building. 

Buckling is instability of columns under compression. Any axial members that support compressive axial loads, such as 
the weight of the building in Figure 1 1.16, are called columns — and not all structural members behave the same. If a compres- 
sive axial force is applied to a long, thin wooden strip, then it bends significantly, as shown in Figure 11.1c. If the columns of 
a building were to bend the same way, the building itself would collapse. And when a column buckles, the collapse is usually 
sudden and catastrophic. 

Under what conditions will a compressive axial force produce only axial contraction, and when does it produce bending? 
When is the bending caused by axial loads catastrophic? How do we design to prevent catastrophic failure from axial loads? 
As we shall see in this chapter, we can identify members that are likely to collapse by studying structure's equilibrium. Geom- 
etry, materials, boundary conditions, and imperfections all affect the stability of columns. 
(a)| 




(b) 




(c) 




Figure 11.1 Examples of columns. 



11.1 BUCKLING PHENOMENON 



Buckling is an instability of equilibrium in structures that occurs from compressive loads or stresses. A structure or its com- 
ponents may fail due to buckling at loads that are far smaller than those that produce material strength failure. Very often 
buckling is a catastrophic failure. We discuss briefly some of the approaches and types of buckling in the following sections. 



11.1.1 Energy Approach 



We look at the energy approach using an analogy of a marble that is in equilibrium on different types of surfaces as shown in 
Figure 11.2. Left to itself, it will simply stay put. Suppose, however, that we disturb the marble to the shaded position in each 
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case. When the surface is concave, as in Figure 1 1 2a, the marble will return to its equilibrium position — and it is said to be 
in stable equilibrium. When the surface is flat, as in Figure 11. lb, the marble will acquire a new equilibrium position. In this 
case the marble is said to be in a neutral equilibrium. Last when the surface is convex, as in Figure 11.2c, the marble will roll 
off. In this third case, a change in position also disturbs the equilibrium state and so the marble is said to be in unstable equi- 
librium. 





(b) 



Figure 11.2 Equilibrium using marble (a) Stable, (b) Neutral, (c) Unstable. 

The marble analogy in Figure 1 1 .2 is useful in understanding one approach to the buckling problem, the energy method. 
Every deformed structure has a potential energy associated with it. This potential energy depends on the strain energy (the 
energy due to deformation) and on the work done by the external load. If the potential energy function is concave at the equi- 
librium position, then the structure is in stable equilibrium. If the potential energy function is convex, then the structure is in 
unstable equilibrium. The external load at which the potential energy function changes from concave to convex is called the 
critical load at which the buckling occurs. This energy method approach is beyond the scope of this book. 

11.1.2 Eigenvalue Approach 



To elaborate the eigenvalue approach in determining the load at which buckling occurs consider a rigid bar (Figure 1 1 3a) 
with a torsional spring at one end and a compressive axial load at the other end. Figure 11. 3b shows the free-body diagram of 
the bar. Clearly, 6- is an equilibrium position. We call it a trivial solution to the problem. But at what value of P does there 
exist a nontrivial solution to the problem? This is the classical statement of an eigenvalue problem, and the critical value ofP for 
which the nontrivial solution exists is called the eigenvalue. At this critical value of P the rod acquires a new equilibrium. 

To determine the critical value of P, we consider the equilibrium of the moment at O in Figure 11.36. 

PLsind = K Q Q (11.1a) 

For small angles we can approximate sin0 « and rewrite Equation (11.1a) as 

(PL-K Q )Q = (11.1b) 

In Equation (1 1.1b) 0- is one solution, but if PL= A^then #can have any non-zero value. Thus, the critical value of P is 

(11.1c) 



P cr ~ K q/ L 



You may be more familiar with eigenvalue problem in context of matrices. In problems 11.7 and 11.8 there are two 
unknown angles, and the problem can be cast in matrix form. 

p 



Lsin 6 



Figure 11.3 Eigenvalue problem. 







K d d 
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11.1.3 Bifurcation Problem 



To describe the bifurcation problem, we rewrite Equation (11.1a) as 

PL/K. = 6/ sinG 



(ll.ld) 



Figure 11.4 shows the plot of PLIK e versus 6. The equilibrium line separates the unstable region from the stable region. 
The bar remains in the vertical equilibrium position (#=0) provided the load (P) increases are below points and it will return 
to the vertical position if it is disturbed (rotated) slightly to the left or right. Any disturbance in equilibrium for load values 
above point A will send the bar to either to the left branch or to the right branch of the curve, where the it acquires a new equi- 
librium position. Point A is the bifurcation point, at which there are three possible solutions. The load P at the bifurcation 
point is called the critical load. Thus, we again see the same problem with a different perspective because of the methodology 
used in solving it. 
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Figure 11.4 Bifurcation problem. 



9 degrees 



11.1.4 Snap Buckling 



In snap buckling a structure jumps from one equilibrium configuration to a dramatically different equilibrium configura- 
tion. It is most often seen in shallow thin walled curved structures. To explain this phenomenon, consider a bar that can slide 
in a smooth slot. It has a spring attached to it at the right end and a force P applied to it at the left end, as shown in Figure 11.5. 
As we increase the force P 9 the inclination of the bar at the equilibrium position moves closer to the horizontal position. But 
there is an inclination at which the bar suddenly jumps across the horizontal line to a position below the horizontal line 







L sin(0 - 45) 
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Figure 11.5 Snap buckling problem, (a) Undeformed position, 6= 0. (b) < 6< 45°. (c) 6> 45°. (d) Load versus 6 . 
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We consider the equilibrium of the bar before and after the horizontal line to understand the mathematics of snap buck- 
ling. Suppose the spring is in the instructed position, as shown in Figure 11.5a. We define the inclination of the bar by the 
angle # measured from the undeformed position. Figure 11. 5b and c shows the free-body diagrams of the bar before and after 
the horizontal position. The spring force must reverse direction as the bar crosses the horizontal position to ensure moment 
equilibrium. The deformation of the spring before the horizontal position is L cos (45° - 9) -L cos 45°. Thus the spring force 
is F s - K L [L cos (45° - 6) - L cos 45°]. By moment equilibrium we obtain 



-^7 = [cos(45°-#)-cos45°] tan(45° - #), 0<6><45° 

K L L 

In a similar manner, by considering the moment equilibrium in Figure 1 1 .5c, we obtain 



-f- = [cos(<9-45°)-cos45°] tan(<9-45°), 
K L L 



<9>45° 



(11.2a) 



(11.2b) 



Figure 11. 5 d shows a plot of P/K L L versus # obtained from Equations (11.2a) and (11.2b). As we increase P, we move along 
the curve until we reach point B. At B rather than following paths BC and CD, the bar jumps (snaps) from point B to point D. 
It should be emphasized that each point on paths BC and CD represents an equilibrium position, but it is not a stable equilib- 
rium position that can be maintained. 

11.1.5 Local Buckling 



The perspectives on the buckling problem in the previous sections were about structural stability. Besides the instability 
of a structure, however, we can have local instabilities. Figure 11.6a shows the crinkling of an aluminum can under compres- 
sive axial loads. This crinkling is the local buckling of the thin walls of the can. Figure 11.6b shows a thin cylindrical shaft 
under torsion. The stress cube at the top shows the torsional shear stresses. But if we consider a stress cube in principal coor- 
dinates, then we see that principal stress 2 is compressive. This compressive principal stress can also cause local buckling, 
though the orientation of the crinkles will be different than those from the crushing of the aluminum can. 



(a) 




Crinkling (b) 




Compressive 



Figure 11.6 Local buckling, (a) Due to axial loads, (b) Due to torsional loads. 



Consolidate your knowledge 

1. Describe in your own words the various types of buckling. 
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PROBLEM SET 11.1 



Stability of discrete systems 

11.1 A linear spring that can be in tension or compression is attached to a rigid bar as shown in Figure PI 1. 1. In terms of the spring constant 
k and the length of the rigid bar L, determine the critical load value P cr 

P 



Figure Pll.l 



a 



11.2 A linear spring that can be in tension or compression is attached to a rigid bar as shown in Figure PI 1.2. In terms of the spring constant 
k and the length of the rigid bar L, determine the critical load value P CY . 

P 



L/2 



Figure P11.2 



i 
1 

L/2 



& 



11.3 A linear spring that can be in tension or compression is attached to a rigid bar as shown in Figure PI 1. 1. In terms of the spring constant 
k and the length of the rigid bar L, determine the critical load value P CY . 



T 

L/2 



hTH 



Figure P11.3 



L/2 ! 



11.4 Linear deflection and torsional springs are attached to a rigid bar as shown Figure PI 1.4. The springs can act in tension or in compres- 
sion and resist rotation in either direction. Determine the critical load value P cr 

P \ £ = 25kN/m 



1.2 m 



Figure P11.4 



K= 30kN-m/rad 
O 



11.5 Linear deflection and torsional springs are attached to a rigid bar as shown Figure PI 1.5. The springs can act in tension or in compres- 
sion and resist rotation in either direction. Determine the critical load value P„ 
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k = 8 lb/in 



r 

30 in 

I 

r 

30 in 

1, 



k = 8 lb/in 



Figure P11.5 



^=2000in-lb/rad 
O 



11.6 Linear deflection and torsional springs are attached to a rigid bar as shown Figure PI 1.6. The springs can act in tension or in compres- 
sion and resist rotation in either direction. Determine the critical load value P rr 



!§ 



T 

30 in 
30 in 



Figure P11.6 



k = 8 lb/in 



^=2000in-lb/rad 
O 



Stretch yourself 

11.7 Two rigid bars are pin connected and supported as shown in Figure 11.7. The linear displacement spring constant is k = 25 kN/m and 
the linear rotational spring constant is K= 30 kN/rad. Using Q x and 6 2 as the angle of rotation of the bars AB and BC from the vertical, write the 
equilibrium equations in matrix form and determine the critical load P by finding the eigenvalues of the matrix. Assume small angles of rota- 
tion to simplify the calculations. 

,P 



1.2 m 



Figure P11.7 




1.2 m 



11.8 Two rigid bars are pin connected and supported as shown in Figure 11.8. The linear displacement spring constant is k = 8 lb/in. and the 
linear rotational spring constant is K= 2000 in.-lb/rad. Using 6 X and 6 2 as the angle of rotation of the bars AB and BC from the vertical, write the 
equilibrium equations in matrix form and determine the critical load P by finding the eigenvalues of the matrix. Assume small angles of rota- 
tion to simplify the calculations. 

,P 



30 in 



Figure P11.8 




30 in. 
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11.2 EULER BUCKLING 



In this section we develop a theory for a straight column that is simply supported at either end. This theory was first developed 
by Leonard Euler (see Section 1 1 .4) and is named after him. 



(a) 



nH 



(b) ^^===£\i N rf 



Figure 11.7 Simply supported' column. 

Figure 11.7a shows a simply supported column that is axially loaded with a force P. We shall initially assume that bend- 
ing is about the z axis; as our equations in Chapter 7 on beam deflection were developed with just this assumption. We shall 
relax this assumption at the end to generate the formula for a critical buckling load. 

Let the bending deflection at any location x be given by v(x), as shown in Figure 1 1 .lb. An imaginary cut is made at some 
location x, and the internal bending moment is drawn according to our sign convention. The internal axial force TV will be 
equal to P. By balancing the moment at point A we obtain M z + P\ = 0. Substituting the moment-curvature relationship of 
Equation (7.1), we obtain the differential equation: 

EI zz — 2 +Pv = (11.3a) 

dx 

If buckling can occur about any axis and not just the z axis, as we initially assumed, then the subscripts zz in the area 
moment of inertia should be dropped. The boundary value problem can be written using Equation (1 1.3a) as 
• Differential Equation 



d v , 2 



dx 
where 



+ iv = (11.3b) 



A = — (11.3c) 

• Boundary Conditions 

v(0) = (11.4a) 

v(L) = (11.4b) 

Clearly v = would satisfy the boundary-value problem represented by Equations (11.3a), (11.4a), and (11.4b). This trivial 
solution represents purely axial deformation due to compressive axial forces. Our interest is to find the value of P that would 
cause bending; in other words, a nontrivial (v ^ 0) solution to the boundary- value problem. Alternatively, at what value of P 
does a nontrivial solution exist to the boundary- value problem? As observed in Section 11.1, this is the classical statement of 
an eigenvalue problem. 

The solution to the differential equation, Equation (11.3b), is 

v(x) = A cos Ax + B sin Ax (11-5) 

From the boundary condition (11.4a) we obtain 

v(0) = ^cos(0) + 5sin(0) = or A = (11.6a) 

From boundary condition (11.46), 1 we obtain 

v(L) = A cos AL + B sin AL = or B sin AL = (11.6b) 

If B = 0, then we obtain a trivial solution. For a nontrivial solution the sine function must equal zero: 

sin AL = (11.7) 

Equation (11.7) is called the characteristic equation, or the buckling equation. 

Equation (1 1 .7) is satisfied if AL = njr. Substituting for A and solving for P, we obtain 
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P„ = 



2 2 17T 

n K EL 



n = 1,2,3,... 



(11.8) 



Equation (11.8) represents the values of load P (the eigenvalues) at which buckling would occur. What is the lowest value of 
P at which buckling will occur? Clearly, for the lowest value of P, n should equal 1 in Equation (1 1.8). Furthermore minimum 
value of I should be used. The critical buckling load is 



Prr = 



TlEL 



(11.9) 



P cr , the critical buckling load, is also called Euler load. Buckling will occur about the axis that has minimum area moment of 
inertia. The solution for v can be written as 



Mode shape 1 



k-U^ 



L El 



v = B sin ( nn- 



Per 




Per 














TO 







Mode shape 2 
/ 



n ?r& 




~n~ 



4tt 2 EI 



(11.10) 





Mode shape 


3 




P cr> \I 1/ ^cr 




^L/3 + 


-L/3- 


-L/3- 




TO 


7T tt- 


I 


r^Efe 


4 


cr ^ 


-^U A 1 - 



9tt 2 EI 



Figure 11.8 Importance of buckled modes. 

Equation (11.10) represents the buckled mode (eigenvectors). Notice that the constants in Equation (11.10) is undetermined. 
This is typical in eigenvalue problems. The importance of each buckled mode shape can be appreciated by examining Figure 
11.8. If buckled mode 1 is prevented from occurring by installing a restraint (or support), then the column would buckle at the 
next higher mode at critical load values that are higher than those for the lower modes. Point / on the deflection curves 
describing the mode shapes has two attributes: it is an inflection point and the magnitude of deflection at this point is zero. 
Recall that the curvature d 2 v/dx 2 at an inflection point is zero. Hence the internal moment M z at this point is zero. If roller sup- 
ports are put at any other points than the inflection points /, as predicted by Equation (11.10), then the boundary- value prob- 
lem (see Problem 11.32) will have different eigenvalues (critical loads) and eigenvectors (mode shapes). 

In many situations it may not be possible to put roller supports in order to change a mode to a higher critical buckling 
load. But buckling modes and buckling loads can also be changed by using elastic supports. Figure 11.9 shows a water tank on 
columns. The two rings are the elastic supports. Elastic supports can be modeled as springs and formulas for buckling loads 
developed as shown in Example 11.3. 



Figure 11.9 Elastic supports on columns of a water tank. 




! A matrix form may be more familiar for an eigenvalue problem. The boundary condition equations can be written in matrix form as 

1 




B\ 10 



For a nontrivial solution — that is, when A and B are not both zero — the condition is that the determinant of the matrix must be zero. This yields Sin {J{P/EI ZZ )L) — 0, in 
agreement with our solution. 
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Consolidate your knowledge 

1. With the book closed derive the Euler buckling formula and comment on higher buckling modes. 



11.2.1 Effects of End Conditions 



Equation (1 1 .9) is applicable only to simply supported columns. However, the process used to obtain the formula can be used for 
other types of supports. Table 11.1 shows the critical elements in the derivation process and the results for three other supports. 
The formula for critical loads for all cases shown in Table 11.1 can be written as 



(ii.il) 



where L eff is the effective length of the column. The effective length for each case is given in the last row of Table 11.1. This 
definition of effective length will permit us to extend results that will be derived in Section 11.3 for simply supported imper- 
fect columns to imperfect columns with the supports shown in cases 2 through 4 in Table 11.1. 
TABLE 11.1 Buckling of columns with different supports 




Casel 

IP 

B H 



•4 



Pinned at both ends 



Case 2 

r 

B 



One end fixed, 
other end free 



Case 3 

r 



One end fixed, other 
end pinned 



Case 4 a 



r 

i 




L 




r 



Fixed at both ends 



Differential 
equation 



EI— 2 +Pv = 
dx 



,2 ,2 ,2 

EI ±1 + Pv = p v (£) EI ±1 + p v = R B (L- x) EI— 2 + Pv = R B (L - x) + M B 

dx dx dx 



Boundary 
conditions 



v(0) = 
v(L) = 



v(0) 

dv 
dx 




(0) = 



v(0) 

dv 
dx 

v(L) 





(0) = 
= 



v(0) 

dv 
dx 

v(Z) 

dv 
dx 




(0) = 
= 
(L) = 



Characteristic 
equation 

X= fl 

4 EI 



sin XL = 



cos XL = 



tan XL = XL 1 



2(1 - cos XL) - XL sin XL = 



Critical load 



nEI 



7? EI 
4L 2 



nEI 
(2L) 2 



20.13 EI 



nEI 
(0.7Z) 2 



An EI nEI 



(0.5 Ly 



Effective length 

L„fF 



2L 



0.1L 



0.5L 



R B and M B are the force and moment reactions. 

The roots of the equations have to be found iteratively. The two smallest roots of the equation are /IZ=4.4934 and /IZ=7.7253. 
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In Equation (11 .9), / can be replaced by Ar 2 , where A is the cross-sectional area and r is the minimum radius of gyration 
[see Equation (A. 11)]. We obtain 



71 E 



(11.12) 



where Z eff /ris the slenderness ratio and a cr is the compressive axial stress just before the column would buckle. 

Equation (11.12) is valid only in the elastic region — that is, if <J cr < o- y[e i d . If cr cr > o _ yield , then elastic failure will be due to 
stress exceeding the material strength. Thus <r cr = a y[eld defines the failure envelope for a column. Figure 11.10 shows the fail- 
ure envelopes for steel, aluminum, and wood using the material properties given in Table D.l. As nondimensional variables 
are used in the plots in Figure 11.10, these plots can also be used for metric units. Note that the slenderness ratio is defined 
using effective lengths; hence these plots are applicable to columns with different supports. 

The failure envelopes in Figure 11.10 show that as the slenderness ratio increases, the failure due to buckling will occur at 
stress values significantly lower than the yield stress. This underscores the importance of buckling in the design of members 
under compression. 

The failure envelopes, as shown in Figure 11.10, depend only on the material property and are applicable to columns of 
different lengths, shapes, and types of support. These failure envelopes are used for classifying columns as short or long. 2 
Short column design is based on using yield stress as the failure stress. Long column design is based on using critical buckling 
stress as the failure stress. The slenderness ratio at point A for each material is used for separating short columns from long 
columns for that material. Point A is the intersection point of the straight line representing elastic material failure and the 
hyperbola curve representing buckling failure. 
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Figure 11.10 Failure envelopes for Euler columns. 
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EXAMPLE 11.1 

A hollow circular steel column (E = 30,000 ksi) is simply supported over a length of 20 ft. The inner and outer diameters of the cross 
section are 3 in. and 4 in., respectively. Determine (a) the slenderness ratio; (b) the critical buckling load; (c) the axial stress at the crit- 
ical buckling load, (d) If roller supports are added at the midpoint, what would be the new critical buckling load? 



PLAN 

(a) The area moment of inertia / for a hollow cylinder is same about all axes and can be found using the formula in Table C.2. From the 
value of /the radius of gyration can be found. The ratio of the given length to the radius of gyration gives the slenderness ratio. (b)In 
Equation (1 1.9) the given values of E and L, as well as the calculated value of I in part (a), can be substituted to obtain the critical buck- 
ling load P cr (c) Dividing P cr by the cross-sectional area, the critical axial stress cr cr can be found. (d)The column will buckle at the next 
higher buckling load, which can be found by substituting n = 2 and E, I, and L into Equation (11.8). 



SOLUTION 

(a) The outer diameter d = 4 in. and the inner diameter d x - 3 in. From Table C.2 the area moment of inertia for the hollow cylinder, the 
cross-sectional area^4, and the radius of gyration r can be calculated using Equation (A. 11), 



/ = 



n(d -d t ) 



64 



= ^[(4 in-) 4 -0 in.) 4 ] = ^ ^4 
64 



= n(d -d t ) = 7t[(4in.) 2 -(3 in.) 2 ] = 



5.498 in/ 



(El) 



Intermediate column is a third classification used if the critical stress is between yield stress and ultimate stress. See Equation (11.26) and Problems 11.64 and 11.65 for additional 
details. 
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,590 in. 



1.250 in. 



15.498 in. 
The lengthL = 20 ft = 240 in. Thus the slenderness ratio is L/r = (240 in.)/(1.25 in.). 



(E2) 



ANS. L/r = 192 

(b) Substituting E = 30,000 ksi, L = 240 in., and /= 8.59 in. 4 into Equation (11.9), we obtain the critical buckling load, 



nEI = ^ 2 (30,000 ksi)(8.590 in.) 
L 2 (240 in.) 2 



ANS. 



(E3) 
P cr = 44.15 kips 

(E4) 



(c) The axial stress at the critical buckling load can be found as 

P cv 44.15 kips 
A 5.498 in. 2 

ANS. o- cr = 8.03 ksi (C) 

(d) With the support in the middle, the buckling would occur in mode 2. Substituting n = 2 and E, I, and L into Equation (11.8) we obtain 
the critical buckling load, 



nnEI = 2V(30,000 ksi)(8.590 in.) 
L 2 (240 in.) 2 



ANS. 



(E5) 
P cr = 176.6 kips 



COMMENTS 



1. This example highlights the basic definitions of variables and equations used in buckling problems. 

2. The middle support forces the column into the mode 2 buckling mode in part (d). Another perspective is to look at the column as two 
simply supported columns, each with an effective length of half the column or Z eff = 120 in. Substituting this into Equation (11.11), 
we obtain the same value as in part (d). 

EXAMPLE 11.2 

The hoist shown in Figure 11.11 is constructed using two wooden bars with modulus of elasticity E = 1800 ksi and ultimate stress of 
<J uh= 5 ksi. For a factor of safety of K= 2.5, determine the maximum permissible weight W that can be lifted using the hoist for the two 
cases: (a) L - 30 in.; (b) L = 60 in. 

\D 

B 



Figure 11.11 Hoist in Example 11.2. 
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J 














2 


in 





4 in 











2 in 





5 in 



Cross section AA Cross section BB 



P = W1 



PLAN 

The axial stresses in the members can be found and compared with the calculated allowable values to determine a set of limits on W. By 
inspection we see that member BC will be in compression. Internal force in BC in terms of W can be found from free body diagram of the 
pulley and compared to critical buckling of BC to get another limit on W. The maximum value of W that satisfies the strength and buck- 
ling criteria can now be determined. 



SOLUTION 

The allowable stress in wood is 

^aiiow = <*ui/ K = ( 5 ksi)/2.5 = 2 ksi (El) 

The free-body diagram of the pulley is shown in Figure 11.12 with the force in BC drawn as compressive and the force in CD as tensile. By 
equilibrium the internal axial forces 

2W or N CD -AW (E2) 
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or N BC = 3A64W (E3) 




Figure 11.12 Free-body diagram in Example 1 1 .2. 

The cross-sectional areas for the two members are v4 BC = 8 in. 2 mdA CD =10 in. 2 . The axial stresses in terms of W can be found, and these 
should be less than the allowable stress of 2 ksi, from which we get two limits on W, 

_ N CD _ 4W 



a cd 10 in. 2 

_ Nbc = 3.463W 
a bc 8 in. 



<2ksi or W< 5.0 kips (E4) 

<2ksi or W< 4.62 kips (E5) 



(a) We determine the minimum area moment of inertias for cross-section AA, 

I yy = ^(4 in.)(2 in.) 3 = 2.667 in. 4 /„ = 1(2 in.)(4 in.) 3 = 10.67 in. 4 (E6) 

Substituting E = 1800 ksi, L = 30 in., and 7 = 2.667 in. 4 into Equation (11.9), we obtain 

= im = , 2 (1800ksi)(2667 1 n. 4 ) = ^ ^ 
L 2 (30 in.) 2 

N BC should be less than the critical load P cr divided by factor of safety K, 

N BC^( P cr /K ) or 3.464^< [(52.63 kips)/2.5] or W< 6.08 kips (E8) 

The maximum value of W must satisfy Equations (E4), (E5), and (E8). 

ANS. W ma = 4.6 kips 

(b) Substituting E = 1 800 ksi, L = 60 in., and I = 2.667 in. 4 into Equation ( 1 1 .9), we obtain 

P cv = ^f = ^(1800ks 1 )(2667in. 4 ) = ^ (E9) 

L (60 in.) 

N BC should be less than the critical load P CY divided by factor of safety K, 

iV 5C <(P cr /I) or 3.464^F< [(13.159 kips)/2.5] or W< 1.52 kips (E10) 

The maximum value of Wmxxst satisfy Equations (E4), (E5), and (E10). 

ANS. W max = 1.5 kips 



COMMENTS 

1. This example highlights the importance of identifying compression members such as BC, so that buckling failure is properly 
accounted for in design. 

2. The example also emphasizes that the minimum area moment of inertia that must be used is Euler buckling. Had we used I zz instead 
of 7 yy , we would have found P cr = 52.7 kips and incorrectly concluded that the failure would be due to strength failure and not buck- 
ling in case (b) 

3. In case (a) material strength governed the design, whereas in case (b) buckling governed the design. If we had several bars of different 
lengths and different cross-sectional dimensions (such as in Problems 11.18 and 11.19), then it would save a significant amount of 
work to calculate the slenderness ratio that would separate long columns from short columns. Substituting <r cr = <r allow = 2 ksi into 
Equation (11.12), we find that Llr = 94.2 is the ratio that separates long columns from short columns. It can be checked that the slen- 
derness ratio in case (a) is 51.9, hence material strength governed W max . In case (b) the slenderness ratio is 103.9, hence buckling 
governed W max . 
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EXAMPLE 11.3 

Linear springs are attached at the free end of a column, as shown in Figure 11.13. Assume that bending about the y axis is prevented, (a) 
Determine the characteristic equation for this buckling problem. Show that the critical load P cr for (b) k = and (c) k = go is as given in Table 
11.1 for cases 2 and 3, respectively. 

\P 

k 



Figure 11.13 Column with elastic support in Example 11.3. 



PLAN 

The spring exerts a spring force kv L at the upper end that must be incorporated into the moment equation, and hence into the differential 
equation. The boundary conditions are that the deflection and slope at x = are zero, (a) The characteristic equation will be generated 
while solving the boundary- value problem, (b), (c) The roots of the characteristic equation for the two cases will give P cr 



SOLUTION 

By equilibrium of moment about point O in Figure 1 1 . 14, we obtain an expression for moment M z , 

M z - P(v L - v) + kv L (L - x) = or M z + P\ = Pv L - kv L (L - x) 

Substituting into Equation (7.1), we obtain the differential equation 



EL 



J 1 
a v 

dx 



+ Pv = Pv L -kv L (L-x) 



(a) Using Equation (11.3c), Equation (E2) can be written as: 
• Differential equation: 

d V 2 2 

— - + A v = A v L - 
dx 



EI 



(L-x) 



(El) 
(E2) 

(E3) 




Figure 11.14 Free-body diagram in Example 11.3. N = P 

The zero deflection and slope boundary condition are also written to complete the statement of the boundary- value problem, 
• Boundary Conditions: 

v(0) = 

dv 

The homogeneous solution v H to Equation (E3) is given by Equation (11.5). The particular solution is 

k\ L 
A 2 EI 

Thus the total solution v H + v P can be written as 



(E4) 
(E5) 

(E6) 
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v(x) = A cos Ax + B sin Ax + v L — (L - x) (E7) 

A EI 

Substituting x = into Equation (E7) and using Equation (E4), we obtain 

v(0) = A cos(0) + 5 sin(0) + v z --^ L (Z-0)= or ^ = f4^-- 1 l v i ( E8 ) 

Differentiating Equation (E7), then substituting x = and using Equation (E5), we obtain 

~(0) = -AA sin(0) + J 82cos(0) + -^- = or B = — ^-v L (E9) 

dx A EI A 3 EI 

Substituting the values of A and B into Equation (E7), we obtain 

v(x) = — 1 cos Xx : — sin Ax+l — (L-x) \v L (E10) 

^A EI J A 3 EI A EI J 

Substituting x-L into Equation (E7), we obtain 

v(Z) = \{-^~ - l) cos /LL - -4~ sin AL + 1 - o]v z = v L (Ell) 

Since v z is a common factor, Equation (Ell) can be simplified to the following characteristic equation: 

ANS. (-—- - l) cos AL - -~- sin AL = 
v r£'/ J A EI 

(b) Substituting ^ = into Equation (Ell), we obtain cos AL - 0, which is the characteristic equation for case 2 in Table 11.1. Thus the 
P cr value corresponding to the smallest root will be as given in Table 11.1 for case 2. 

(c) We rewrite Equation (Ell) as 

tmAL = AL-^- (E12) 

k 

As k tends to infinity, the second term tends to zero and we obtain tan AL = AL, which is the characteristic equation for case 3 in Table 
11.1. Thus the P cr value corresponding to the smallest root will be as given in Table 11.1 for case 3. 



COMMENTS 

1. This example shows that a spring could simulate an imperfect support that provides some restraint to deflection. The restraining effect 
is more than zero (free end) but not as much as a roller support. 

2. The spring could also represent other beams that are pin connected at the top end. These pin-connected beams provide elastic restraint 
to deflection but no restraint to the slope. If the beams were welded rather than pin connected, then we would have to include a tor- 
sional spring also at the end. 

3. The example also demonstrates that the critical buckling loads can be changed by installing some elastic restraints, such as rings, to 
support the columns of the water tank in Figure 11.9. 

EXAMPLE 11.4 

Determine the maximum deflection of the column shown in Figure 11.15 in terms of the modulus of elasticity E, the length of the col- 
umn L, the area moment of inertia /, the axial force P, and the intensity of the distributed force w. 



T T T T 



Figure 11.15 Buckling of beam with distributed load in Example 1 1 .4. 



Q h< 4 



PLAN 



The moment from the distributed load can be added to the moment for case 1 in Table 11.1 and the differential equation written. The 
boundary conditions are that the deflection at x = and x = L is zero. The boundary- value problem can be solved, and the deflection at 
x = L/2 evaluated to obtain the maximum deflection. 



SOLUTION 

The reaction force in the y direction is half the total load wL acting on the beam. An imaginary cut at some location x can be made and 
the free-body diagram of the left part drawn as shown in Figure 11.16. By balancing the moment at point O, we obtain an expression for 
the moment AT, 
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, , . „ , v wL ^wx n 
M z + Pv(x)-— x + — = 



Figure 11.16 Free-body diagram in Example 1 1 .4. 



P > fl 



(El) 



*ti 



/2- 




M 7 



# = /> 



Substituting Equation (El) into Equation (7.1), we obtain the differential equation 



(E2) 



Using Equation (1 1.3c), Equation (E2) can be written as 
• Differential Equation 

/2 



dx 



v ; 2 _ wLx wx 
2 V ~ 2EI~ 2EI 



(E3) 



The zero-deflection boundary conditions at either end are written to complete the statement of the boundary- value problem. 
• Boundary Conditions 

v(0) = (E4) 

v(Z) = (E5) 

To find the particular solution, we substitute v P = a + bx + ex 2 into Equation (E3) and simplify, 



1 JL I 2 / JL U JL 2 \ ^X ^^ 

ZC + /1 (a + £X + CX ) = — — - — — 
v ) 2EI 2EI 



or (2c+ ^ )+ (^_2g x+ (, 2c+ _|.y = o 



(E6) 



If Equation (E6) is to be valid for any value of x, then each of the terms in parentheses must be zero and we obtain the values of constants 
a, b, and c, 

, wL 2c w 



w 
2 A 2 EI 



2 A 2 EI 



A 2 A 4 EI 



(E7) 



Hence the particular solution is 



wL 



W 2 

X 



W P 4 2 A 2 

m 2/i£7 2/1 £7 



(E8) 



The homogeneous solution v H to Equation (E3) is given by Equation (11.5). Thus the total solution v H + v P can be written as 



/ \ a o i n • 1 W W L W 2 

v(x) = A cos Ax + B sin Ax + — 1 — x — x 

A EI 2 A EI 2 A EI 



(E9) 



Substituting x = into Equation (E9) and using Equation (E4), we obtain 

w 



v(0) = A cos(0)+5 sin(0)-. , 

A EI 



0-0 = 



A 4 EI 



(E10) 



Substituting x-L into Equation (E9) and using Equation (E5), we obtain 



v{L) = A cos AL + B sin AL - 



wL wL 



A 4 EI 2 A 2 EI 2 A 2 EI 



— - — cos AL + B sin AL + — — 
A EI A EI 



(Ell) 



Since sin AL = 2 sin (AL/2) cos {ALI2) and 1 - cos AL = 2 sin 2 {ALU) the above equation can be simplified as 

w 1 - cos AL w ( AL 

B = — : — — — = — - — tan — 

A 4 EI sin AL ^EI V 2 



(E12) 



By symmetry the maximum deflection will occur at midpoint. Substituting x = L/2, A and B into Equation (E9), we obtain 



■©-'- (¥)♦"»(¥ 



w wL 



wL 



A 4 £7 4/l 2 £7 8/l 2 £7 



v max 4 



'AL\ + an . a^i , w i wL 

-cos — - tan — sin I -r- 1 I H — : 1- 



2J v 27 \2Jj ^EI 8A 2 EI 



(E13) 



Equation (El 3) can be simplified by substituting the tangent function in terms of the sine and cosine functions to obtain 
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2 
w f ( XV\ -1 . wL 



4 {sec f J-ll + ^f- (E14) 



Substituting for A, the maximum deflection can be written as 



atwtc wEI\~ (L \P\ ,1 , wL 
ANS. v max = r [sec(- /-)- 1 ' 



2 
2/JEP ^J ' 8P 



COMMENTS 

1. In Equation (El 3), as XL — » n, the secant function tends to infinity and the maximum displacement becomes unbounded, which 
means the column becomes unstable. XL - ^corresponds to the Euler buckling load of Equation (11.9). Thus the transverse distrib- 
uted load does not change the critical buckling load of a column. 

2. However the failure mode can be significantly affected by the transverse distributed load. The maximum normal stress will be the 
sum of axial stress and maximum bending normal stress, <r max = PI A + M max y max /7. The maximum bending moment will be at x = L/2 

and can be found from Equation (El) as M max = wL 2 /8 -Pv max . Substituting and simplifying gives the maximum normal stress: 

_ P wEy maxr (i 



HiJIH (E15) 



^max a p 

By equating the maximum normal stress to the yield stress, we obtain a failure envelope, which clearly depends on the value of w. 



QUICK TEST 11.1 Time: 15 minutes/Total: 20 points 



Answer true or false. If false, give the correct explanation. Each question is worth two points. Use the solutions given in 
Appendix E to grade yourself. 

1. Column buckling can be caused by tensile axial forces. 

2. Buckling occurs about an axis with minimum area moment of inertia of the cross section. 

3. If buckling is avoided at the Euler buckling load by the addition of supports in the middle, then the column will 
not buckle. 

4. By changing the supports at the column end, the critical buckling load can be changed. 

5. The addition of uniform transversely distributed forces decreases the critical buckling load on a column. 

6. The addition of springs in the middle of the column decreases the critical buckling load. 

7. Eccentricity in loading decreases the critical buckling load. 

8. Increasing the slenderness ratio increases the critical buckling load. 

9. Increasing the eccentricity ratio increases the normal stress in a column. 

10. Material strength governs the failure of short columns and Euler buckling governs the failure of long columns. 



PROBLEM SET 11.2 

Euler buckling 

11.9 A hollow circular steel column {E = 200 GPa) is simply supported over a length of 5 m. The inner and outer diameters of the cross sec- 
tion are 75 mm and 100 mm. Determine (a) the slenderness ratio; (b) the critical buckling load; (c) the axial stress at the critical buckling load, 
(d) If roller supports are added at the midpoint, what would be new critical buckling load? 
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11.10 A 30-ft-long hollow square steel column (E = 30,000 ksi) is built into the wall at either end. The column is constructed from 
--in. -thick sheet metal and has ou 
stress at the critical buckling load. 



--in. -thick sheet metal and has outer dimensions of 4 in. x 4 in. Determine (a) the slenderness ratio; (b) the critical buckling load; (c) the axial 



11.11 A 10 ft long lumber (E = 1,800 ksi) column with a rectangular cross section of 4 in. x 6 in. is pinned at both ends, (a) Determine the 
critical buckling load P. (b) What is the next higher buckling load? 



11.12 A 4 m long column is constructed from a steel (E = 210 GPa) sheet of thickness 10 mm. The sheet metal is bent to form a hollow rect- 
angular cross section with outer dimension of 120 mm x 80 mm. One end of the column is fixed and the other is a free end as in case 2 of Table 
11.1 (a) Determine the critical buckling load P. (b) What is the next higher buckling load? 



11.13 A 12 ft long lumber (E = 1,800 ksi) column with a rectangular cross section of 6 in. x 8 in. is pinned at one end and fixed at the other 
as in case 3 of Table 1 1 . 1 . (a) Determine the critical buckling load P. (b) What is the next higher buckling load? 



11.14 A 5 m long column is constructed from a steel (E = 210 GPa) sheet metal of thickness 15 mm. The sheet metal is bent to form a hol- 
low rectangular cross section with outer dimension of 120 mm x 90 mm. The ends of the column are fixed as in case 4 of Table 11.1. Determine 
the critical buckling load P. 



11.15 A 20-ft-long wooden column {E = 1800 ksi) has cross-section dimensions of 8 in. x 8 in. The column is built in at one end and simply 
supported at the other end. Determine (a) the slenderness ratio; (b) the critical buckling load; (c) the axial stress at the critical buckling load. 



11.16 AW12x35 steel section (see Appendix E) is used for a 21 -ft column that is simply supported at each end. Use E = 30,000 ksi and deter- 
mine (a) the slenderness ratio; (b) the critical buckling load; (c) the axial stress at the critical buckling load, (d) If roller supports are added at inter- 
vals of 7 ft, what would be the critical buckling load? 



11.17 An S200 x 34 steel section (see Appendix E) is used as a 6-m column that is built in at each end. Use E = 200 GPa and determine (a) 
the slenderness ratio; (b) the critical buckling load; (c) the axial stress at the critical buckling load. 



11.18 Columns made from alloy will be used in the construction of a frame. The cross section of the columns is a hollow square of 0. 125-in. 
thickness and outer dimensions of a in. The modulus of elasticity E = 9000 ksi and the yield stress <r yield = 90 ksi. Table 11.18 lists the lengths 
L and outer square dimensions a. Identify the long and short columns. Assume the ends will be simply supported. 

TABLE P 1 1 . 1 8 Column geometric properties 



L a 

(ft) (in.) 



1.0 1.125 

1.5 1.500 

2.0 1.750 

2.5 2.750 

3.0 3.000 

3.5 3.000 

4.0 3.000 



11.19 Columns made from alloy will be used in the construction of a frame. The cross section of the columns is a hollow cylinder of 10-mm 
thickness and an outer diameter of d mm. The modulus of elasticity E = 100 GPa and the yield stress cr yield = 600 MPa. Table PI 1.19 lists the 
lengths L and outer diameters d. Identify the long and short columns. Assume the ends of the column are built in. 

TABLE P 1 1 . 1 9 Column geometric properties 



L 

(m) 


d 
(mm) 


1 


60 


2 


80 


3 


100 


4 


150 


5 


200 


6 


225 



250 
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11.20 Three column cross sections are shown in Figure PI 1.20. The area of each of the three cross sections is equal to A. Determine the 

ratios of critical loads P crl : P i 

change if the end conditions were as in cases 2 and 3 of Table 11.1? 



crl . ± cr2 . P cr3 assuming (a) the ends are simply supported; (b) the ends are built in. (c) How do you expect the ratios to 




Figure P11.20 



1. Square 2. Circle 



3. Equilateral 
triangle 



11.21 Figure PI 1.21 shows two steel (E = 30,000 ksi, <r yield = 30 ksi) bars of a diameter d= - in. on which a force F= 750 lb is applied. 
Bars AP and BP have lengths L AP = 8 in. and L BP = 10 in. Determine the factor of safety for the assembly. 



110' 



Figure P11.21 



h4 




11.22 Figure P11.22 shows two steel (£ = 30,000 ksi, a 



yield 



: 30 ksi) bars of a diameter d= - in. on which a force F= 600 lb is applied. 



Bars AP and BP have lengths L AP 

B 



: 1 in. andLgp = 10 in. Determine the factor of safety for the assembly. 



Figure P11.22 




11.23 Figure PI 1.23 shows two copper {E = 15,000 ksi, a 



yield 



12 ksi) bars of a diameter d = - in. on which a force F = 500 lb is applied. 



Bars AP and BP have lengths L AP = 7 in. and L BP = 9 in. Determine the factor of safety for the assembly. 



Figure P11.23 




11.24 Figure PI 1 .24 shows two (E = 200 GPa, a - ld = 200 MPa) bars of a diameter d=\0 mm on which a force F= 1 kN is applied. Bars 



AP and BP have lengths L AP = 200 mm and L BP = 350 mm. Determine the factor of safety for the assembly. 



Figure P11.24 



£ 




11.25 Figure PI 1 .25 shows two (E = 200 GPa, cr yield = 360 MPa) bars of a diameter J =10 mm on which a force F= 1 kN is applied. Bars 
AP and BP have lengths L AP = 200 mm and L BP = 300 mm. Determine the factor of safety for the assembly. 
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Figure P11.25 




11.26 Figure PI 1.26 shows two (E = 200 GPa, s yield = 200 MPa) bars of a diameter d=10 mm on which a force F= 10 kN is applied. Bars 
AP and BP have lengths L AP = 200 mm and L BP = 300 mm. Determine the factor of safety for the assembly. 



Figure P11.26 




Formulation and solutions 



11.27 (a) Solve the boundary- value problem for case 2 in Table 11.1 and obtain the critical load value P cr that is given in the table, (b) If 
buckling in mode 1 is prevented, then what would be the P cr value? 



11.28 (a) Solve the boundary- value problem for case 3 in Table 11.1 and obtain the critical load value P CY that is given in the table, (b) If 
buckling in mode 1 is prevented, then what would be the P cr value? 



11.29 (a) Solve the boundary- value problem for case 4 in Table 11.1 and obtain the critical load value P cr that is given in the table, (b) If 
buckling in mode 1 is prevented, then what would be the P cr value? 



11.30 A torsional spring with a spring constant K is attached at one end of a column, as shown in Figure PI 1.30. Assume that bending about 
the y axis is prevented, (a) Determine the characteristic equation for this buckling problem, (b) Show that for K = and K = co the critical load P cr 
is as given in Table 11.1 for cases 1 and 3, respectively. 
I/ 1 



Figure P11.30 



11.31 A torsional spring with a spring constant K is attached at one end of a column, as shown in Figure PI 1 .3 1 . Assume that bending about 
the^ axis is prevented, (a) Determine the characteristic equation for this buckling problem, (b) Show that for K = the critical load P CY is as given 
for case 2 in Table 1 1 . 1 . (c) For K=go obtain the critical load P cr . 
P 



Figure P11.31 



-\ 
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11.32 Consider the column shown in Figure PI 1.32. (a) Determine the critical buckling in terms of E, I, L, and a. (b) Show that when 
a= 0.5, the critical load corresponds to mode 2, as shown in Figure 11.8. 



Figure P11.32 



k- ah -*^* L — ah A 



~n~ 



5 



11.33 For the column shown in Figure PI 1.33 determine (a) the deflection at x = L; (b) the critical load P CY in terms of the modulus of elas- 
ticity E, the column length L, the area moment of inertia /, and the force P. 



Figure P11.33 



fc 



\aP 



11.34 For the column shown in Figure PI 1.34 determine (a) the deflection at x = L; (b) the critical load P CY in terms of the modulus of elas- 
ticity E, the column length L, the area moment of inertia /, and the force P. 



Figure P11.34 



fc 



aPL 



11.35 For the column shown in Figure PI 1.35 determine (a) the deflection at x = L; (b) the critical load P CY in terms of the modulus of elas- 
ticity E, the column length L, the area moment of inertia /, and the force P. 



Figure P11.35 



b 



Design problems 

11.36 Steel (£' = 210 GPa) rectangular bars of 1 5 mm x 25 mm cross section form an assembly shown in Figure P 1 1 .36. Determine the max- 
imum load P that can be applied without buckling of any bar. Use a = 1 m, b = 0.7 m, and c = 1 m. 

\<\ a D>| 



Figure P11.36 




11.37 Steel {E = 210 GPa) rectangular bars of 15 mm x 25 mm cross section form an assembly shown in Figure PI 1.36. Determine the max- 
imum load P that can be applied without buckling of any bar. Use a = 1 m, b = 0.7 m, and c = 1.4 m. 



11.38 Steel (E= 30,000 ksi) rectangular bars of 1/2 in. x 1 in. cross section form an assembly shown in Figure PI 1.38. Determine the maxi- 
mum load P that can be applied without buckling of any bar. 

D\<] 48 in. DH r 



36 in. 



Figure P11.38 
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11.39 Steel (E= 30,000 ksi) rectangular bars of 1/2 in. x 1 in. cross section form an assembly shown in Figure PI 1.39. Determine the maxi- 
mum load P that can be applied without buckling of any bar. 

D\<C\ 48 in. o\ c 

J 



36 in. 



Figure P11.39 




11.40 A hoist is constructed using two wooden bars to lift a weight of 5 kips, as shown in Figure PI 1.40. The modulus of elasticity for wood 
E = 1800 ksi and the allowable normal stress is 3.0 ksi. Determine the maximum value of L to the nearest inch that can be used in constructing the hoist. 

L (ft) >\ c 



Figure P11.40 




4 in 



2 in 
Cross section AA 



11.41 Two steel cylinders {E = 30,000 ksi and cr yield = 30 ksi) AB and CD are loaded as shown in Figure PI 1.41. Determine the maximum 
load P to the nearest lb, if a factor of safety of 2 is desired. Model the ends of column AB as built in 



2in- 



10 ft 

I 



Figure P11.41 



<-3 in-> 



8 ft 



11.42 A spreader is to be made from an aluminum pipe {E = 10,000 ksi) of --in. thickness and an outer diameter of 2 in., as shown in Figure 

PI 1.42. The pipe lengths available for design start from 4 ft in 6-in. steps up to 8 ft. The allowable normal stress is 40 ksi. Develop a table for 
the lengths of pipe and the maximum force F the spreader can support. 



Figure P11.42 




11.43 Two 200-mm x 50-mm pieces of lumber {E = 12.6 GPa) form a part of a deck that is modeled as shown in Figure PI 1.43. The allow- 
able stress for the lumber is 18 MPa. (a) Determine the maximum intensity of the distributed load w. (b) What is the factor of safety for column 
BD corresponding to the answer in part (a)? 






2.25 m- 



200 mm- 



Figure P11.43 



f 



lmH 



J200i 



2m 

i 
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11.44 Two 200-mm x 50-mm pieces of lumber (E = 12.6 GPa) form a part of a deck that is modeled as shown in Figure PI 1.44. The allow- 
able stress for the lumber is 18 MPa. (a) Determine the maximum intensity of the distributed load w. (b) What is the factor of safety for column 
BC corresponding to the answer in part (a)? 



(S 



T T T T 



-.-B 



n 



-3.25 m- 



Figure P11.44 



200 mm -+ 
C 



W 



^{2001 



2m 



11.45 A rigid bar hinged at point O has a force P applied to it, as shown in Figure PI 1 .45. Bars A and B are made of steel with a modulus of 
elasticity E = 30,000 ksi and an allowable stress of 25 ksi. Bars A and B have circular cross sections with areas A A —\ in. 2 and A B = 2 in. 2 , 
respectively. Determine the maximum force P that can be applied. 

<- 24 in H^ — 30 in — + 42 in H 



C 



^^ 



~0 



36 in 



Figure P11.45 



Rigid 



0.005 in 



48 in 



Stretch yourself 

11.46 Show that for a beam with a constant bending rigidity EI, the fourth-order differential equation for solving buckling problems is 
given by 



dx dx 

where P is a compressive axial force and/? is the distributed force in the y direction. 



(11.13) 



11.47 Using Equation (11.13), solve Example 11.4. 



11.48 Show that the critical change of temperature at which the beam shown in Figure PI 1 .48 will buckle is given by the equation below. 



Figure P11.48 



Ar 



h 



H 



crit 2 

a(L/r) 



where a is the thermal coefficient of expansion and r is the radius of gyration. 



11.49 A column with a constant bending rigidity EI rests on an elastic foundation as shown in Figure PI 1.49. The foundation modulus is k, 
which exerts a spring force per unit length of kv. Show that the governing differential equation is given by Equation (11.15). (Hint: See Prob- 
lems 7.48 and 11.46.) 



Figure P11.49 




j 4 J 1 

a v a v 

EI— A +P ^ + kv = 
dx dx 



(11.14) 



11.50 Show that the buckling load for the column on an elastic foundation described in Problem 1 1 .49 is given by the eigenvalues 

n 2 K nEI J . 



nEl 



n = 1,2,3,... 



(11.15) 



Note: For n-\ and k - Equation (11.15) gives the Euler buckling load. 
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11.51 For a simply supported column with a symmetric composite cross section, show that the critical load P cr is given by 



n 



£,/,. 



(11.16) 



"eff 



where L eff — the effective length of the column, E A is the modulus of elasticity for the i th material, Ij is the area moment of inertia about the buck- 
ling axis, and n is the number of materials in the cross section. [See Equations (6.36) and (11.3a).] 



11.52 A composite column has the cross section shown in Figure PI 1.52. The modulus of elasticity of the outside material is twice that of 
the inside material. In terms of E, d, andL, determine the critical buckling load. 

— j H 




Figure P11.52 



. — 2d^\ 

11.53 Two strips of material of a modulus of elasticity of IE are attached to a material with a modulus of elasticity E to form a composite 
cross section of the column shown in Figure PI 1.53. In terms of E, a, and L, determine the critical buckling load. The column is free to buckle 
in any direction. 



I 



Figure P11.53 



IE 



IE 



"0.25a 



0.25a 



11.3* IMPERFECT COLUMNS 



In the development of the theory for axial members and the symmetric bending of beams, we obtained that the condition for 
decoupling axial deformation from bending deformation for linear, elastic, and homogeneous material: the applied loads must 
pass through the centroid of the cross sections, and the centroids of all cross sections are on a straight line. However, the 
requirements for decoupling the axial from the bending problem may not be met for a number of reasons, some of which are 
given here: 

• The column material may contain small holes, minute cracks, or other material inclusions. Hence the homogeneity 
requirement or the requirement that the centroids of all cross sections be on a straight line may not be met. 

• The material processing may cause local strain hardening. Hence the condition of linear and elastic material behavior 
across the entire cross section may not be met. 

• The theoretical design centroid and the actual centroid are offset due to manufacturing tolerances. 

• Local conditions at the support cause the reaction force to be offset from the centroid. 

• The transfer of loads from one member to another may not occur at the centroid. 

This partial list can be considered as imperfections in the column, which cause the application of axial loads to be offset 
from the centroid of the cross section. This offset loading is termed eccentric loading on columns. In this section we study the 
impact of eccentricity in loading on buckling. 





N=P 



: 



Figure 11.17 Eccentrically loaded column. 

Figure 11.17a shows a simply supported column on which an eccentric compressive axial load is applied at a distance e 
from the centroid of the cross section. Figure 11.17Z? shows the free-body diagram of the column segment. By balancing the 
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moment at points we obtain M z + P(v + e) = 0. Substituting the moment-curvature relationship of Equation (7.1), we obtain 
the differential equation 

^ + A 2 v = -^ (11.17) 

dx tjl 

where A is given by Equation (11 .3c). The boundary conditions are that displacements at x = and x = L are zero, as given by 
Equation (11.4a) and (11.4b). The homogeneous solution to Equation (11.17) is given by Equation (11.5), that is, v^x) = 
A cos Ax + B sin Ax. The particular solution to Equation (1 1 . 17) is v P (x) = -e. Thus the total solution v^ + y p is 

v(x) = A cos Xx + B sin Xx - e 
From boundary condition (1 1.4a) we obtain 

v(0) = ,4cos(0)+£sin(0)-e = or A = e 

From boundary condition (11 Ab) we obtain 

v(Z) = A cos AL + B sin AL - e = or 



(11.18) 
(11.19a) 

(11.19b) 



B 



e(l - cos XL) 
sin AZ 



e| 2 sin — 



. . XL XL 
2 sin —cos — 

2 2 



+ AX 
etan — 

2 



(11.19c) 



Substituting for A and 5 in Equation (11.18), we obtain the deflection as 



v(x) 



cos Xx + tan| — ] sin Xx - 1 



(11.20) 



As AL/2 -^ 7r/2, the function tan(AL/2) -^ oo and the displacement function v(x) becomes unbounded. Thus the critical load 
value can be found by substituting for A in the equation AL/2 = k12 to obtain the same critical value as given by Equation 
(11.9). In other words, the buckling load value does not change with the eccentricity of the loading. We will make use of this 
observation to extend our formulas to other types of support conditions. 

In the eigenvalue approach discussed in Section 1 1 .2, we were unable to determine the displacement function because we 
had an undetermined constant B in Equation (11.10). But here the displacement function is completely determined by Equa- 
tion (11.20). The maximum deflection (by symmetry) will be at the midpoint. Substituting x = L/2 into Equation (11.20), we 
obtain 

cos(f) + tan(f)sin(f)-l 



Using trigonometric identities, this equation can be simplified as v max 
(11.3c), we obtain 

( L [P} i' 
sec - — - 1 

We can write 



PP„ 



- JL 



We obtain the maximum deflection equation as 



V — P 

v max ^ 


r (n \p\ r 

sec - — - 1 
V2aP ) 

L 'V ± cr J 





(11.21a) 
e[sec (AL/2) - 1]. Substituting for A from Equation 

(11.21b) 
(11.21c) 
(11.22) 



The maximum normal stress is the sum of compressive axial stress and maximum compressive bending stress: 



= P jgmaxJn 

<w A j 



(11.23a) 
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The maximum bending moment will be at the midpoint of the column, and its value is M max = P(e + v max ). Substituting for v^ 
we obtain 



P , fornax 

- + — — -e 



sec - — 
2iiEI< 



(11.23b) 



Equation (11.23b) was derived for simply supported columns. We can extend the results to other supports by changing the 
length of the column to the effective length L eS , as given in Table 11.1. We also substitute jy max = c > where c represents the max- 
imum distance from the buckling (bending) axis to a point on the cross section. Substituting / = Ar 2 , where A is the cross-sec- 
tional area and r is the radius of gyration, we obtain 



(11.24) 



Equation (11.24) is called the secant formula. The quantity ec/r 2 is called the eccentricity ratio. 

By equating a max to failure stress cr m in Equation (11.24), we obtain the failure envelope for an imperfect column. The 
failure envelope equation can be written in nondimensional form as 



_ p 

^max a 


" ec fL e ff [p~\ 
1 + —sec -— — 
r 2 y2r^EAJ_ 
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(11.25) 
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(c) 
Figure 11.18 Failure envelopes for imperfect columns. 

Equation (11.25) can be plotted for different materials, as shown in Figure 11.18. These curves can be used for metric as well 
for U.S. customary units, since the variables used in creating the plots are nondimensional. The curves can be used for any 
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material that has the same value for a y[eld /E. The failure stress in the cases of steel and aluminum would be the yield stress 
a yield , whereas for wood it would be the ultimate stress cr ulv The curves can also be used for different end conditions by using 
the appropriate Z eff as given in Table 11.1. 



EXAMPLE 11.5 

A wooden box column (E = 1800 ksi) is constructed by joining four pieces of lumber together, as shown in Figure 11.19. The load 
P = 80 kips is applied at a distance of e = 0.667 in. from the centroid of the cross section, (a) If the length is L = 10 ft, what are the 
maximum stress and the maximum deflection? (b) If the allowable stress is 3 ksi, what is the maximum permissible length L to the 
nearest inch? 



Figure 11.19 Eccentrically loaded box column. 



A 



y 




s» 



4 in 





4 in 


























8 












8 in 







PLAN 

The cross-sectional area ^4, the area moment of inertia /, the radius of gyration r, and the maximum distance c from the bending (buck- 
ling) axis can be found from the cross-section dimensions. The effective length is the actual length L as the column is pin held at each 
end. (a) Substituting £ eff = 120 in. and the values of the other variables into Equations (11.22) and (11.24), we can find the maximum 
stress and the maximum deflection, (b) Equating <r max in Equation (11.24) to 3 ksi and substituting the remaining variables, we find the 
length L. 



SOLUTION 

From the given cross section, the cross-sectional area ^4, the area moment of inertia /, and the radius of gyration r can be found: 



A = (8 in.)(8 in.) -(4 in.)(4 in.) = 48 in.' 



/ = ^[(8 in.) 4 -(4 in.) 4 ] = 320 in. 4 



2.582 in. 



(El) 
(E2) 



(a) Since the column is pinned at both ends, L Qii = L = 10 ft = 120 in. Substituting L eff , /, and E = 1800 ksi into Equation (11.11) give the 
critical buckling load: 

P cr = ^(^00k S i) ( 320in. 4 ) = 394 8 k . ps 
(120 in.) 2 



Substituting e = 0.667in., P = 80 kips, and Equation (E3) into Equation (11.22), we obtain the maximum deflection, 

ll = o.: 



(0.667 in.)|~s 



n \ 80 kips 



2 V 394.8 kips 



1 = 0.2103 in. 



ANS. 



(E4) 



. = 0.21 in. 



Substituting c - 4 in., e - 0.667 in., r = 2.582 in., P = 80 kips, E = 1800 ksi, and A = 48 in. 2 into Equation (11.24), we obtain the maxi 
mum normal stress, 

_ 80 kips 



1 ^ (0.667 in.)(4 in.) 

1 + * ZA — : — 1 $ 



120 in. 



80 kips 



2.544 ksi 



(E5) 



48 in. z L (2.582 in.) z ^2(2.582 in.)^ (1800 ksi)(48 in y 

ANS. o- max = 2.5ksi(C) 

(b) Substituting <r max = 3 ksi, c = 4 in., e = 0.667 in., r = 2.582 in., P = 80 kips, E = 1800 ksi, and A = 48 in. 2 into Equation (11.24), we 
can find L s = L in. can be found, 



80 kips 
48 in. 2 



L in. 



80 kips 



t ^ (0.667 in.)(4 in.) 

1 "T" ^ ^ sec 

(2.582 in.) 2 [2(2.582 m.)^/(i 80 ksi)(48 in. 2 )J_ 



(E6) 



sec{5.892(10 )L) =2 or cos(5.892 x 10 L) = 0.5 

Rounding downward, the maximum permissible length is: thus L-Xll in. 



L = 111. I'm. 



ANS. 



(E7) 
L=177in. 
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COMMENTS 

1. The axial stress PI A = (80 kips)/(48 in. 2 ) = 1.667 ksi, but the normal stress due to bending from eccentricity causes the normal stress 
to be significantly higher, as seen by the value of <r max . 

2. If the right end of the column shown in Figure 11.19 were built in rather than held by a pin, then from case 3 in Table 11.1, L eff = 0.1L 
= 84 in. Using this value, we can find P CY = 805.7 kips, v max = 0.091 in., and cr max = 2.42 ksi. 

3. In Equation (E7) we rounded downward, as shorter columns will result in a stress that is less than allowable. 

EXAMPLE 11.6 

A wooden box column (E = 1800 ksi) is constructed by joining four pieces of lumber together, as shown in Figure 11.19. The ultimate 
stress is 5 ksi. Determine the maximum load P that can be applied. 



PLAN 

The eccentricity ratio and the slenderness ratio can be found using the values of the geometric quantities calculated in Example 11.5. 
Noting that cr uh /E = 0.0028, the failure envelopes for wood that are shown in Figure 11.18 can be used and (P/A)/cr ull can be found, from 
which the maximum load P can be determined. 



SOLUTION 

From Equation (E2) in Example 11.5, r = 2.582 in. Thus the slenderness ratio L eS /r = (120 in.)/(2.582 in.) = 46.48. From Figure 11.19, 
c = 4 in. and e = 0.667 in. Thus the eccentricity ratio ec/r 2 = 0.400. 

For a slenderness ratio of 46.48 and an eccentricity ratio of 0.4, we estimate the value of (P/A)/cr ult = 0.6 from the failure envelope 
for wood in Figure 11.18. Substituting <r ult = 5 ksi and A = 48 in. 2, we obtain the maximum load P max = (0.6) (5 ksi) (48in. 2 ). 

ANS. P max = 144 kips 



COMMENT 

1. If we let x represent (P/A)/cr ult and substitute the remaining variables in Equation (11 .25), we obtain the following nonlinear equation: 

x[ 1 +0.4 sec (1.2297 ^/x;)] = 1. The root of the equation can be found using a numerical method such as discussed in Section B.2.2. 
The value of the root to the third-place decimal is 0.593, which would yield a value of P max = 142.3 kips, a difference of 1.18% from 
that reported in our example. The difference is small and an acceptable engineering approximation. Use of the plots in Figure 11.18 
was a quick way of finding the load value with reasonable engineering approximation. 



PROBLEM SET 11.3 



Imperfect columns 

11.54 A column built in on one end and free at the other end has a load that is eccentrically applied at a distance e from the centroid, as 
shown in Figure PI 1.54. Show that the deflection curve is given by the equation below. 



fe 



v(x) 



g(l - cos Ax) 
cos XL 



Figure P11.54 

where X is as given by Equation (11.3c). 

11.55 On the cylinder shown in Figure PI 1.55 the applied load ,P = 3kips, the lengthL = 5ft, and the modulus of elasticity 
E = 30,000 ksi. What are the maximum stress and the maximum deflection? 
e = 0.25 in 



Figure P11.55 




2.5 in 
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11.56 On the cylinder shown in Figure PI 1 .55 the applied load P = 3 kips and the modulus of elasticity E = 30,000 ksi. If the allow- 
able normal stress is 8 ksi, what is the maximum permissible length L of the cylinder? 



11.57 The length of the cylinder shown in Figure PI 1.55 is L = 5 ft. The yield stress of steel used in the cylinder is 30 ksi, and the modulus 
of elasticity E = 30,000 ksi. Determine the maximum load P that can be applied. Use the plot for steel in Figure 11.18. 



11.58 On the column shown in Figure PI 1.58 the applied load,P= 100 kN, the length L = 2.0 m, and the modulus of elasticity 
E=10 GPa. What are the maximum stress and the maximum deflection? 





e = 9 mm _ i ( 






L > 




-* — 1 & 




Figure P11.58 


M HT" 





30 mm 



50 mm 



1 



30 mm 



50 mm 
Cross section 



11.59 On the column shown in Figure P 1 1 .58 the applied load P = 100 kN and the modulus of elasticity E = 70 GPa. If the allowable 
normal stress is 250 MPa, what is the maximum permissible length L of the column? 



11.60 The length of the column shown in Figure PI 1.58 is L = 2.0 m. The yield stress of aluminum used in the column is 280 MPa, and the 
modulus of elasticity E = 70 GPa. Determine the maximum load P that can be applied. Use the plot for aluminum in Figure 11.18. 



11.61 A wide-flange W8 x 18 member is used as a column, as shown in Figure PI 1.61. The applied load P = 20 kips, the length L = 9 ft, 
and the modulus of elasticity E = 30,000 ksi. What are the maximum stress and the maximum deflection? 



p\ v 

4 



0.3 in 



W8X 18 



Figure P11.61 



11.62 On the column shown in Figure P 1 1 .6 1 the applied load P - 20 kips and the modulus of elasticity E - 30,000 ksi. If the allow- 
able normal stress is 24 ksi, what is the maximum permissible length L of the column? 



11.63 The length of the column shown in Figure PI 1.61 is L = 9 ft. The yield stress of steel is 30 ksi, and the modulus of elasticity E - 
30,000 ksi. Determine the maximum load P that can be applied. Use the plot for steel in Figure 11.18. 



Stretch yourself 

In Problems 11.64 and 11.65, the critical stress in intermediate columns is between yield stress and ultimate stress. The tangent modulus theory of 
buckling accounts for it by replacing the modulus of elasticity by the tangent modulus of elasticity (see Figure 3. 7), that is, 



nEJ 



(11.26) 



where E t is the tangent modulus, which depends on the stress level PJA. Using an iterative trial and error procedure and Equation (11.26), the 
critical buckling load can be determined. 

11.64 A simply supported 6-ft pipe has an outside diameter of 3 in. and a thickness of - in. The pipe material has the stress-strain curve 

o 

shown in Figure PI 1.64. Using Equation (11.26), determine the critical buckling load. 
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Figure P11.64 




0.001 



0.004 



0.007 



11.65 A square box column is constructed from a sheet of 10-mm thickness. The outside dimensions of the square are 75 mm x 75 mm and 
the column has a length of 0.75 m. The material stress-strain curve is approximated as shown in Figure PI 1.65. Using Equation (11.26), deter- 
mine the critical buckling load. 



Figure P11.65 




0.004 



0.005 



0.007 



11.66 A column that is pin held at its ends has a small initial curvature, which is approximated by the sine function shown in Figure PI 1 .66. 
Show that the elastic curve of the column is given by the equation below. 



Figure P11.66 




v(x) 



1-P/P„ 



11.67 In double modulus theory, also known as reduced modulus theory for intermediate columns, it is recognized that the bending action 
during buckling increases the compressive axial stress on the concave side of the beam but decreases the compressive stress on the convex side 
of the beam. Thus the use of the tangent modulus of elasticity E t is appropriate on the concave side, but on the convex side of the beam it may 
be better to use the original modulus of elasticity. Modeling the cross section material with the two moduli E t and E and using Equation (11 .26), 
show 



nEJ 



^eff 



E r = E t j+EJ 



(11.27) 



where E x is the reduced modulus of elasticity, I x and I 2 are the moments of inertia of the areas on the concave and convex sides of the axis passing 
through the centroid, and lis the moment of inertia of the entire cross section. 



Computer problems 

11.68 A circular marble column of 2-ft diameter and 20-ft length has a load P applied to it at a distance of 2 in. from the center. The modulus 
of elasticity is 8000 ksi and the allowable stress is 20 ksi. Determine the maximum load P the column can support, assuming that both ends are 
(a) pinned; (b) built in. 



11.69 Determine the maximum load P to the nearest newton in Problem 1 1 .60. 



11.70 Determine the maximum load P to the nearest pound in Problem 1 1 .63. 
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(a) 



MoM in Action: Collapse of World Trade Center 

On September 11, 2001, at 8:46 A.M, five terrorists flew a plane (Figure 11.20a) containing 10,000 gallons of fuel 
into tower 1 of the World Trade Center (WTC 1). Seventeen minutes later, five other terrorists flew a second plane con- 
taining 9,100 gallons of fuel into tower 2 (WTC 2). Within an hour, the floors of WTC 2 started collapsing vertically 
downward, and WTC 1 collapsed just 29 minutes later. A total of 2749 people apart from the terrorists died that day in 
New York. It is a tragic story of how social forces affect engineering design. 

The construction of WTC complex began in 1968. The twin towers were to be the symbol of world commerce and 
for years the world's tallest buildings, at 110 stories each. Their innovative design maximized usable space by having all 
supporting columns only on the perimeter of each floor. There were 4 major structural subsystems: (i) the exterior wall 
(Figure 11.206), with 59 columns on each side; (ii) a rectangular inner core of 47 columns; (iii) a system of bridging steel 
trusses (Figure 11.20c) on each floor, connecting the exterior wall to the inner core using angle clips. Viscoelastic dampers 
reduced the swaying motion on higher floors due to wind; and (iv) a truss system between 107th and 1 10th floor — further 
bridged the inner core to the exterior wall. 

The exterior wall (like flanges in beam cross section increase area moment of inertia) was designed to resist the 
force of 140-mph hurricane winds. The inner core, like an axial column, supported most of the weight of building, equip- 
ment, and people. Insulation on the steel and a sprinkler system in the event of fire met building codes at that time. The 
design even planned for the impact of an airliner lost in fog, and it stood long enough so that most of the 14,500 people in 

the towers escaped that morning. But it was not designed for a Molotov cocktail of 10,000 gallons of jet fuel. 

q 2 f Bridging Trusses 

\/* 3 Exterior Wall 

' A" 




(b) 



^ 



Inner Core A 

87 ft 



135 ft 



r 



Angle Clip 



210 ft 



H 



210 ft 



_2_ 




Bridging Truss 
--Viscoelastic dampers 




Figure 11.20 (a) World Trade Center Towers; (b) Plan form; (c) Floor. 



Even so, it took several factors to initiate the collapse. First, the angle clips on the exterior wall of several floors — 
at the height of plane — broke, transferring the floors' weight as compressive loads to the inner core. Second, the breaking 
of the clips in turn removed elastic support from the core column, decreasing the critical buckling loads (see Figure 11.8). 
Third, the temperature increase from burning fuel introduced another mechanism of buckling failure (see Problem 11.48). 
Finally, the insulation of the inner core on the floors of impact broke, exposing the steel to high temperatures. This signif- 
icantly decreased the modulus of elasticity, the critical buckling load, and the ultimate strength. The towers would have 
survived the first three failures. But the design did not take into account prolonged high temperature and its impact on the 
stiffness and strength of steel. No one could imagine a fuel-laden plane deliberatively flown into a building. 

The floors suffering a direct impact buckled after nearly an hour of intense fire, and the floors above started falling 
on the weakened floors below. The moving mass of the floors gathered momentum, lending their downward motion to the 
floors below. 

The WTC towers were well designed for the physical forces conceivable at the time. New skyscraper designs will 
incorporate greater insulation on the steel beams and columns to counter future threats. A collapse happened, but it will hap- 
pen no more. 



August 2012 



M. Vable 



Mechanics of Materials: Stability of Columns 



11 526 



*11.4 CONCEPT CONNECTOR 



As with the deflection of beams (Chapter 7), mathematicians played a key role in developing the theory of buckling. The his- 
tory of buckling also shows that original ideas are not enough if the ideas cannot be communicated to others. The importance 
to engineering of oral and written skills in technical communications is a thus lesson over two hundred years old. 



11.4.1 History: Buckling 



Leonard Euler (1707-1782) is one of the most prolific mathematicians who ever lived (Figure 11.21). Born in Basel, he went 
to the University of Basel, then renowned for its research in mathematics. After studying under John Bernoulli (see Section 
7.6), he started work in 1727 at the Russian Academy at St. Petersburg, where he developed analytical methods for solving 
mechanics problems. At the invitation of King Frederick II of Prussia, he moved to Berlin in 1741, where he wrote his book- 
length Introduction to Calculus, Differential Calculus, and Integral Calculus, in addition to his remarkable original contribu- 
tions to mathematics. In 1766, Catherine II, the empress of Russia, wooed him back to St. Petersburg. Even as he was going 
blind from cataract, he continued his prolific publications with the help of assistants. In fact, with a bibliography that runs to 
866 entries, one could easily miss his pioneering insight into buckling and the formula he derived [Equation (1 1.9)]. 



Figure 11.21 Buckling theory pioneers. 





Leonard Euler. 



Joseph-Louis Lagrange. 



Even after Euler, the early development of buckling was primarily mathematical. Joseph-Louis Lagrange (1736-1813), 
another pioneer in the establishment of analytical methods for mechanics (Figure 11.21), took the next step. He developed a 
complete set of buckling loads and the associated buckling modes given by Equations ((11.8) and (11.10). Columns with 
eccentric loads (Problem 11.54) and columns with initial curvatures (Problem 11.66) were first formulated and studied by 
Thomas Young (1773-1829). Young was also the first to consider columns of variable cross section. Unfortunately, he was 
neither a good teacher nor a writer, and much of his work went unappreciated. As his biographer, Lord Rayleigh, said, 3 
"Young.... from various causes did not succeed in gaining due attention from his contemporaries. Positions that he had already 
occupied were in more than one instance reconquered by his successors at great expense of intellectual energy." 

There was another reason why in the early 1800s developments in column buckling were unappreciated by the practicing 
engineer. Euler buckling did not accurately predict compression failure in the structural members then in use. The effects of 
end conditions and imperfections, as well as the formula's range of validity, were not yet understood It took the experiments 
of Eaton Hodgkinson in 1840 on cast-iron columns to give new life to the Euler buckling theory. In 1845, Anatole Henri 
Ernest Lamarle, a French engineer, proposed correctly that the Euler formula should be used below the proportional limit, 
while experimentally determined formulas should be used for shorter columns. 

In 1889 F. Engesser, a German engineer, proposed the tangent modulus theory (see Problems 11.64 and 11.65), in which 
the elastic modulus is replaced by the tangent modulus of elasticity when proportional stress is exceeded. Also in 1889, the 
French engineer A. G. Considere, based on a series of tests, proposed that if buckling occurs above yield stress, then the elastic 
modulus in the Euler formula should be replaced by a reduced modulus of elasticity, between the elastic modulus and the tan- 
gent modulus. On learning of Considered work, Engesser incorporated the suggestion into his reduced modulus theory, also 
known as double modulus theory (see Problem 11.66). Yet the two approaches competed for almost 50 years. In 1905 J. B. 
Johnson, C. W. Bryan, and F. E. Turneaure recommended a modification of the Euler formula for steel columns, using an 



3 Quotation is from S. P. Timoshenko, History of Strength of Materials. 
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experimentally determined constant for different supports. It was the beginning of the concept of effective length to account 
for different end conditions, and their text on Theory and Practice of Modern Framed Structures remained in print for ten edi- 
tions. In 1946 F. R. Shanley, an American aeronautical engineering professor, refined these theories and finally resolved "the 
column paradox," as he called it, that had separated proponents of the reduced modulus theory and the tangent modulus the- 
ory. 

For all its refinements and limitations, the Euler buckling formula is still used three centuries later for column design and 
is still valid for long columns with pin-supported ends. Such is the power of logical thinking. 

11.5 CHAPTER CONNECTOR 

In past chapters, our analysis was based on the equilibrium of forces and moments. This chapter emphasized that not only 
equilibrium, but the stability of the equilibrium is an important consideration in design. There are many types of instabilities. 
We studied how coupled axial and bending deformation, for example, can produce buckling in columns. This case emphasizes 
the need for caution in decoupling phenomena for ease of understanding. 

All our theories have relied on an equilibrium approach. An alternative approach can be used to replace the last link in the 
logic Figure 3.12. Though our theories will have the same assumptions and limitations, the energy method has a very different 
perspective from equilibrium methods, as discussed in the next and last chapter of this book. 
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POINTS AND FORMULAS TO REMEMBER 



Buckling is the instability in equilibrium of a structure due to compressive forces or stresses. 

Structural members that support compressive axial loads are called columns. 

Study of buckling as a bifurcation problem requires determining the critical buckling load at the point where two or more 
solutions exist for deformation. 

Study of buckling by the energy method requires determining the critical buckling load at the point the potential energy 
changes from a concave to a convex function. 

Study of buckling as an eigenvalue problem requires determining the critical buckling load at the point where a nontrivial 
solution exists for bending deformation due to axial loading. 

In snap buckling the structure snaps (or jumps) from one equilibrium configuration to a very different equilibrium config- 
uration at the critical buckling load. 

Local buckling of thin structural members occurs due to compressive stresses. 

Buckling of columns occurs about an axis that has a minimum value of area moment of inertia. 

TlEI 

The Euler buckling load is P CT = — — (11.9) 

where P cr is the critical buckling load, E is the modulus of elasticity, L is the length of the column, and / is the minimum 
area moment of inertia of the cross section. 

Equation (1 1.9) is valid only for elastic columns with pin-held ends. 

The effect of supports at the end can be incorporated by defining an effective length L eff for a column and calculating the 
critical buckling load from 

ttFI 

p a = ^ (ii.ii) 

^eff 

The Slenderness ratio is defined as L eff /r, where r is the radius of gyration about the buckling axis. 

The slenderness ratio at which the maximum normal stress is equal to the yield stress separates the short columns from 
the long columns in Euler buckling. 

The failure of short columns is governed by material strength. 

The failure of long columns is governed by Euler buckling loads. 

Eccentricity in loading does not affect the critical buckling load, but the maximum normal stress becomes significantly 
larger than the axial stress due to the addition of bending normal stress, 



i' K \ p '\ 1 
sec - — - 1 

-2aP 



(11.22) o- max = £ 



1 + ec ^j l ^ p y 

1 +— sec — — 
r 2 V 2r ^EAJ 



(11.24) 



where v max is the maximum deflection, e is the eccentricity in loading, P is the applied axial load, P cr is the Euler buckling 
load for the column, <r max is the maximum normal stress in the column, r is the radius of gyration about the buckling 
(bending) axis, c is the maximum distance perpendicular to the buckling (bending) axis, A is the cross-sectional area, and 
L eff is the effective length of the column. 

The eccentricity ratio is defined as eclr 2 . 
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APPENDIX A 

STATICS REVIEW 



Statics is the foundation course for mechanics of materials. This appendix briefly reviews statics from the perspective of this 
course. It presupposes that you are familiar with the basic concepts so if you took a course in statics some time ago, then you 
may need to review your statics textbook along with this brief review. Review exams at the end of this appendix can also be used 
for self-assessment. 

A.l TYPES OF FORCES AND MOMENTS 

We classify the forces and moments into three categories: external, reaction, and internal. 
A. 1.1 External Forces and Moments 

External forces and moments are those that are applied to the body and are often referred to as the load on the body. They are 
assumed to be known in an analysis, though sometimes we carry external forces and moments as variables. In that way we may 
answer questions such these: How much load can a structure support? What loads are needed to produce a given deformation? 

Surface forces and moments are external forces (moments), which act on the surface and are transmitted to the body by 
contact. Surface forces (moments) applied at a point are called concentrated forces (moment or couple). Surface forces 
(moments) applied along a line or over a surface are called distributed forces (moments). 

Body forces are external forces that act at every point on the body. Body forces are not transmitted by contact. Gravi- 
tational forces and electromagnetic forces are two examples of body forces. A body force has units of force per unit vol- 
ume. 

A. 1.2 Reaction Forces and Moments 



Other forces and moments are developed at the supports of a body to resist movement due to the external forces (moments). These 
reaction forces (moments) are usually not known and must be calculated before further analysis can be conducted. Three princi- 
ples are used to decide whether there is a reaction force (reaction moment) at the support: 

1. If a point cannot move in a given direction, then a reaction force opposite to the direction acts at that support point. 

2. If a line cannot rotate about an axis in a given direction, then a reaction moment opposite to the direction acts at that 
support. 

3. The support in isolation and not the entire body is considered in making decisions about the movement of a point or 
the rotation of a line at the support. Exceptions to the rule exist in three-dimensional problems, such as bodies sup- 
ported by balanced hinges or balanced bearings (rollers). These types of three-dimensional problems will not be cov- 
ered in this book. 

Table C.l shows several types of support that can be replaced by reaction forces and moments using the principles 
described above. 

A. 1.3 Internal Forces and Moments 



A body is held together by internal forces. Internal forces exist irrespective of whether or not we apply external forces. The 
material resists changes due to applied forces and moments by increasing the internal forces. Our interest is in the resistance the 
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material offers to the applied loads — that is, in the internal forces. Internal forces always exist in pairs that are equal and opposite 
on the two surfaces produced by an imaginary cut. 



N 




Figure A.l Internal forces and moments. 

The internal forces are shown in Figure A.l. (In this book, all internal forces and moments are printed in bold italics: 
N= axial force; V , V z - shear force; T - torque; M , M z = bending moment.) They are defined as follows: 

• Forces that are normal to the imaginary cut surface are called normal forces. The normal force that points away from 
the surface (pulls the surface) is called tensile force. The normal force that points into the surface (pushes the surface) 
is called compressive force. 

• The normal force acting in the direction of the axis of the body is called axial force. 

• Forces that are tangent to the imaginary cut surface are called shear forces. 

• Internal moments about an axis normal to the imaginary cut surface are called torsional moments or torque. 

• Internal moments about an axis tangent to the imaginary cut are called bending moments. 

A.2 FREE-BODY DIAGRAMS 

Newton's laws are applicable only to free bodies. By "free" we mean that if a body is not in equilibrium, it will move. If there are 
supports, then these supports must be replaced by appropriate reaction forces and moments using the principles described in Sec- 
tion A. 1.2. The diagram showing all the forces acting on a free body is called the free-body diagram. 

Additional free-body diagrams may be created by making imaginary cuts for the calculation of internal quantities. Each 
imaginary cut will produce two additional free-body diagrams. Either of the two free-body diagrams can be used for calculat- 
ing internal forces and moments. 

A body is in static equilibrium if the vector sum of all forces acting on a free body and the vector sum of all moments 
about any point in space are zero: 

Yf = ^M=0 (A.l) 

where V represents summation and the overbar represents a vector quantity. In a three-dimensional Cartesian coordinate sys- 
tem the equilibrium equations in scalar form are 

X F * = T F y = X F * = 

(A.2) 

J^M X = Y, M y = ° Yj Mz = ° 

Equations (A.2) imply that there are six independent equations in three dimensions. In other words, we can at most solve for six 
unknowns from a free-body diagram in three dimensions. 

In two dimensions the sum of the forces in the z direction and the sum of the moments about the x and y axes are auto- 
matically satisfied, as all forces must lie in the x, y plane. The remaining equilibrium equations in two dimensions that have to 
be satisfied are 

Yf x = Yfy = ° T K = ° (A3) 

Equations (A.3) imply that there are three independent equations per free-body diagram in two dimensions. In other words, we 
can at most solve for three unknowns from a free-body diagram in two dimensions. 
The following can be used to reduce the computational effort: 
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• Balance the moments at a point through which the unknown forces passes. These forces do not appear in the moment 
equation. 

• Balance the forces or moments perpendicular to the direction of an unknown force. These forces do not appear in the 
equation. 

A structure on which the number of unknown reaction forces and moments is greater than the number of equilibrium 
equations (six in three dimensions and three in two dimensions) is called a statically indeterminate structure. Statically 
indeterminate problems arise when more supports than needed are used to support a structure. Extra supports may be used for 
safety considerations or for the purpose of increasing the stiffness of a structure. We define the following: 

Degree of static redundancy = number of unknown reactions - number of equilibrium equations. (A.4) 

To solve a statically indeterminate problem, we have to generate equations on the displacement or rotation at the support 
points. A mistake sometimes made is to take moments at many points in order to generate enough equations for the unknowns. 
A statically indeterminate problem cannot be solved from equilibrium equations alone. There are only three independent equa- 
tions of static equilibrium in two dimensions and six independent equations of static equilibrium in three dimensions. Additional 
equations must come from displacements or rotation conditions at the support. 

The number of equations on the displacement or rotation needed to solve a statically indeterminate problem is equal to the 
degree of static redundancy. There are two exceptions: (i) With symmetric structures with symmetric loadings by using the argu- 
ments of symmetry one can reduce the total number of unknown reactions, (ii) Pin connections do not transmit moments from one 
part of a structure to another. Thus it is possible that a seemingly indeterminate pin structure may be a determinate structure. We will 
not consider such pin-connected structures in this book. 

A structural member on which there is no moment couple and forces act at two points only is called a two-force mem- 
ber. Figure A. 2 shows a two-force member. By balancing the moments at either point A or B we can conclude that the result- 
ant forces at A and B must act along the line joining the two points. Notice that the shape of the member is immaterial. 
Identifying two-force members by inspection can save significant computation effort. 




Figure A.2 Two-force member. 

A.3 TRUSSES 




A truss is a structure made up of two-force members. The method of joints and the method of sections are two methods 
of calculating the internal forces in truss members. 

In the method of joints, a free-body diagram is created by making imaginary cuts on all members joined at the pin. If a force 
is directed away from the pin, then the two-force member is assumed to be in tension; and if it is directed into the pin, then the 
member is assumed to be in compression. By conducting force balance in two (or three) dimensions two (or three) equations per 
pin can be written. 

In the method of sections an imaginary cut is made through the truss to produce a free-body diagram. The imaginary cut can 
be of any shape that will permit a quick calculation of the force in a member. Three equations in two dimensions or six equations 
in three dimensions can be written per free-body diagram produced from a single imaginary cut. 

A zero-force member in a truss is a member that carries no internal force. Identifying zero-force members can save sig- 
nificant computation time. Zero-force members can be identified by conducting the method of joints mentally. Usually if two 
members are collinear at a joint and if there is no external force, then the zero-force member is the member that is inclined to 
the collinear members. 
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A.4 CENTROIDS 



The y and z coordinates of the centroid of the two-dimensional body shown in A.3 are defined as 



[ ydA 



\ zdA 

\A 

\ dA 



(A.5) 




Figure A.3 Area moments. 

The numerator in Equations (A.5) is referred to as the first moment of the area. If there is an axis of symmetry, then the area 
moment about the symmetric axis from one part of the body is canceled by the moment from the symmetric part, and hence we 
conclude that the centroid lies on the axis of symmetry. 

Consider a coordinate system fixed to the centroid of the area. If we now consider the first moment of the area in this coor- 
dinate system and it turns out to be nonzero, then it would imply that the centroid is not located at the origin, thus contradicting 
our starting assumption. We therefore conclude that the first moment of the area calculated in a coordinate system fixed to the 
centroid of the area is zero. 
The centroid for a composite body in which the centroids of the individual bodies are known can be calculated from Equations (A. 6). 






z: 



Z,A; 



(A.6) 



where y c and z c are the known coordinates of the centroids of the area ^4-. Table C.2 shows the locations of the centroids of 
some common shapes that will be useful in solving problems in this book. 

A.5 AREA MOMENTS OF INERTIA 



The area moments of inertia, also referred to as second area moments, are defined as 

lyy = j z 2 dA I zz =\ y 2 dA I yz = J yzdA 

J A J A J A 

The polar moment of inertia is defined as in Equation (A.7) with the relation to / and I zz deduced using A.3: 



yy 



J 



r dA 



Iyy + Izz 



(A.7) 



(A.8) 




Figure A.4 Parallel-axis theorem. 

If we know the area moment of inertia in a coordinate system fixed to the centroid, then we can compute the area 
moments about an axis parallel to the coordinate axis by the parallel-axis theorem illustrated in Figure A.4 and are given by 



h^ Ad y 



+ Adt 



r = l 7 +Add 



J = J+Ad 



(A.9) 



where the subscript c refers to the axis fixed to the centroid of the body. The quantities y 2 , z 2 , r 2 , A, d 2 , d 2 , and d 2 are always pos- 
itive. From Equations (A.7) through (A.9) we conclude that 1 ' 7 ZZ , and J are always positive and minimum about the axis pass- 
ing through the centroid of the body. However, I can be positive or negative, as y, z, d y , and d z can be positive or negative in 
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Equation (A.7). If either y or z is an axis of symmetry, then the integral in I on the positive side will cancel the integral on the 
negative side in Equation (A.7), and hence I will be zero. We record the observations as follows: 

• / , / zz , and J are always positive and minimum about the axis passing through the centroid of the body. 

• If either the y or the z axis is an axis of symmetry, then I will be zero. 

The moment of inertia of a composite body in which we know the moments of inertia of the individual bodies about its centroid 
can be calculated from Equation (A. 10). 

n n n n 

I yy = Y}h c y c + A A) '= = £ (/ V', + ^' ) *y = Z ( V,. + ^W J = Y^Vc+Arf) (A.10) 

1=1 i=\ 1=1 i=\ 

where j y ^ ? i z ^ ? /^ Zc ? and j are the area moments of inertia about the axes passing through the centroid of the zth body. Table 

C.2 shows the area moments of inertia about an axis passing through the centroid of some common shapes that will be useful in 
solving the problems in this book. 

The radius of gyration r about an axis is defined by 



r = - or I = Ar 

4a 

where / is the area moment of inertia about the same axis about which the radius of gyration r is being calculated. 
A.6 STATICALLY EQUIVALENT LOAD SYSTEMS 



(A.ll) 



Two systems of forces that generate the same resultant force and moment are called statically equivalent load systems. 
If one system satisfies the equilibrium, then the statically equivalent system also satisfies the equilibrium. The statically 
equivalent systems simplifies analysis and is often used in problems with distributed loads. 

A.6.1 Distributed Force on a Line 



Let p{x) be a distributed force per unit length, which varies with x. We can replace this distributed force by a force and moment 
acting at any point or by a single force acting at point x c , as shown in Figure A.5. 



p(x) force/length 



dF = p(x) dx 




F 



(a) 



Force/length 



Force/length 



Force 



I Uniform 
►* ZZ 

(b) 



qL 
\ 



1 L/2 L/2 



Force 



Linear 



(c) 



qL/2 

_L 



Ay -|— | 5 

2L/3 L/3 



Figure A.5 Static equivalency for (a) distributed force on a line, (b) uniform distribution, (c) linear distribution. 

For two systems in Figure A. 5 a to be statically equivalent, the resultant force and the resultant moment about any point (ori- 
gin) must be the same. 



= [ p(x) dx 



x p(x) dx 



(A.12) 



The force F is equal to the area under the curve and x c represents the location of the centroid of the distribution. This is used in 
replacing a uniform or a linearly varying distribution by a statically equivalent force, as shown in Figure A.5b and c. 
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Two statically equivalent systems are not identical systems. The deformation (change of shape of bodies) in two stati- 
cally equivalent systems is different. The distribution of the internal forces and internal moments of two statically equivalent 
systems is different. The following rule must be remembered: 

• The imaginary cut for the calculation of internal forces and moments must be made on the original body and not on the 
statically equivalent body. 

A. 6.2 Distributed Force on a Surface 



Let cr(y, z) be a distributed force per unit area that varies in intensity with y and z. We would like to replace it by a single force, 
as shown in Figure A.6. 

a(y, z) force/area 

dF = <j(y, z) dA 





Figure A.6 Static equivalency for distributed force on a surface. 

For the two systems shown in Figure A.6 to be statically equivalent load systems, the resultant force and the resultant 
moment about the y axis and on the z axis must be the same. 



F — \\ o(y,z)dydz 



y cKy? z)dy dz \\z <j(y, z)dy dz 



y c = 



(A.13) 



The force F is equal to the volume under the curve. y c and z c represent the locations of the centroid of the distribution, which can 
be different from the centroid of the area on which the distributed force acts. The centroid of the area depends only on the geom- 
etry of that area. The centroid of the distribution depends on how the intensity of the distributed load o(y, z) varies over the area. 
Figure A. 7 shows a uniform and a linearly varying distributed force, which can be replaced by a single force at the centroid of 
the distribution. Notice that for the uniformly distributed force, the centroid of the distributed force is the same as the centroid of the 
rectangular area, but for the linearly varying distributed force, the centroid of the distributed force is different from the centroid of 
the area. If we were to place the equivalent force at the centroid of the area rather than at the centroid of distribution, then we would 
also need a moment at that point. 

a(y, z) force/area F = aab 




+ y 



a(y, z) force/area 







Linear 



*~y 



F = aab/ 2 



*-y 




*-y 



(b) 



Figure A.7 Statically equivalent force for uniform and linearly distributed forces on a surface. 
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Quick Test A.l 



Time: 15 minutes/Total: 20 points 



Grade yourself using the answers and points given in Appendix G. 

1. Three pin-connected structures are shown: (a) How many two-force members are there in each structure? (b) Which 
are the two-force member 



M 




\C D 



Structure 1 



Structure 2 



Structure 3 



2. Identify all the zero-force members in the truss shown. 




3 m > | < 3 m— H^ — 3 m > | « 3 m— H 



3. Determine the degree of static redundancy in each of the following structures and identify the statically determinate 
and indeterminate structures. Force P, and torques T x and T 2 are known external loads. 



Rigid 




~xr 



> 



Structure 1 




Structure 2 



Beam _J i \ 



Beam _J i \ 



Structure 3 



Structure 4 
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STATIC REVIEW EXAM 1 



To get full credit, you must draw a free-body diagram any time you use equilibrium equations to calculate forces or moments. Grade yourself using the 
solution and grading scheme given in Appendix D. Each question is worth 20 points. 



1. Determine (a) the coordinates (y c , z c ) of the centroid of the cross section shown in Figure Rl.l; (b) the area moment of inertia about an axis passing 
through the centroid of the cross section and parallel to the z axis. 

H 50 mm H 

^10 mm 



n 



60 mm 



Figure Rl.l 



10 mm 



2. A linearly varying distributed load acts on a symmetric T section, as shown in Figure R1.2. Determine the force F and its location (x F , y F coordi- 
nates) that is statically equivalent to the distributed load. 

lOksi 

lOksi 



Figure R1.2 




/-3iiW 



3. Find the internal axial force (indicate tension or compression) and the internal torque (magnitude and direction) acting on an imaginary cut through point E 
in Figure R1.3. 

3.5 kips 

3 ft -kips 



Figure R1.3 




4. Determine the internal shear force and the internal bending moment acting at the section passing through A in Figure Rl .4 



Figure R1.4 




1 m 2.0 m 



2.5 m 



lm 



5. A system of pipes is subjected to a force P, as shown in Figure PI. 5 By inspection (or by drawing a free-body diagram) identify the zero and non- 
zero internal forces and moments. Also indicate in the table the coordinate directions in which the internal shear forces and internal bending moments act 



Figure R1.5 



Internal Force/ 


Section AA 


Section BB 


Moment 


(zero/nonzero) 


(zero/nonzero) 


Axial tbrce 








_ direction 


Shear force 


in 


direction 


in 


Shear force 


in 


direction 


in 


_ direction 


Torque 








_ direction 


Bending moment 


in 


direction 


in 


Bending moment 


in 


direction 


in 


direction 



\ ) — ►* — tt 
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STATIC REVIEW EXAM 2 



To get full credit, you must draw a free-body diagram any time you use equilibrium equations to calculate forces or moments. Discuss the solu- 
tion to this exam with your instructor. 



1. Determine (a) the coordinates (y c , z c ) of the centroid of the cross section in Figure PI. 6; (b) the area moment of inertia about an axis passing through 
the centroid of the cross section and parallel to the z axis. 

2 in 2 in 



Figure R1.6 





* * 


f 




* * 






6 in - 


\ y 








1 






z -<— 












•«— 


12 


in 


— >- 



8 in 



2. A distributed load acts on a symmetric C section, as shown in Figure PI .7. Determine the force F and its location (x F , y F coordinates) that is statically equiva- 
lent to the distributed load. 

iy 

8000 psii 



Figure R1.7 



tff^lh 


•S fl /^ 


O // fl/^^^^^ > x 


h~h H 



3 in 9 in 



3. Find the internal axial force (indicate tension or compression) and the internal torque (magnitude and direction) acting on an imaginary cut through 
point E in Figure PI. 8. 



32 kN 



Figure R1.8 




150 kN- 



20 kN 

32 



70 kN 



90 kN 




90 kN 



4. A simply supported beam is loaded by a uniformly distributed force of intensity 0.1 kip/in. applied at 60°, as shown in Figure PI .9. Also applied is a force 
F at the centroid of the beam. Neglecting the effect of beam thickness, determine at section C the internal axial force, the internal shear force, and the 
internal bending moment. 

0.1 kip/in F= 10 kips 



Figure R1.9 



JT 



V 



36in- 



- 72 in - 






5. A system of pipes is subjected to a force P, as shown in Figure Pl.10.By inspection (or by drawing a free-body diagram) identify the zero and non- 
zero internal forces and moments. Also indicate in the table the coordinate directions in which the internal shear forces and internal bending moments act. 



Figure R1.10 





Section AA 


Section BB 


Internal Force/Moment 


(zero/nonzero) 


(zero/nonzero) 


Axial tbrce 


Shear force 


in direction 


in direction 


Shear force 


in direction 


in direction 


Torque 






Bending moment 


in direction 


in direction 


Bending moment 


in direction 


in direction 
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POINTS TO REMEMBER 



If a point cannot move in a given direction, then a reaction force opposite to the direction acts at that support point. 

If a line cannot rotate about an axis in a given direction, then a reaction moment opposite to the direction acts at that sup- 
port. 

The support in isolation and not the entire body is considered in making decisions about the reaction at the support. 

Forces that are normal to the imaginary cut surface are called normal forces . 

The normal force that points away from the surface (pulls the surface) is called tensile force. 

The normal force that points into the surface (pushes the surface) is called compressive force. 

The normal force acting in the direction of the axis of the body is called axial force. 

Forces that are tangent to the imaginary cut surface are called shear forces. 

The internal moment about an axis normal to the imaginary cut surface is called torsional moment or torque. 

Internal moments about axes tangent to the imaginary cut are called bending moments. 

Calculation of internal forces or moments requires drawing a free-body diagram after making an imaginary cut. 

There are six independent equations in three dimensions and three independent equations in two dimensions per free- 
body diagram. 

A structure on which the number of unknown reaction forces and moments is greater than the number of equilibrium 
equations (6 in 3-D and 3 in 2-D) is called a statically indeterminate structure. 

Degree of static redundancy = number of unknown reactions - number of equilibrium equations. 

The number of equations on displacement and/or rotation we need to solve a statically indeterminate problem is equal to the 
degree of static redundancy. 

A structural member on which there is no moment couple and forces act at two points only is called a two-force member. 

The centroid lies on the axis of symmetry. 

The first moment of the area calculated in a coordinate system fixed to the centroid of the area is zero. 

1 ' 7 ZZ , and J are always positive and minimum about the axis passing through the centroid of the body. 

I can be positive or negative. 

If either the y or the z axis is an axis of symmetry, then I will be zero. 

Two systems that generate the same resultant force and moment are called statically equivalent load systems. 

The imaginary cut for the calculation of internal forces and moments must be made on the original body and not on the 
statically equivalent body. 
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APPENDIX B 

ALGORITHMS FOR NUMERICAL 
METHODS 



This appendix describes simple numerical techniques for evaluating the value of an integral, determining a root of a nonlinear 
equation, and finding constants of a polynomial by the least-squares method. Algorithms are given that can be programmed in 
any language. Also shown are methods of solving the same problems using a spreadsheet. 

B.l NUMERICAL INTEGRATION 



We seek to numerically evaluate the integral 



{/(*) 



dx 



(B.l) 



where the function X*) and the limits a and b are assumed known. 

This integral represents the area underneath the curve /(x) in the interval defined by x = a and x = b. The interval between a 
and b can be subdivided into N parts, as shown in Figure A. 8. In each of the subintervals the function can be approximated by a 
straight-line segment. The area under the curve in each subinterval is the area of a trapezoid. Thus in the rth interval the area is 
( A*;) [/(Xj) +/(jc / _ 1 )]/2. By summing all the areas we obtain an approximate value of the total area represented by the integral 
in Equation ( A. 1), 



r=^(Ax t ) 



Axd+Axt-i) 



(B.2) 



f(x)k 




Figure A.8 Numerical integration by trapezoidal rule 

By increasing the value of N in Equation (B.2) we can improve the accuracy in our approximation of the integral. More 
sophisticated numerical integration schemes such as Gauss quadrature may be needed with increased complexity of the function 
f(x). For the functions that will be seen in this book, integration by the trapezoidal rule given by Equation (B.2) will give adequate 
accuracy. 

B.l.l Algorithm for Numerical Integration 

Following are the steps in the algorithm for computing numerically the value of an integral of a function, assuming that the func- 
tion value /(x-) is known at N+ 1 points x t , where i varies from to N. 
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1. Read the value of N. 

2. Read the values of x i andf(x t ) for i = to N. 

3. Initialize /= 0. 

4. For i = 1 to N, calculate / = / + (*. - Jt M )[/i&) +/(x-_ 1 )]/2. 

5. Print the value of/. 

B.1.2 Use of a Spreadsheet for Numerical Integration 

Figure A. 9 shows a sample spreadsheet that can be used to evaluate an integral numerically by the trapezoidal rule given by 
Equation (B.2). The data x- and/(x-) can be either typed or imported into columns A and B of the spreadsheet, starting at row 
2. In cells A2 and B2 are the values of x and/(x ), and in cells A3 and B3 are the values of x 1 and/^Xj). Using these values, 
the first term (i = 1) of the summation in Equation (B.2) can be found, as shown in cell C2. In a similar manner the second 
term of the summation in Equation (B.2) can be found and added to the result of the first term in cell C2. On copying the for- 
mula of cell C3, the spreadsheet automatically updates the column and row entries. Thus in all but the last entry we add one 
term of the summation at a time to the result of the previous row and obtain the final result. 



■ Comment row 





A 


B 


C 


D 


) 


1 


x i 


/(*/) 


/ 




/ 


2 






= (A3-A2)*(B3+B2)/2 






3 






=C2+(A4-A3)*(B4+B3)/2 




\ 


4 






Copy formula in cell C3 






5 














6 














7 




















> 




^^ 





Figure A.9 Numerical integration algorithm on a spreadsheet. 



B.2 ROOT OF A FUNCTION 



We seek the value of x in a function that satisfies the equation 

f(x) = 



(B.3) 



fh Iteration 1 




Figure A.10 Roots of an equation by halving the interval. 

We are trying to find that value of x at which /(x) crosses the x axis. Suppose we can find two values of x for which the function 
f(x) has different signs. Then we know that the root of Equation (B.3) will be bracketed by these values. Let the two values of x 
that bracket the root from the left and the right be represented by x L and x^. Let the corresponding function values be^ =f(x L ) 
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and^ =f(x R ), as shown in Figure A. 10a. We can find the mean value x N = (x L + x R )/2 and calculate the function value f N =f(x N ). 
We compare the sign off N to those off L and^ and replace the one with the same sign, as elaborated below. 

In iteration l^has the same sign as^; hence in iteration 2 we make the x L value as x N and the^ value as^. In so doing we 
ensure that the root of the equation is still bracketed by x L and x R , but the size of the interval bracketing the root has been halved. 
On repeating the process in iteration 2, we find the mean value x N , and the corresponding value f N has the same sign as^. Thus 
for iteration 3, x R and^ are replaced by x N and/^ found in iteration 2. In each iteration the root is bracketed by an interval that is 
half the interval in the previous iteration. When^ reaches a small enough value, the iteration is stopped and x N is the approxi- 
mate root of Equation (B.3). This iterative technique for finding the root is called half interval method or bisection method. 

B.2.1 Algorithm for Finding the Root of an Equation 



The steps in the algorithm for computing the root of Equation (B.3) numerically are listed here. The computation of/(x) should 
be done in a subprogram, which is not shown in the algorithm. It is assumed that the x L and x R values that bracket the root are 
known, but the algorithm checks to ensure that the root is bracketed by x L and x R . Note that if two functions have the same sign, 
then the product will yield a positive value. 

1. Read the values of x L and x R . 

2. Calculate f L =f(x L ) andf R =f(x R ). 

3. If the product f L f R > 0, print "root of equation not bracketed" and stop. 

4. Calculate x N = (x L + x R )/2 andf N =f(x N ). 

5. If the absolute value off N is less than 0.0001 (or a user-specified small number), then go to step 8. 

6. If the product^^ > 0, then replace x L by x N , &ndf L byf N . Go to step 4. 

7. If the product ^ f N > 0, then replace x R by x N , and/# byf N . Go to step 4. 

8. Print the value of x N as the root of the equation and stop. 

B.2.2 Use of a Spreadsheet for Finding the Root 
of a Function 

Finding the roots of a function on a spreadsheet can be done without the algorithm described. The method is in essence a digital 
equivalent to making a plot to find the value of x where the function/(x) crosses the x axis. 

To demonstrate the use of a spreadsheet for finding the root of a function, consider the function /(x) = x 2 - 28.54x +88.5. 
We guess that the root is likely to be a value of x between and 10. 

Trial 1: In cell A2 of Figure A. 11a we enter our starting guess as x = 0. In cell A3 we increment the value of cell A2 by 1, then 
copy the formula in the next nine cells (copying into more cells will not be incorrect or cause problems). In cell B2 we write our 
formula for finding /(x) and then copy it into the cells below. The results of this trial are shown in Figure A.l lb. We note that the 
function value changes sign between x = 3 and x = 4 in trial 1 . 

Trial 2: Based on our results of trial 1, we set x = 3 as our starting guess in cell D2. In cell D3 we increment the value of 
cell D2 by 0.1 and then copy the formula into the cells below. We copy the formula for/(x) from cell B2 into the column start- 
ing at cell E2. The results of this trial are given in Figure A.11Z?. The function changes sign between x = 3.5 and x = 3.6. 

Trial 3: Based on our results of trial 2, we set x = 3.5 as our starting guess in cell G2. In cell G3 we increment the value 
of cell G2 by 0.01 and then copy the formula into the cells below. We copy the formula for/(x) from cell B2 into the column 
starting at cell H2. The results of this trial are given in Figure A.llb. The function value is nearly zero at x = 3.54, which 
gives us our root of the function. 

The starting value and the increments in x are all educated guesses that will not be difficult to make for the problems in 
this book. If there are multiple roots, these too can be determined and, based on the problem, the correct root chosen. 



August 2012 



M. Vable 



Mechanics of Materials: ALGORITHMS FOR NUMERICAL METHODS 



B 542 



Trial 1 



Trial 2 



Trial 3 




X 


/ m 


3 


1 11.88 


3.1 1 


9.636 


3.2 / 


lAYi 


3.3 / 


/^208 


3.4// 


3.024 


3.5p 


0.86 


3.6 


-1.284 


3.7 


-3.408 


3.8 


-5.512 


3.9 


-7.596 


4 


-9.66 



X 


m 


3.5 


0.86 


3.51 


0.6447 


3.52 


0.4296 


3.53 


0.2147 


3^ 


2.84217E-14 


3.55 


-0.2145 


3.56 


-0.4288 


3.57 


-0.6429 


3.58 


-0.8568 


3.59 


-1.0705 


3.6 


-1.284 



Figure A. 11 Roots of an equation using spreadsheet. 

B.3 DETERMINING COEFFICIENTS OF A POLYNOMIAL 

We assume that at Appoints x i we know the values of a function^. Often the values of x- and^J are known from an experiment. We 
would like to approximate the function by the quadratic function 

2 

f(x) = a + a x x + a 2 x (B.4) 

If N= 3, then there is a unique solution to the values of a , a l9 and a 2 . However, if N> 3, then we are trying find the coefficients 
a , a l9 and a 2 such that the error of approximation is minimized. One such method of defining and minimizing the error in 
approximation is the least-squares method elaborated next. 

If we substitute x = x t in Equation (B.4), the value of the function /(x-) may be different than the value f t . This difference is 
the error e 7 , which can be written as 



e« = ft ~A x i) = fi~ Oo + a x x t + a 2 x t ) 



(B.5) 



^N 2 



In the least-squares method an error E is defined as E = V e i ■. This error E is then minimized with respect to the coeffi- 
cients a , a l9 and a 2 and to generate a set of linear algebraic equations. These equations are then solved to obtain the coef- 
ficients. 

Minimizing E implies setting the first derivative of E with respect to the coefficients equal to zero, as follows. In these equa- 
tions all summations are performed for i = 1 to N. 



da 



or 



or 



de 



or ^2[f i -(a + (1^ + a 2 x 2 t )][-!] = 



Yj l6i d7 = ° ° r ^ 2 \-fi~ ( a o + a i x i + a 2*i)][-Xi] = o 



(B.6) 
(B.7) 
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oa 2 



de, 



or 



or ^2[/-(a + a 1 x / + a 2 x / )][-xJ = 
The equations on the right can be rearranged and written in matrix form, 



S 2e < = ° 



(B.8) 



N 



2> 
I*' 



I'' 


^0 




'I/'' 




2* 


< d^ 


> = < 


Y, x ifi 


> or 


i* 4 


l fl 2, 




.1*?/'. 





*ii 


*12 


&13 


6 21 


^22 


b 2 3 


*31 


^32 


b 33 





'a 




V 


< 


a x 


> = « 


r 2 




a 2 




/3. 



(B.9) 



The coefficients of the Z? matrix and the r vector can be determined by comparison to the matrix form of the equations on the left. 
The coefficients a , a x , and a 2 can be determined by Cramer's rule. Let D represent the determinant of the b matrix. By Cramer's 
rule, we replace the first column in the matrix of Z?'s by the right-hand side, find the determinant of the constructed matrix, and 
divide by D. Thus, the coefficients a , a l9 and a 2 can be written as 



(B.10) 



r\ 


b l2 


b l3 


r 2 


b 22 


t>23 


r 3 


b 3 i 


b 33 



b n 


r\ 


b l3 


b 2X 


r 2 


b 2 3 


b 3l 


r 3 


b 33 



b n 


b l2 


r\ 


b 21 


b 22 


r 2 


b 3l 


b 32 


r 3 



D l D l D 

Evaluating the determinant by expanding about the r elements, we obtain the values of a , a l9 and a 2 

D = b xx C xx + b X2 C X2 + b X3 C X3 

a = [C xx r x + C X2 r 2 + C X3 r 3 ]/D 

U\ = [ C 2 \ r \ + C 22 r 2 + C 2 3 r 3~\l D 



where 



a 2 = [Qsi r i + C 32 r 2 + C 33 r 3 ]/D 

Qi = b 22 b 33 - b 23 b 32 C X2 = C 21 = -\_b 2l b 33 - b 23 b 3l ] 

^b = Qi = b 2X b 32 -b 22 b 3X C 22 = b n b 33 - b l3 b 3l 

C 2 3 = C 32 = -[b n b 23 - b l3 b 2l \ C 33 = b n b 22 - b u b 2l 



(B.ll) 
(B.12) 
(B.13) 

(B.14) 

(B.15) 



It is not difficult to extend these equations to higher order polynomials. However, a numerical method for solving the algebraic 
equations will be needed as the size of the b matrix grows. For problems in this book a quadratic representation of the function is 
adequate. 

B.3.1 Algorithm for Finding Polynomial Coefficients 



The steps in the algorithm for computing the coefficients of a quadratic function numerically by the least-squares method are 
listed here. It is assumed that x- and^J, are known values at Appoints. 

1. Read the value of N. 

2. Read the values of x t and^J for i = 1 to N. 

3. Initialize the matrix coefficients b and r to zero. 

4. Set b n =N. 



5. For i = 1 to N, execute the following computations: 



b n = b X2 + x i 



bn = b X3 +x t 
r 2 = r 2 + x t f t 



b 23 = b 23 +x t 
r 3 = r 3 + x]f i 



O'i'i Dt,?. Xj 



6. Set b 2X = b X2 , b 22 = b X3 , b 3X = b X3 , b 32 = b 23 . 

7. Determine D using Equation (B.ll). 

8. Determine the coefficients a , a x , and a 2 using Equations (B.12), (B.13), and (B.14). 
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B.3.2 Use of a Spreadsheet for Finding 
Polynomial Coefficients 

Figure A. 12 shows a sample spreadsheet that can be used to evaluate the coefficients in a quadratic polynomial numerically. 
The data x i and/(x-) can be either typed or imported into columns A and B of the spreadsheet, starting at row 2. In cells C2 
through G2, the various quantities shown in row 1 can be found and the formulas copied to the rows below. We assume that the 
data fill up to row 50, that is, N= 49. In cell A51 the sum of the cells between cells A2 and A50 can be found using the summa- 
tion command in the spreadsheet. By copying the formula to cells B51 through G51, the remaining sums in Equation (B.9) can 
be found. The coefficients in the b matrix and the right-hand- side r vector in Equation (B.9) can be identified as shown in com- 
ment row 52. The formulas in Equations (B.ll) through (B.14) in terms of cell numbers can be entered in row 53, and£), a Q , a l9 
and a 2 can be found. 



Comment row 





A 


B 


c 


D 


E 


F 


G 


H 


/( 


1 


x i 


m) 


A 


A 


A 


*if(Xi) 


x 2 if(*i) 




2 






=A2*A2 


=C2*A2 


=D2*A2 


=A2*B2 


=C2*B2 




3 






Copy formula 
from cell C2 


Copy formula 
from cell D2 


Copy formula 
from cell E2 


Copy formula 
from cell F2 


Copy formula 
from cell G2 




4 




























5 






























6 




























7 
























































\ 


















































48 


• 


• 


























49 


• 


• 
























\ 


50 


• 


• 


> 


t 






> 


r 


> 


f 


> t 


\ 


51 


=SUM(A2:A50) 


Copy formula 
from cell A5 1 














\ 














52 


^12 = ^21 


r l 


^13 = ^22 
=b 3l 


^23 = ^32 


^33 


r 2 


r 3 




( 
/ 


53 


Calculate L 


) using 
3 7 ) and 




Calculate a usin 


g 
id 


( 
j 


Calculate 
Equation 
ntries in 


a x usin£ 
(B.9) an 

row 52 


(j 


Calculate a 2 u 

- Equation (B.l 

entries in row 


3) and -I 

52 \ 


/ 


54 


entries in r 


dw52 




entries ir 


i row 52 




e 






55 















































Comment row 



Figure A.12 Numerical evaluation of coefficients in a quadratic function on a spreadsheet. 
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APPENDIX C 

REFERENCE INFORMATION 



C.l SUPPORT REACTIONS 



TABLE C.l Reactions at the support 



Type of Support 



Reactions 



Comments 



Roller on smooth surface 
Smooth pin 



/ 


^ 


\ 


*T~ 




\ 



Only downward translation is prevented. 
Hence the reaction force is upward. 



Translation in the horizontal and vertical 
directions is prevented. Hence the reac- 
tion forces R x and R can be in the direc- 
tions shown, or opposite. 



3 



Fixed support 




Roller in smooth slot 




Ball and socket 




Hinge 




Journal bearing 




M z \R y 



V 





Smooth slot 



Beside translation in the horizontal and 
vertical directions, rotation about the z 
axis is prevented. Hence the reactions R x 
and R y and M z can be in the directions 
shown, or opposite. 

Translation perpendicular to slot is pre- 
vented. The reaction force R can be in 
the direction shown, or opposite. 



Translation in all directions is prevented. 
The reaction forces can be in the direc- 
tions shown, or opposite. 



Except for rotation about the hinge axis, 
translation and rotation are prevented in 
all directions. Hence the reaction forces 
and moments can be in the directions 
shown, or opposite. 



Translation and rotation are prevented in 
all directions, except in the direction of 
the shaft axis. Hence the reaction forces 
and moments can be in the directions 
shown, or opposite. 



Translation in the z direction 
and rotation about any axis are pre- 
vented. Hence the reaction force R z and 
reaction moments can be in the 
directions shown, or opposite. Transla- 
tion in the x direction into the slot is pre- 
vented but not out of it. Hence the 
reaction force R x should be in the direc- 
tion shown. 
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C.2 GEOMETRIC PROPERTIES OF COMMON SHAPES 



TABLE C.2 Areas, centroids, and second area moments of inertia 



Shapes 3 



Areas 



Second Area Moments 
of Inertia 



Rectangle 




Triangle 




A = ah 



A = nr 



, ah 



T l J 3 

l 77 = — ah 

zz 12 



T ! 4 T l 4 

1„ — -nr J - -nr 

zz 4 2 



1 l 7 3 

h z = Ye ah 



Semicircle 




A = 



t 1 4 

I„ = -7TT 





Trapezoid 




A 2 
A 2 


_ h(a + b) 

2 

_ ah 
3 

_ 2ah 
3 

_ ah 
4 

_ 3ah 
4 


/ = 

zz 

('„), 

(4z) 2 


3 2 2 
A (a + 4a/3 + Z? ) 

36(a + Z>) 

1 7 3 

21 

2 j, 3 
= -a/z 

7 

1 u 3 
= 3b ah 

3 / 3 
= 10^ 


i 


/- \i 


k /i(2a + b) 

f 3(a + /3) 
j /i(a + 2/3) 




n 


. I a/^ _l u\ 




Quad 

3a/8 


ratic curve 
5a/8 












10 
10 


2h/5 

3h/5 






c 2 / 




7V 

:3V 




A 2 


S( 


z x 


^>^ A x 




; 


z 








3a 

Cub 

2a/5 


/4 

ic cun 

3a/ 


a/A 
5 










7 
7 


3h/l 
Ah/1 






A / 




5V 

:2V 




A 2 




£ 


z 












4a/5 


a/5 







a- C-location of centroid. 
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C.3 FORMULAS FOR DEFLECTION AND SLOPES OF BEAMS 



TABLE C.3 Deflections and slopes of beams 3 



Case Beam and Loading 



Maximum Deflection and Slope 



Elastic Curve 




>x "^ 

*rrr 

r < 



f f f f J Po 

< a >]< j 



Ma(a + 2b) 
2EI 



_ Ma 

max cy 



p a (3a + 4b) 



o - p ° a 

6EI 



Px 
6EI 

Pa 2 



(3 a -x) for <x< a 



v = — -(3x-a) forx>a 
oEI 



Mx 
2EI 

Ma 
2EI 



for < x < i 
(2x-a) forx>a 



PqX 2 2 

v = (x -4ax + 6a ) for 0<x<a 

24EI 



p a 
V = 24Fl (4x - a) 



for x > a 




-LI 2 ^ LI2-A 



_ PL 

Vax 4SE j 

9 - PLl 
max 16EI 



jgjtfL 2 -^ 2 ) forO^f 







-Lj 2 HH L/2 — ► 



= 5p L 

^max 3ME j 

r3 



Po e r 



Po L 

max 24^7 



PqX 3 2 3 

v = — - J x -2Lx +L ) 




ZQ- 



= MZ 

ax 9V3^/ ( 

_ MZ 

9l " 3Z/ 
MZ 



x = 0.4226Z 



Mx ,2 ~ r , or 2. 



a These equations can be used for composite beams by replacing the bending rigidity EI by the sum of bending rigidities } E^. 



C.4 CHARTS OF STRESS CONCENTRATION FACTORS 



The stress concentration factor charts given in this section are approximate. For more accurate values the reader should consult a 
handbook. From Equation (3.25), the stress concentration factor is defined as 



jf _ ^rnax 



K = 



(C.l) 



where <r max and r max are the maximum normal and shear stress, respectively; <r nom and r nom are the nominal normal and shear 
stress obtained from elementary theories. 
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C.4.1 Finite Plate with a Central Hole 

Figure A. 13 shows two stress concentration factors that differ because of the cross-sectional area used in the calculation of the 
nominal stress. If the gross cross-sectional area Ht of the plate is used, then we obtain the nominal stress 



V^nom/ gross m 



(C.2a) 



and the top line in Figure A. 13 should be used for the stress concentration factor. If the net area at the hole (H- d)t is used, then 
we obtain the nominal stress 



V^nom/n 



(C.2b) 



nom/net (#_</), 

and the bottom line in Figure A. 13 should be used for the stress concentration factor. The two stress concentration factors are 
related as 



K m 



1 --V 
1 ffj gross 



(C.2c) 



-H- 

P 



^\ 



5.00 

4.00 

o 

o 

1 3.00 



| 2.00 

GO 



1.00 











































































































































































































































K 


















































































































































































































































































































K r 


et 





































































































































































































































































0.00 



0.10 



0.20 0.30 

d/H 



0.40 



0.50 



Figure A. 13 Stress concentration factor for plate with a central hole. 

C.4.2 Stepped axial circular bars with shoulder fillet 

The maximum axial stress in a stepped circular bar with shoulder fillet will depend on the values of the diameters D and d of the 
two circular bars and the radius of the fillet r. From these three variables we can create two nondimensional variables Did and rl 
d for showing the variation of the stress concentration factor, as illustrated in Figure AA4. The maximum nominal axial stress 
will be in the smaller diameter bar and, from Equation (4.8), is given by 

AP 



cr nf 



nd 



(C.3) 
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Figure A. 14 Stress concentration factor for stepped axial circular bars with shoulder fillet. 
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C.4.3 Stepped circular shafts with shoulder fillet in torsion 



The maximum shear stress in a stepped circular shaft with shoulder fillet will depend on the values of the diameters D and d of 
the two circular shafts and the radius of the fillet r. From these three variables we can create two nondimensional variables Did 
and rid to show the variation of the stress concentration factor, as illustrated in Figure A. 15. The maximum nominal shear stress 
will be on the outer surface of the smaller diameter bar and, from Equation (5.10), is given by 

_ 16T 

nd 



(C.4) 



h<H 




1.50 

^ 1.40 

o 
u 

§ 1.30 

d 
<u 

8 1.20 
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& 1.10 



1.00 
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5 










































-T)l J 


- 1 


n 
































LS 





























































































































































































































































































































0.10 



0.15 



0.20 
r/d 



0.25 



0.30 



Figure A. 15 Stress concentration factor for stepped circular shaft with shoulder fillet. 

C.4. 4 Stepped circular beam with shoulder fillet in bending 



The maximum bending normal stress in a stepped circular beam with shoulder fillet will depend on the values of the diameters D 
and d of the two circular shafts and the radius of the fillet r. From these three variables we can create two nondimensional vari- 
ables Did and rid to show the variation of the stress concentration factor, as illustrated in Figure A. 16. The maximum nominal 
bending normal stress will be on the outer surface in the smaller diameter bar and, from Equation (6.12), is given by 

32M 



^nnm 



nd 



(C.5) 



MH 
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H — D^\ 



2.00 



B 1-75 



B 1.50 
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Figure A. 16 Stress concentration factor for stepped circular beam with shoulder fillet. 
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C.5 PROPERTIES OF SELECTED MATERIALS 



Material properties depend on many variables and vary widely. The properties given here are approximate mean values. Elastic 
strength may be represented by yield stress, proportional limit, or offset yield stress. Both elastic strength and ultimate strength 
refer to tensile strength unless stated otherwise. 



TABLE C.4 Material properties in U.S. customary units 



Material 


Specific 
Weight 
(lb/in. 3 ) 


Modulus of 

Elasticity 

E 

(ksi) 


Poisson's 
Ratio 

V 


Coefficient 
of Thermal 
Expansion 

a 
(ju/°¥) 


Elastic 

Strength 

(ksi) 


Ultimate 

Strength 

(ksi) 


Ductility 
(% elongation) 


Aluminum 


0.100 


10,000 


0.25 


12.5 


40 


45 


17 


Bronze 


0.320 


15,000 


0.34 


9.4 


20 


50 


20 


Concrete 


0.087 


4000 


0.15 


6.0 




2* 




Copper 


0.316 


15,000 


0.35 


9.8 


12 


35 


35 


Cast iron 


0.266 


25,000 


0.25 


6.0 


25* 


50* 




Glass 


0.095 


7500 


0.20 


4.5 




10 




Plastic 


0.035 


400 


0.4 


50 




9 


50 


Rock 


0.098 


8000 


0.25 


4 


12* 


78* 




Rubber 


0.041 


0.3 


0.5 


90 


0.5 


2 


300 


Steel 


0.284 


30,000 


0.28 


6.6 


30 


90 


30 


Titanium 


0.162 


14,000 


0.33 


5.3 


135 


155 


13 


Wood 


0.02 


1800 


0.30 






5* 





*Compressive strength. 



TABLE C.5 


Material properties in metric units 












Material 


Modulus of 
Elasticity 
Density E 
(mg/m 3 ) (GPa) 


Poisson's 
Ratio 

V 


Coefficient of 

Thermal 

Expansion 

a 

(///°C) 


Elastic 

Strength 

(MPa) 


Ultimate 

Strength 

(MPa) 


Ductility 
(% elongation) 


Aluminum 


2.77 70 


0.25 


12.5 


280 


315 


17 


Bronze 


8.86 105 


0.34 


9.4 


140 


350 


20 


Concrete 


2.41 28 


0.15 


6.0 




14* 




Copper 


8.75 105 


0.35 


9.8 


84 


245 


35 


Cast iron 


7.37 175 


0.25 


6.0 


175* 


350* 




Glass 


2.63 52.5 


0.20 


4.5 




70 





Plastic 


0.97 2.8 


0.4 


50 




63 


50 


Rock 


2.72 56 


0.25 


4 


84* 


546* 




Rubber 


1.14 2.1 


0.5 


90 


3.5 


14 


300 


Steel 


7.87 210 


0.28 


6.6 


210 


630 


30 


Titanium 


4.49 98 


0.33 


5.3 


945 


1185 


13 


Wood 


0.55 12.6 


0.30 






35* 





* Compressive strength. 
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C.6 GEOMETRIC PROPERTIES OF STRUCTURAL STEEL MEMBERS 



TABLE C.6 Wide-flange sections (FPS units) 


















1 * 


vy 








] 


^lange 




z Axis 






j Axis 




tF T^ 


d 
-*-t w 1 


Designation 
(in. x lb/ft) 


Depth 

d 
(in.) 


Area 

A 
(in. 2 ) 


Web 

Thickness 

t w 

(in.) 


Width 

b F 
(in.) 


Thickness 

h 
(in.) 


(in. 4 ) 


(in. 3 ) 


(in.) 


yy. 
(in. 4 ) 


(in. 3 ) 


r y 
(in.) 


W12x35 


12.50 


10.3 


0.300 


6.560 


0.520 


285.0 


45.6 


5.25 


24.5 


7.47 


1.54 


W12x30 


12.34 


8.79 


0.260 


6.520 


0.440 


238 


38.6 


5.21 


20.3 


6.24 


1.52 


W10x30 


10.47 


8.84 


0.300 


5.81 


0.510 


170 


32.4 


4.38 


16.7 


5.75 


1.37 


W10 x 22 


10.17 


6.49 


0.240 


5.75 


0.360 


118 


23.2 


4.27 


11.4 


3.97 


1.33 


W8x 18 


8.14 


5.26 


0.230 


5.250 


0.330 


61.9 


15.2 


3.43 


7.97 


3.04 


1.23 


W8x 15 


8.11 


4.44 


0.245 


4.015 


0.315 


48 


11.8 


3.29 


3.41 


1.70 


0.876 


W6x20 


6.20 


5.87 


0.260 


6.020 


0.365 


41.4 


13.4 


2.66 


13.3 


4.41 


1.50 


W6x 16 


6.28 


4.74 


0.260 


4.03 


0.405 


32.1 


10.2 


2.60 


4.43 


2.20 


0.967 



TABLE C.7 Wide-flange sections (metric units) 



+ 1 


\y 


Depth 


Area 


Web 
Thickness 


Width 


Flange 

Thickness 




Z Axis 






j Axis 




T ^ 


+t d 


\^b 


Designation 
(mm x kg/m) 


d 
(mm) 


A 
(mm 2 ) 


t w 
(mm) 


b F 
(mm) 


(mm) 


h 4 
(10 6 mm 4 ) 


s z 

(10 3 mm 3 ) 


r z 

(mm) 


J yy 
(10 6 mm 4 ) 


(10 3 mm 3 ) 


r y 
(mm) 


W310x52 


317 


6650 


7.6 


167 


13.2 


118.6 


748 


133.4 


10.20 


122.2 


39.1 


W310x44.5 


313 


5670 


6.6 


166 


11.2 


99.1 


633 


132.3 


8.45 


101.8 


38.6 


W250 x 44.8 


266 


5700 


7.6 


148 


13.0 


70.8 


532 


111.3 


6.95 


93.9 


34.8 


W250 x 32.7 


258 


4190 


6.1 


146 


9.1 


49.1 


381 


108.5 


4.75 


65.1 


33.8 


W200 x 26.6 


207 


3390 


5.8 


133 


8.4 


25.8 


249 


87.1 


3.32 


49.9 


31.2 


W200 x 22.5 


206 


2860 


6.2 


102 


8.0 


20.0 


194.2 


83.6 


1.419 


27.8 


22.3 


W150x29.8 


157 


3790 


6.6 


153 


9.3 


17.23 


219 


67.6 


5.54 


72.4 


28.1 


W150 x 24 


160 


3060 


6.6 


102 


10.3 


13.36 


167 


66 


1.844 


36.2 


24.6 



TABLE C.8 S shapes (FPS units) 




















z~* 


d 


Depth 

d 
(in.) 


Area 

A 
(in. 2 ) 


Web 

Thickness 

t w 

(in.) 


Flange 

Width Thickness 
b F t F 
(in.) (in.) 


(in. 4 ) 


z Axis 
(in. 3 ) 


r z 

(in.) 


yy. 
(in. 4 ) 


j Axis 
(in. 3 ) 


r y 
(in.) 


Designation 
(in. x lb/ft) 


S12x35 12 10.3 


0.428 


5.078 


0.544 


229 


38.4 


4.72 


9.87 


3.89 


0.98 


S12x31.8 12 9.35 


0.350 


5.000 


0.544 


218 


36.4 


4.83 


9.36 


3.74 


1.0 


S10x35 10 10.3 


0.594 


4.944 


0.491 


147 


29.4 


3.78 


8.36 


3.38 


0.901 


S10x25.4 10 7.46 


0.311 


4.661 


0.491 


124 


24.7 


4.07 


6.79 


2.91 


0.954 


S8 x 23 8 6.77 


0.411 


4.171 


0.426 


64.9 


16.2 


3.10 


4.31 


2.07 


.798 


S8 x 18.4 8 5.41 


0.271 


4.001 


0.426 


57.6 


14.4 


3.26 


3.73 


1.86 


0.831 


S7x20 7 5.88 


0.450 


3.860 


0.392 


42.4 


12.1 


2.69 


3.17 


1.64 


0.734 


S7 x 15.3 7 4.50 


0.252 


3.662 


0.392 


36.9 


10.5 


2.86 


2.64 


1.44 


0.766 



August 2012 



M. Vable 



Mechanics of Materials: Reference Information 



552 



TABLE C.9 S shapes (metric units) 




















i \y 


Depth 

d 
(mm) 


Area 

A 
(mm 2 ) 


Web 

Thickness 

t w 

(mm) 


Flange 

Width Thickness 

b F t F 
(mm) (mm) 


6^ 4 

(10 6 mm 4 ) 


Z Axis 
(10 3 mm 3 ) 


(mm) 


yy 
(10 6 mm 4 ) 


y Axis 

S , 

(10 3 mm 3 ) 


r y 
(mm) 


T H 


d 


^J 


Designation 
(mm x kg/m) 


S310x52 305 6640 


10.9 


129 


13.8 


95.3 


625 


119.9 


4.11 


63.7 


24.9 


S310x47.3 305 6032 


8.9 


127 


13.8 


90.7 


595 


122.7 


3.90 


61.4 


25.4 


S250 x 52 254 6640 


15.1 


126 


12.5 


61.2 


482 


96.0 


3.48 


55.2 


22.9 


S250 x 37.8 254 4806 


7.9 


118 


12.5 


51.6 


406 


103.4 


2.83 


48.0 


24.2 


S200 x 34 203 4368 


11.2 


106 


10.8 


27.0 


266 


78.7 


1.794 


33.8 


20.3 


S200 x 27.4 203 3484 


6.9 


102 


10.8 


24 


236 


82.8 


1.553 


30.4 


21.1 


S180x30 178 3794 


11.4 


97 


10.0 


17.65 


198.3 


68.3 


1.319 


27.2 


18.64 


S180x22.8 178 2890 


6.4 


92 


10.0 


15.28 


171.7 


72.6 


1.099 


23.9 


19.45 



C.7 GLOSSARY 



The terms used in this book are given in alphabetic order. The third column gives the chapter number in which the term is first 
introduced, with A representing Appendix A. 



Term 


Definition 


Chapter 


Anisotropic material: 


A material that has a stress-strain relationships that changes with orientation of the coor- 
dinate system at a point. 


3 


Axial force diagram: 


A plot of the internal axial force N versus x. 


4 


Axial force: 


Normal force acting on a surface in the direction of the axis of the body. 


A 


Axial member: 


A long straight body on which the forces are applied along the longitudinal axis. 


4 


Axial rigidity: 


The product of modulus of elasticity (E) and cross-sectional area (A). 


4 


Axial stress: 


The normal stress acting in the direction of the axis of a slender member. 


1 


Axial template: 


An infinitesimal segment of an axial bar constructed by making an imaginary cuts on 
either side of a supposed external axial force. 


4 


Axisymmetric body: 


A body whose geometry, material properties, and loading are symmetric with respect to 
an axis. 


1 


Bauschinger effect: 


Material breaking at stress levels smaller than the ultimate stress due to load cycle rever- 
sal in the plastic region. 


3 


Beam template: 


An infinitesimal segment of a beam constructed by making an imaginary cuts on either 
side of a supposed external force or moment. 


6 


Beam: 


A long structural member on which loads are applied perpendicular to the axis. 


6 


Bearing stress: 


The compressive normal stress that is produced when one surface presses against 
another. 


1 


Bending moment: 


Moments about an axis tangent to a surface of a body. 


A 


Bending rigidity: 


The product of modulus of elasticity (E) and the second area moment of inertia (I zz ) about 
the bending axis. 


6 


Bifurcation point: 


The point at which more then one equilibrium configuration may exist. 


11 


Body forces: 


External forces that act at every point on the body. 


A 
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Term 


Definition 


Chapter 


Boundary-value problem: 


The mathematical statement listing of all the differential equations and all the necessary 
conditions to solve them. 


7 


Brittle material: 


A material that exhibits little or no plastic deformation at failure. 


3 


Buckling load: 


The force (or moment) at which buckling occurs. Also called critical load. 


11 


Buckling modes: 


The deformed shape at buckling load. 


11 


Buckling: 


An instability of equilibrium in structures that occurs from compressive loads or stresses 


11 


Centroid: 


An imaginary point on a body about which the first area moment is zero. 


A 


Characteristic equation: 


The equation whose roots are the eigenvalues of the problem. 


11 


Columns: 


Axial members that support compressive axial loads. 


11 


Compatibility equations: 


Geometric relationships between the deformations or strains. 


4 


Complimentary strain energy den- 


Complimentary strain energy per unit volume. It is the area between the stress axis and 


3 


sity: 


the stress-strain curve at a given value of stress or strain. 




Complimentary strain energy: 


Energy stored in a body due to forces acting on it. 


3 


Compressive stress: 


Normal stress that pushes the imaginary surface into the rest of the material. 


1 


Concentrated forces (moment). 


Surface forces (moments) applied at a point. 


A 


Continuity conditions: 


Conditions that ensure continuity of deformations. 


7 


Critical load: 


The force (or moment) at which buckling occurs. Also called buckling load. 


11 


Critical slenderness ratio: 


The slenderness ratio at which material failure and buckling failure can occur simulta- 
neously. Separates the long from the short columns. 


11 


Deformation: 


The relative movement of a point with respect to another point on the body. 


2 


Degree of freedom: 


The minimum number of displacements / rotations that are necessary to describe the 
deformed geometry. 


4 


Degree of static redundancy: 


The number of unknown reactions minus the number of equilibrium equations. 


A 


Delta function: 


A function that is zero everywhere except in a small interval where it tends to infinity in 
such a manner that the area under the curve is 1 . It is also called the Dirac delta function. 


7 


Discontinuity functions: 


A class of functions that are zero before a point and are non-zero after a point or are sin- 
gular at the point. 


7 


Displacement: 


The total movement of a point on a body with respect to fixed reference coordinates. 


2 


Distributed forces (moments): 


Surface forces (moments) applied along a line or over a surface. 


A 


Ductile material: 


A material that can undergo a large plastic deformation before fracture. 


3 


Eccentric loading: 


Compressive axial force that is applied at a point that is not on the axis of the column. 


11 


Elastic curve: 


Curve describing the deflection of the beam. 


7 


Elastic region: 


The region of the stress-strain curve in which the material returns to the undeformed state 
when applied forces are removed. 


3 


Elastic-plastic boundary: 


The set of points forming the boundary between the elastic and plastic regions. 


3 


Endurance limit: 


The highest stress level for which the material would not fail under cyclic loading. Also 
called fatigue strength. 


3 


Eulerian strain: 


Strain computed from deformation by using the final deformed geometry as the reference 
geometry. 


2 


Failure envelope: 


The surface (or curve) that separates the acceptable design space from the unacceptable 
values of the variables affecting design. 


10 
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Term 


Definition 


Chapter 


Failure theory: 


A statement on the relationship of the stress components to the characteristic value of 
material failure 


10 


Failure: 


A component or a structure does not perform the function for which it was designed. 


3 


Fatigue strength: 


The highest stress level for which the material would not fail under cyclic loading. Also 
called endurance limit. 


3 


Fatigue: 


Failure due to cyclic loading at stress levels significantly lower than the static ultimate 
stress. 


3 


Finite element method: 


A numerical method used in stress analysis in which the body is divided into elements of 
finite size. 


4 


Flexibility coefficient: 


The coefficient multiplying internal forces / moments in an algebraic equation. 


4 


Flexibility matrix: 


The matrix multiplying the unknown internal forces / moments in a set of algebraic equa- 
tions. 


4 


Fracture stress: 


The stress at the point where material breaks. 


3 


Free surface: 


A surface on which there are no forces. Alternatively, a surface that is stress free. 


1 


Free-body diagram: 


A diagram showing all the forces acting on a free body. 


A 


Gage length: 


Length between two marks on a tension test specimen in the central region of uniform 
axial stress. 


3 


Generalized Hooke's law: 


The equations relating stresses and strains in three dimensions. 


3 


Global coordinate system: 


A fixed reference coordinate system in which the entire problem is described. 


8 


Hardness: 


The resistance of material to indentation and scratches. 


3 


Homogeneous material: 


A material that has same the material properties at all points in the body. 


3 


Hooke's law: 


Equation relating normal stress and strain in the linear region of a tension test. 


3 


In-plane maximum shear strain: 


The maximum shear strain in coordinate systems that can be obtained by rotating about 
the z axis. 


9 


In-plane maximum shear stress: 


The maximum shear stress on a plane that can be obtained by rotating about the z axis. 


8 


Isotropic material: 


A material that has a stress-strain relationships independent of the orientation of the coor- 
dinate system at a point. 


3 


Lagrangian strain: 


Strain computed from deformation by using the original undeformed geometry as the ref- 
erence geometry. 


2 


Load cells: 


Any device that measures, controls, or applies a force or moment. 


9 


Loads: 


External forces and moments that are applied to the body. 


A 


Local buckling: 


Buckling that occurs in thin plates or shells due to compressive stresses. 


11 


Local coordinate system: 


A coordinate system that can be fixed at any point on the body and has an orientation that 
is defined with respect to the global coordinate system. 


8 


Maximum normal stress theory: 


A material will fail when the maximum normal stress at a point exceeds the ultimate nor- 
mal stress obtained from a uniaxial tension test. 


10 


Maximum octahedral shear stress 


A material will fail when the maximum octahedral shear stress exceeds the octahedral 


10 


theory: 


shear stress at the yield obtained from a uniaxial tensile test. 




Maximum shear strain: 


The maximum shear strain at a point in any coordinate system. 


9 


Maximum shear stress theory: 


A material will fail when the maximum shear stress exceeds the shear stress at yield that 
is obtained from a uniaxial tensile test. 


10 


Maximum shear stress: 


The maximum shear stress at a point that acts on any plane passing through the point. 


8 


Method of joints: 


Analysis is conducted by making imaginary cuts through all the members a the joint. 


A 
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Term 


Definition 


Chapter 


Method of sections: 


Analysis is conducted by making an imaginary cut (section) through a member or a struc- 
ture. 


A 


Modulus of elasticity: 


The slope of the normal stress-strain line in the linear region of a tension test. Also called 
Young's modulus. 


3 


Modulus of resilience: 


Strain energy density at the yield point. 


3 


Modulus of rigidity: 


Same as shear modulus of elasticity. 


3 


Modulus of toughness: 


The strain energy density at rupture. 


3 


Mohr's failure theory: 


A material will fail if a stress state is on the envelope that is tangent to the three Mohr's 
circles corresponding to uniaxial ultimate stress in tension, uniaxial ultimate stress in 
compression, and pure shear. 


10 


Moment diagram: 


A plot of the internal bending moment M z versus x. 


6 


Monotonic functions: 


Functions that either continuously increases or decreases. 


7 


Necking: 


The sudden decrease in cross-sectional area after ultimate stress. 


3 


Negative normal strains: 


Normal strains from contraction of a line. 


2 


Negative shear strain: 


Shear strain due to a increase of angle between orthogonal lines. 


2 


Neutral axis: 


The line on the cross section where the bending normal stress is zero. 


6 


Nominal stress: 


The stress predicted by theoretical models away from the regions of stress concentration. 


3 


Normal stress: 


Internal distributed forces that are normal to an imaginary cut surface. 


1 


Offset yield stress: 


Stress that would produce a plastic strain corresponding to the specified offset strain. 


3 


Pitch: 


The distance between two adjoining peaks on the threads of a bolt. It is the distance 
moved by the nut in one full rotation. 


4 


Plane stress: 


A state of stress in which all stress components on the z-plane are zero. 


1 


Plastic region: 


The region in which the material deforms permanently. 


3 


Plastic strain: 


The permanent strain when stresses are zero. 


3 


Poisson's ratio: 


The negative ratio of lateral normal strain to longitudinal normal strain. 


3 


Positive normal strains: 


Normal strains from elongation of a line. 


2 


Positive shear strain: 


Shear strain due to a decrease of angle between orthogonal lines. 


2 


Principal angle 1: 


Angle principal direction one makes with the global coordinate direction x. Counter- 
clockwise rotation from the x axis is defined as positive. 


8 


Principal angles: 


The angles the principal directions makes with the global coordinate system. 


8 


Principal angles: 


The angles the principal axes make with the global coordinate system. 


9 


Principal axes for strain: 


The coordinate axes in which the shear strain is zero. 


9 


Principal axis for stress: 


The normal direction to the principal planes. Also referred to as the principal direction. 


8 


Principal direction: 


The normal direction to the principal planes. Also referred to as the principal axis. 


8 


Principal planes: 


Planes on which the shear stresses are zero. 


8 


Principal strain 1: 


The greatest principal strain. 


9 


Principal strains: 


Normal strains in the principal directions. 


9 


Principal stress 1: 


The greatest principal stress. 


8 


Principal stress element: 


A properly oriented wedge constructed from the principal planes and the plane of maxi- 
mum shear stress showing all the stresses acting on the respective planes. 


8 
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Term 


Definition 


Chapter 


Principal stress: 


Normal stress on a principal plane. Also referred to as maximum or minimum normal 
stress at a point. 


8 


Proportional limit: 


The point up to which stress and strain are related linearly. 


3 


Ramp function: 


A function whose value is zero before a point and is a linear function after the point. 


7 


Reaction forces: 


Forces developed at the supports that resist translation in a direction. 


A 


Reaction moment: 


Moments developed at the support that resist rotation about an axis. 


A 


Rupture stress: 


The stress at the point where material breaks. 


3 


Secant modulus: 


The slope of the line that joins the origin to the point on the normal stress-strain curve at 
a given stress value. 


3 


Second order tensor: 


A quantity that requires two directions and obeys certain coordinate transformation prop- 
erties. 


1 


Section modulus: 


The ratio of the second area moment of inertia about bending axis to the maximum dis- 
tance from the neutral axis. 


6 


Shaft: 


A long structural member that transmits torque from one plane to another parallel plane. 


5 


Shear flow: 


The product of thickness and tangential shear stress along the center line of a thin cross 
section. 


6 


Shear force diagram: 


A plot of the internal shear force V y versus x. 


6 


Shear force: 


Tangential force acting on a surface of a body. 


A 


Shear modulus of elasticity: 


The slope of the shear stress-strain line in the linear region of a torsion test. Also called 
modulus of rigidity. 


3 


Shear stress: 


Internal distributed forces that are parallel to an imaginary cut surface. 


1 


Singularity functions: 


A class of functions that are zero everywhere except in a small region where they tend 
towards infinity. 


7 


Slenderness Ratio: 


The ratio of the effective column length to the radius of gyration of the cross section 
about the buckling axis. 


11 


SN curve: 


A plot of stress versus the number of cycles to failure. 


3 


Snap buckling: 


A structure suddenly jumping (snapping) from one equilibrium position to another very 
different equilibrium position. 


11 


Statically equivalent load systems: 


Two systems of forces that generate the same resultant force and moment. 


A 


Statically indeterminate structure: 


A structure on which the number of unknown reaction forces and moments is greater than 
the number of equilibrium equations. 


A 


Step function: 


A function whose value is zero before a point and equal to 1 after the point. 


7 


Stiffness coefficient: 


The coefficient multiplying displacements / rotations in an algebraic equation. 


4 


Stiffness matrix: 


The matrix multiplying the unknown displacements / rotations in a set of algebraic equa- 
tions. 


4 


Strain energy density: 


Strain energy per unit volume. It is the area under the stress-strain curve at a given value 
of stress or strain. 


3 


Strain energy: 


Energy stored in a body due to deformation. 


3 


Strain hardening: 


The increase of yield point each time the stress value exceeds the yield stress. 


3 


Stress concentration: 


Large stress gradients in a small region. 


3 


Stress element: 


An imaginary object representing a point that has surfaces with outward normals in the 
coordinate directions. 


1 


Tangent modulus: 


The slope of the tangent drawn to the normal stress-strain curve at a given stress value. 


3 
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Term 


Definition 


Chapter 


Tensile stress: 


Normal stress that pulls the imaginary surface away from the rest of the material. 


1 


Tension test: 


A test conducted to determine mechanical properties by applying tensile forces on a spec- 
imen. 


3 


Thin body: 


The thickness of the body is an order of magnitude (factor of 10) smaller than the other 
dimensions. 


1 


Timoshenko beam: 


Beam in which shear is accounted for by dropping the assumption that planes originally 
perpendicular remain perpendicular. 


6 


Torque Diagram: 


A plot of the internal torque J versus x. 


5 


Torque: 


Moment about an axis normal to a surface of a body. 


A 


Torsion template: 


An infinitesimal segment of a shaft constructed by making an imaginary cuts on either 
side of a supposed external torque. 


5 


Torsional rigidity: 


The product of shear modulus of elasticity (G) and the polar moment of inertia (J) of a 
shaft. 


5 


Truss: 


A structure made up of two-force members. 


A 


Two-force member: 


A structural member on which there is no moment couple and forces act at two points 
only. 


A 


Ultimate stress: 


The largest stress in the stress-strain curve. 


3 


Warping: 


Axial deformation of shaft cross section due to torque. 


5 


Yield point: 


The point demarcating the elastic from the plastic region. 


3 


Yield stress: 


The stress at yield point. 


3 


Young's modulus: 


Same as modulus of elasticity. 


3 


Zero-force member: 


A two-force member that carries no internal force. 


A 
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C.8 CONVERSION FACTORS BETWEEN U.S. CUSTOMARY SYSTEM (USCS) 
AND THE STANDARD INTERNATIONAL (SI) SYSTEM 



Quantity 


USCS to SI 


SI to USCS 


Length 


1 in = 25.400 mm 


1 m = 39.37 in 




1ft = 0.3048 


lm = 3.281 ft 


Area 


1 in 2 = 645.2 mm 2 


lmm 2 =1.550(10- 3 )in 2 




1 ft 2 = 0.0929 m 2 


lm 2 = 10.76 ft 2 


Volume 


lin 3 = 16.39(10 3 )mm 3 


lmm 3 = 61.02(10- 6 )in 3 




1 ft 3 = 0.028 m 3 


lm 3 = 35.31 ft 3 


Area Moment of Inertia 


lin 4 = 0.4162(10 6 )mm 4 


1 m 4 = 2.402(1 0" 6 ) in 4 


Mass 


1 slug= 14.59 kg 


1 kg = 0.06852 slugs 


Force 


1 lb = 4.448 N 


1 N = 0.2248 lb 




1 kip = 4.448 kN 


1 kN = 0.2248 kip 


Moment 


lin-lb = 0.1130 N-m 


1 N-m = 8.851 in-lb 




1 ft-lb = 1.356 N-m 


1 N-m = 0.7376 ft-lb 


Force per unit length 


1 lb/ft = 14.59 N/m 


1 N/m = 0.06852 lb/ft 


Pressure; Stress 


lpsi = 6.895 kPa 


lkPa = 0.1450psi 




lksi = 6.895 MPa 


1 MPa = 0.1450 ksi 




lib/ft 2 = 47.88 Pa 


lkPa = 20.89 lb/ft 2 


Work; Energy 


libit =1.356 J 


1 J = 0.7376 lb.ft 


Power 


1 lb.ft/s = 1.356 W 


1 W = 0.7376 lb.ft/s 




lhp = 745.7 W 


lkW= 1.341 hp 



C.9 SI PREFIXES 









Multiplication 


Prefix Word 


Prefix 


Symbol 


Factor 


tera 


T 




10 12 


giga 


G 




10 9 


mega 


M 




10 6 


kilo 


k 




10 3 


milli 


m 




io- 3 


micro 


M 




IO" 6 


nano 


n 




IO" 9 


pico 


P 




IO" 12 



C.10 GREEK ALPHABET 







Pronunciatio 






Pronunciatio 


Lowercase 


Uppercase 


n 


Lowercase 


Uppercase 


n 


a 


A 


Alpha 


V 


N 


Nu 


P 


B 


Beta 


£, 


\ 


Xi 


7 


r 


Gamma 


O 





Omicron 


8 


A 


Delta 


n 


n 


Pi 


£ 


E 


Epsilon 


P 


p 


Rho 


Z 


Z 


Zeta 


a 


z 


Sigma 


n 


H 


Eta 


T 


T 


Tau 








Theta 


V 


Y 


Upsilon 


i 


I 


Iota 


<t> 





Phi 


K 


K 


Kappa 


X 


X 


Chi 


X 


A 


Lambda 


¥ 


¥ 


Psi 


M 


M 


Mu 


CO 


Q 


Omega 
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APPENDIX D 

SOLUTIONS TO STATIC 
REVIEW EXAM 



D.l REVIEW EXAM 1 



1. As the y axis is the axis of symmetry, the centroid will lie on the y axis. Thus z c = 0. l point 

Equations (A.6) and (A.9) can be used to find the y coordinate of the centroid and the area moment of inertia. Figure A. 17 and 
Table D.4 show the calculations. 



V 



50 mm 



>V 9 



Figure A. 17 
TABLE D.4 Calculation of centroid and area moment of inertia. 



H 



10 mm 



60 mm 



10 mm 







Centroids 






Area moment of inertia 




Section 


(mm) 


A, 
(mm 2 ) 


(mm 3 ) 


(mm) 


T 1 fc 3 

z i z i 12 ' ' 
(mm 4 ) 


(mm 4 ) 


1 


30 


60x10 = 600 


18,000 


15.9 


10x60 3 /12=180¥10 3 


331.7 xlO 3 


2 


65 


50x10 = 500 


32,500 


19.1 


50xl0 3 /12 = 4.2¥10 3 


186.6 xlO 3 


Total 




1100 


50,500 









1 point for each correct entry for a total of 7 points. 1 point for each correct entry. 2 points for each correct entry. 1 point for each correct entry. 

From Equations (A.6) and (A.9)we obtain 

50,500 



1 point for each correct answer with units. 



^ Tioo- = 45 ' 9 mm 



(331.7+ 186.6)(100 = 518.3(Kr)mm 



2. We can replace each linear loading by an equivalent force, as shown in Figure A.7, then replace it by a single force. Using Fig 
ure A. 1 8 we obtain 



3 points/force for correct calculation 



„ 10x2.5x6 __,. „ 10x8x3 1om . 
F x = = 75 kips F 2 = = 120 kips 





/-3iiW 



Figure A.18 



2 in 1 in 

For correct location of forces ¥ l and F 2 3 points/force. 
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The resultant forces for the two systems on the right in Figure A. 18 must be the same. We thus obtain 

2 points for co^ec, answer F = J7 + F = 75 + 1 2 = 1 95 ki P S 

1 point for correct units. 

The resultant moments about any point (point O) for the two systems on the right of Figure A. 18 must also be the same. We 
obtain 



2F 1 + 8F 2 = y F F 

1 point for each correct 
entry in this equation 



or 



150 + 960 c . n . 
VF = —&5- = 5 - 69 m 

1 point for correct answer 
1 point for correct units 



3. We make an imaginary cut at E and draw the free-body diagrams shown in Figures A. 19 and A. 20. 
Internal axial force calculations (Figure A. 19). 



Either FBD is acceptable. 

For drawing: 7 kip force at A or 8 kips at D— 2 marks 
2 kips at B or 3 kips at C — 2 marks 
Normal force at E — 2 marks 



Figure A. 19 




N F 



E N P 




1 .5 kips 



4 kips 



1 point for correct equation 



N F -l + 2 = 



or 



7V.-8 + 3 = 



1 point for correct answer 

1 point for correct units 

1 point for reporting tension 

Internal torque calculations (Figure A. 20) 

Either FBD is acceptable. 

For drawing: torque at A or D--2 marks 

torque at B or at C — 2 marks 

torque at E (either direction) — 2 marks 



N E = 5 kips (T) 



Figure A.20 



2 points for correct equation 



T E -3 + 2 



^3 ft -kips 
/^^ 2ft-kips 



or 




4 ft -kips 

5 ft "kips 




1 point for correct answer 
1 point for correct units 



T E = 1 ft -kips 



4. We can draw the free-body diagram of the entire beam as shown in Figure A.2la. 



1 mark for each force 
or moment and 1 mark 
for correct location of F 
Total 5 marks. 



F = ~ X 20 X 4.5 = 45 kN 



27kN-m 



_ 



f 3.0 m — H^2.5m^| 



Figure A.21 

By balancing the moment at D we find the reaction at B, 

1 point for each term in the equation 
for a total of 3 points. 







5.5^-27-45x2.5 










or R B = 25.36 kN 



We can then make an imaginary cut at A on the original beam and draw the free-body diagram in Figure A.21 6. We can find 
the intensity of the distributed force at^4 by similar triangles (Figure A. 22a), 

tt = T? or p A = 8.89 kN/m 
2 4.5 yA 

We can then replace the distributed force on the beam that is cut at A and draw the free-body diagram shown in Figure A.22b. 
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1 mark for correct value of F^ 
1 mark for correct location of F^ 

3 marks for correct 
calculation of p A . 



Figure A.22 







Balancing the forces in the y direction we obtain 



V A + 25.36 - 



.89 = 



1 point for correct equation correponding 
to your direction of V . 



27kN-m 



a 



or 



-Xp A X2- 

L_ 



8.89 kN 



-2 m- 



(b) 



V A = -16.5 kN 

1 point for correct answer 



\t 



2 marks for 
showing V A 
andM^ 
irrespective 
of direction. 



Balancing moments about point A, we obtain 

M A + 27 - 25.36 x 2 + 8.89 x 2/3 = 

2 point for correct equation correponding 
to your direction of M A 



or 



M A = 17.8 kN-m 

1 point for correct answer 



5. By inspection we can write the following answers. 



Internal 


Section AA 


Section BB 


Force/Moment 


(zero/nonzero) 


(zero/nonzero) 


Axial force 


Nonzero 


Zero 


Shear force 


Nonzero in y direction 


Nonzero in y direction 


Shear force 


Zero in x direction 


Nonzero in z direction 


Torque 


Zero 


Nonzero 


Bending moment 


Nonzero in x direction 


Nonzero in y direction 


Bending moment 


Zero in y direction 


Nonzero in z direction 



1 point for each correct zero/non-zero entry. 
1 point for each correct direction. Total 20 points. 
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APPENDIX E 

ANSWERS TO QUICK TESTS 



QUICK TEST 1.1 



1. False. Stress is an internal quantity that can only be inferred but cannot be measured directly. 

2. True. A surface has a unique normal, and normal stress is the internally distributed force in the direction of the 
normal. 

3. True. Shear stress is an internally distributed force, and internal forces are equal and opposite in direction on 
the two surfaces produced by an imaginary cut. 

4. False. Tension implies that the normal stress pulls the imaginary surface outward, which will result in opposite 
directions for the stresses on the two surfaces produced by the imaginary cut. 

5. False, kips are units of force, not stress. 

6. False. The normal stress should be reported as tension. 

7. False. 1 GPa equals 10 9 Pa. 

8. False. 1 psi nearly equals 7 kPa not 7 Pa. 

9. False. Failure stress values are in millions of pascals for metals. 

10. False. Pressure on a surface is always normal to the surface and compressive. Stress on a surface can be normal 
or tangential to it, and the normal component can be tensile or compressive. 



QUICK TEST 1.2 



1. False. Stress at a point is a second-order tensor. 

2. True. Each of the two subscripts can have three values, resulting in nine possible combinations. 

3. True. The remaining three components can be found from the symmetry of shear stresses. 

4. True. The fourth component can be found from the symmetry of shear stresses. 

5. False. A point in plane stress has four nonzero components; thus only five components are zero in general. 

6. False. The sign of stress incorporates both the direction of the force and the direction of the imaginary surface. 

7. True. A stress element is an imaginary object representing a point. 

8. False. The normals of the surface of a stress element have to be in the direction of the coordinate system in 
which the stress at a point is defined. 

9. True. Stress is an internally distributed force system that is equal and in opposite directions on the two surfaces 
of an imaginary cut. 

10. False. The sign of stress incorporates the direction of the force and the direction of the imaginary surface. Alter- 
natively, the sign of stress at a point is independent of the orientation of the imaginary cut surface. 
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QUICK TEST 2.1 



1. Displacement is the movement of a point with respect to a fixed coordinate system, whereas deformation is the 
relative movement of a point with respect to another point on the body. 

2. The reference geometry is the original undeformed geometry in Lagrangian strain and the deformed geometry 
in Eulerian strain. 

3. The value of normal strain is 0.3/100 = 0.003. 

4. The value of normal strain is 2000 x 10" 6 = 0.002. 

5. Positive shear strain corresponds to a decrease in the angle from right angle. 

6. The strain will be positive as it corresponds to extension and is independent of the orientation of the rod. 

7. No. We have defined small strain to correspond to strains less than 1%. 

8. There are nine strain nonzero components in three dimensions. 

9. There are four nonzero strain components in plane strain. 

10. There are only three independent strain components in plane strain, as the fourth strain component can be deter- 
mined from the symmetry of shear strains. 



QUICK TEST 3.1 



1. The modulus of elasticity has units of pascals or newtons per square meter. For metals it is usually gigapascals 
(GPa). Poisson's ratio has no units as it is dimensionless. 

2. Offset yield stress is the stress value corresponding to a plastic strain equal to a specified offset strain. 

3. Strain hardening is the increase in yield stress that occurs whenever yield stress is exceeded. 

4. Necking is the sudden decrease in cross-sectional area after the ultimate stress. 

5. Proportional limit defines the end of the linear region, whereas yield point defines the end of the elastic region. 

6. A brittle material exhibits little plastic deformation before rupture, whereas a ductile material can undergo large 
plastic deformation before rupture. 

7. A linear material behavior implies that stress and strain be linearly related. An elastic material behavior implies 
that when the loads are removed, the material returns to the undeformed state but the stress-strain relationship 
can be nonlinear, such as in rubber. 

8. Strain energy is the energy due to deformation in a volume of material, whereas strain energy density is the 
strain energy per unit volume. 

9. The modulus of resilience is a measure of recoverable energy and represents the strain energy density at yield 
point. The modulus of toughness is a measure of total energy that a material can absorb through elastic as well 
as plastic deformation and represents the strain energy density at ultimate stress. 

10. A strong material has a high ultimate stress, whereas a tough material may not have high ultimate stress but has 
a large strain energy density at ultimate stress. 
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QUICK TEST 3.2 



1. In an isotropic material the stress-strain relationship is the same in all directions but can differ at different 
points. In a homogeneous material the stress-strain relationship is the same at all points provided the directions 
are the same. 

or 
In an isotropic material the material constants are independent of the orientation of the coordinate system but can 
change with the coordinate locations. In a homogeneous material the material constants are independent of the 
locations of the coordinates but can change with the orientation of the coordinate system. 

2. There are only two independent material constants in an isotropic linear elastic material. 

3. 21 material constants are needed to specify the most general linear elastic anisotropic material. 

4. There are three independent stress components in plane stress problems. 

5. There are three independent strain components in plane stress problems. 

6. There are five nonzero strain components in plane stress problems. 

7. There are three independent strain components in plane strain problems. 

8. There are three independent stress components in plane strain problems. 

9. There are five nonzero stress components in plane strain problems. 

10. For most materials E is greater than G as Poisson's ratio is greater than zero and G = E/2(l + v). In composites, 
however, Poisson's ratio can be negative; in such a case E will be less than G. 



QUICK TEST 4.1 



1. True. Material models do not affect the kinematic equation of a uniform strain. 

2. False. Stress is uniform over each material but changes as the modulus of elasticity changes with the material in a 
nonhomogeneous cross section. 

3. True. In the formulas A is the value of a cross-sectional area at a given value of x. 

4. False. The formula is only valid if TV, E, and A do not change between x l and x 2 . For a tapered bar A is changing 
with x. 

5. True. The formula does not depend on external load. External loads affect the value of TV but not the relationship 
of TV to a xx . 

6. False. The formula is valid only if TV, E, and A do not change between x x and x 2 . For a segment with distributed 
load, TV changes with x. 

7. False. The equation represents static equivalency of TV and <j xx , which is independent of material models. 

8. True. The equation represents static equivalency of TV and cr xx over the entire cross section and is independent of 
material models. 

9. True. The uniform axial stress distribution for a homogeneous cross section is represented by an equivalent 
internal force acting at the centroid which will be also collinear with external forces. Thus no moment will be 
necessary for equilibrium. 

10. True. The equilibrium of a segment created by making an imaginary cut just to the left and just to the right of 
the section where an external load is applied shows the jump in internal forces. 
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QUICK TEST 5.1 



1. True. Torsional shear strain for circular shafts varies linearly. 

2. True. The shear strain variation is independent of material behavior across the cross section. 

3. False. If the shear modulus of a material on the inside is significantly greater than that of the material on the out- 
side, then it is possible for the shear stress on the outer edge of the inside material to be higher than that at the 
outermost surface. 

4. True. The shear stress value depends on the J at the section containing the point and not on the taper. 

5. False. The formula is obtained assuming that J is constant between x l and x 2 . 

6. True. The shear stress value depends on the T at the section. The equilibrium equation relating T to external 
torque is a separate equation. 

7. False. The formula is obtained assuming that T is constant between x 1 and x 2 , but in the presence of distributed 
torque, J is a function of x. 

8. False. The equation represents static equivalency and is independent of material models. 

9. True. Same reasoning as in question 8. 

10. True. Equilibrium equations require that the difference between internal torques on either side of the applied 
torque equal the value of the applied torque. 



QUICK TEST 6.1 



1. True. Bending normal strain varies linearly and is zero at the centroid of the cross section. If we know the strain 
at another point, the equation of a straight line can be found. 

2. True. Bending normal stress varies linearly and is zero at the centroid and maximum at the point farthest from 
the centroid. Knowing the stress at two points on a cross section, the equation of a straight line can be found. 

3. False. The larger moment of inertia is about the axis parallel to the 2-in. side, which requires that the bending 
forces be parallel to the 4-in. side. 

4. True. The stresses are smallest near the centroid. Alternatively, the loss in moment of inertia is minimum when 
the hole is at the centroid. 

5. False, y is measured from the centroid of the beam cross section. 

6. True. The formula is valid at any cross section of the beam. I zz has to be found at the section where the stress is 
being evaluated. 

7. False. The equations are independent of the material model and are obtained from static equivalency principles, 
and the bending normal stress distribution is such that the net axial force on a cross section is zero. 

8. True. The equation is independent of the material model and is obtained from the static equivalency principle. 

9. True. The equilibrium of forces requires that the internal shear force jump by the value of the applied transverse 
force as one crosses the applied force from left to right. 

10. True. The equilibrium of moments requires that the internal moment jump by the value of the applied moment 
as one crosses the applied moment from left to right. 
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QUICK TEST 8.1 


1. #=115° or 295° or -65° 


2. 


0= 245° or 65° or -115° 


3. 6= 155° or -25° or 335° 


4. 


(Tj = 5 ksi (T) 


5. o x = 5 ksi (C) 


6. 


W =10ksi 


7- r max = 12.5 ksi 


8. 


W =10ksi 


9. 1 = 55 O or -125° 


10. 


^ = -35° 



QUICK TEST 8.2 



1. 


D 


2. 


A 


3. 


E 


4. 


12°ccwor 168° cw 


5. 


102°ccwor78°cw 


6. 


78°ccwor 102° cw 


7. 


D 


8. 


A 


9. 


B 


10. 


cr= 30 MPa (T), t= -40 MPa 



QUICK TEST 8.3 



1. False. There are always three principal stresses. In two-dimensional problems the third principal stress is not inde- 
pendent and can be found from the other two. 

2. True. 

3. False. Material may affect the state of stress, but the principal stresses are unique for a given state of stress at a 
point. 

4. False. The unique value of the principal stress depends only on the state of stress at the point and not on how 
these stresses are measured or described. 

5. False. Planes of maximum shear stress are always at 45° to the principal planes, and not 90°. 

6. True. 

7. True. 

8. False. Depends on the value of the third principal stress. 

9. False. Each plane is represented by a single point on Mohr's circle. 

10. False. Each point on Mohr's circle represents a single plane 
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QUICK TEST 9.1 


1. 


£> 


2. 


C 


3. 


B 


4. 


C 


5. 


D 


6. 


108°ccwor72°cw 


7. 


18°ccwor 162° cw 


8. 


s x = 1300 //j M = 2000// 


9. 


^ = 2300 Armax = 2300// 


10. 


^ = -300 //, rmax = 2300// 



QUICK TEST 9.2 



1. (a)^=800//;(b)^ = 800// 

2. #=+115° or -65° 

3. (9= +155° or -25° 

4. 6>=+25°or-155° 

5. rmax = 2100// 

6. r max = 3100// 
7- r max =1700// 

8. False. There are always three principal strains. In two-dimensional problems the third principal strain is not 
independent and can be found from the other two. 

9. False. The unique value of principal strains depends only on the state of strain at the point and not on how these 
strains are measured or described. 

10. False. Only for isotropic materials are the principal coordinates for stresses and strains the same, but for any 
anisotropic materials the principal coordinates for stresses and strains are different. 
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QUICK TEST 11.1 



1. False. Only compressive axial forces can cause column buckling. 

2. True. 

3. False. There are infinite buckling loads. The addition of supports changes the buckling mode to the next higher 
critical buckling load. 

4. True. 

5. False. The critical buckling load does not change with the addition of uniform transverse distributed forces, but 
the increase in normal stress may cause the column to fail at lower loads. 

6. False. Springs and elastic supports in the middle increase the critical buckling load. 

7. False. The critical buckling load does not change with eccentricity, but an increase in normal stress causes the 
column to fail at lower loads with increasing eccentricity. 

8. False. The critical buckling load decreases with increasing slenderness ratio. 

9. True. 

10. True. 



QUICK TEST A.1 


1. 


Structure 1: 


One; 


AB. 




Structure 2: 


Three; AC, CD, CE. 




Structure 3 : 


Three; AC, BC, CD. 


2. 


DF, CF, HB 






3. 


Structure 1: 


Two; 


indeterminate. 




Structure 2: 


One; 


indeterminate. 




Structure 3 : 


Zero 


; determinate. 




Structure 4: 


One; 


indeterminate. 
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APPENDIX F 

ANSWERS TO SELECTED PROBLEMS 



CHAPTER 1 



1.1 <J= 1019psi(T) 



1.3^ 
1.6 d^ 



-- 125.6 1b 
1.5 mm 



mm 

1.8 a = 2.57MPa(T) 

1.12 (a)o- col = 232.8 MPa (C); (b) o b = 20MPa(C) 

1.15(a) cr col = 156 MPa (C); (b) cr b = 8.33 MPa (C) 

1.19 a h = 3MPa(C) 

1.25 P max = 10.8 kips 

1.28 P = vnid^d^t 

1.31 W m „ = 125.6 1b 



1.44 a A 



3.286 ksi(T); r A 



1.53 ksi 



1.51 cj= 11.9psi(T); V = 19 lbs 

1.52(a) a HA = 38 MPa (C); a HB = 16 MPa (T); a HG = 22 MPa (C); a HC 

(b) (t h ) = 53.76 MPa 
1.56 cr BD = 100 MPa (T); r max = 259 MPa 
1.62P max = 70.6 kN 
1.67P max = 5684 1b 
1.69 L = 10.4 in 



16 MPa (C) 



1.71 (a) d { 



CG 



30 mm; d t 



CD 



27 mm; d t 



CB 



23 mm 



(b) d c = 22 mm; sequence: CB, CG, CD 

1.74 r = 9947 Pa 

1.75 P = 3 aLr 
1.77 x = 3.18 MPa 
1.79 t = 226.3 MPa 

1.82 (a) t = 8.5 psi; (b) T = 6.7 in-lb 



75 
1.84 !oT 



^ 



75 



y 



T85 



75 



75 



100 



18 
27~ 



85 



18 



18 



27 



— ^-18 
T85 



1.93 
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1.94 



1.101 </>' 




1.99 




CHAPTER 2 



2.1 s = 0.9294 cm/cm 
2.4 s = 0.321 in/in 



2.7 u 



D 



u A = 2.5 mm 
= 393.3 //in/in; £ 5 = -150 //in/in 



2.11 £^ = -0.0125 in/in 
2.13 ^ = -0.0108 in/in 



2.15 ^ 
2.19 S, 



'B 



2.21 &, 



-0.0108 in/in; £ F 
2 mm to the left 
2.5 mm to the left 



-0.003 in/in 



2.22 s A = -416.7 //mm/mm; £ F = 400 //mm/mm 

2.29 ft = -3000 //rad 

2.32 ft = 5400 //rad 

2.34 ft = 1296 //rad 

2.38 ^ = -928 //rad 

2.48 ft = -1332 //rad 

2.51 (a) £ AP = 1174.7 //mm/mm; (b) £^ P = 1174.6 //mm/mm; (c) £^ P = 1174.6 //mm/mm 

2.54 <5^p = 0.0647 mm extension; 5 BP = 0.2165 mm extension 



2.57 8 A 



0.0035 in contraction; S n 



0.0U 



in contraction 



2.61 £ BC = 4200 //mm/mm; 6" CF = -2973 //mm/mm; 6^ = -2100 //mm/mm 

2.64 6" gc = 500 //mm/mm; £ CG = -833 //mm/mm; £ G5 = 0; £" CD = 667.5 //mm/mm 

2.68 £" xx = -128 //mm/mm; £ = -666.7 //mm/mm; r = 3600 //rad 

2.71 ^ = 1750 //mm/mm; £ = -1625 //mm/mm; y = -1125 //rad 

2.74 eJlA) = 555 //in/in 

2.77 i/(20) = 0.005 in 

2.80 1/(1250) = 1.516 mm 

2.85 £• = 42.2 //mm/mm 

2.87 £■ = 47% 
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CHAPTER 3 



3.1 (a) a ult = 510 MPa; (b) o" frac = 480 MPa (c) E = 150(7.5) GPa; (d) a prop = 300 MPa (e) a yield = 300 MPa 
(f) E t = 2.5 GPa; (g) E s = 6.5 GPa 

3.2 (a) P = 23.56 kN; (b) P = 35.34 kN 

3.3 8 = 3.25 mm 

3.4 * total = 0.065; %as = 0.0028; s plas = 0.0622 

3.5 P = 36.9 kN 

3.12 (a) E = 300 GPa; (b) o- prop = 1022 MPa; 

(c) o- yield = 1060 MPa; (d) E t = 1.72 GPa; (e) E s = 11.2 GPa; (f) £- plas = 0.1203 

3.16 £ = 25,000 ksi; v= 0.2 

3.18 G = 4000 ksi 

3.25 P = 70.7 kN; Ad = -0.008mm 

3.27 0.0327% 

3.31 U = 125 in.-lbs 

3.36 (a) 300 kN-m/m 3 ; (b) 21,960 kN-m/m 3 ; (c) 5,340 kN-m/m 3 ; (d) 57,623 kN-m/m 3 . 

3.38 (a) 1734 kN-m/m 3 ; (b) 157 MN-m/m 3 ; (c) 18 MN-m/m 3 ; (d) 264 MN-m/m 3 

3.41 F = 22.1 kN 

3.44 F = 16.7 kN 

3.45 F = 0.795 lb; 6 = 65.96° 
3.50 P l = 0; P 2 = 2 kN 

3.53 h = 4^ in; d = \ l - in 

o o 

3.59 d min = 23 mm 

3.65 N = 60 kips; M z = 30 in-kips 

3.66(a) a = 1062.1 MPa; b = 4493.3 MPa; c = -12993.1 MPa; (b) E T = 1.621 GPa 

3.68 P = 70.1 lbs 

3.74(a) a zz = 0; s xx = -3661 //; s yy = 2589 //; y xy = 5357 //rad; s zz = 357 //; 

(b) s zz = 0; a zz = 25 MPa(C); s xx = -3571 //; s yy = 2679 //; y xy = 5357 //rad 
3.78(a) ct = 0; e rr = -0.06875; 8 VV = 0.0875; e 77 = -0.00625; y rv = 0.125 

(b) s zz = 0; a zz = \2.50psi(T); z xx = -0.0703; z yy = 0.08594; y xy = 0.125 

3.81 a zz = 0; cr^ = 40.9 ksi (C); a xx = 36.26 ksi (C); s zz = 111 //in/in; r xy = -5.77 ksi 
3.83 g zz = 0; <j yy = 60 MPa (T); a XJC = 60 MPa (C); s zz = 0; r xj; = 18 MPa 
3.86 a xx = 16 ksi (C); a yy = 4 ksi (C) 
3.92 a = 50.06 mm; Z? = 50.1725 mm 
3.111 s xx = -936 M ; s yy = -2180 M ; y xy = -5333 M 
3.115 o- XJC = 19.07 ksi (C); a yy = 0.99 ksi (C); r xj; = 0.6 ksi 
3.119 K = 2.4 
3.121 o- max = 45.3 ksi 
3.127 = 0.34° 

3.130 a xx = 47 A ksi (C); o^ = 52.02 ksi (C); s zz = 1254 //; r xj; = -5.77 ksi 
3.137 (a) T = 33.33 hours; (b) T = 133.33 hours; (c) T = oo 
3.139 7i = 400,000 cycles 
3.142 (a) E l = 15,000 ksi; (b) E 2 = 64.15 ksi; (c) n = 0.1694; E = 56.2 ksi 
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4.2 F l = 108.5 kN; F 2 = 45.2 kN; F 3 = 94.3 kN 

4.4 F = 11.25 kips 

4.9 u D -u A = -0.175 in 

4.13 (a) u D -u A = -0.0234 in; (b) a max = 3.75 ksi (C) 

4.18 u B -u A = 0.126 mm 

4.20 u = 0.4621 P/EK 

4.21 (a) u c -u A = 0.034 in; (b) a max = 33.95 ksi (T) 

4.24 u B = -yL 2 /2E 
4.27 8 = 0.045 in 
4.31 F max = 4886 1b 

4.33 d n = 0.5 in; a h = ll in; Z> = 1^ in 

P u o ^ Id 

4.41 (a) Aw = 0.60 mm; (b) a max = 62.2 MPa (T) 

4.44 a = 224.40; b = -23.60; c = -0.40; u A = 0.017 in to the left 

4.46 F = 46.9 kips 

4.50 S P = 0.23 mm 

4.51 <j a = 8.0 ksi (C); S B = 0.0021 in 
4.61 S P = 0.24 mm; cr A = 118 MPa (C) 

4.65 (a) d p = 0.0265 in; (b) Ad s = 0.00074 in; AJ al = -0.00066 in 
4.67 a A = 22.5 ksi(C); a B = 17.2 ksi (T) 
4-70 F max = 555 kN 
4-74 F max = 17.2 kN 
4.77 w max = 9.4 MPa 



4-83 P max = 106.7 kips 

4.85 A BC = 1.1 in 2 ; d = 1.3 in 

4.87 F max = 148.6 kN 

4-89F max = 181.9 kN 

4.90 cj a = 5.2 ksi (T); a B = 3.5 ksi (T) 

4.94 cj xx = 0; u(L/2) = aT L L/24 

4.95 a xx = EaT L /3 (C); u(L/2) = -aT L L/S 

4.99 <j a = 25.70 ksi (T) 

4.100 a ee = 10 MPa(T); r r = 40 MPa 
4.104 £ min = 0.05 in; d mz = 0.206 in 
4.106 /? max = 500 psi; d xiy = 0.85 in 



CHAPTER 5 



5.1 yd = 2400 //rad 

5.2 T = 64.8 in-kips 



5.7 <j) x = 0.0400 rad; (j) 2 = 0.0243 rad; ^ = 0.0957 rad 



5.11 T = -495.2 in-kips 
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5.13 T = 


10.9 kN-m 






5.23 (a) ( 


r xy ) A >0; (b)(r xy ) 


B<° 




5.26 (a) ( 


r xy ) A >0; (b)(r xy ) 


B<° 




5.29 </> D - 


<j> A = 0.00711 rads CW 




5.32 cj> D - 


= 0.0163 rads CW; 


Jma X = -1094ji; ( 


*x0) E = ~ 4A k8i 


5.35 (j> A = 


= 1676 //rads CW; 


(r x0 ) E = 15.1 MPa 




5.38 (a) <j> 


B = 0.1819(r ext L/Gr 4 ) CCW; (b) r max = 0.275r ext /r 3 


5.40 <j> A = 


= (qL 2 /GJ) CW 






5.41 T = 


69.2 in-kips 






5.43 (r.) = 24 mm 

v i 'max 






5.47 d mm 


= 21 mm; t ab = 


52.5 MPa 




5.57 R = 


= 2-m 






5.59 A<p = 


= 0.085 rad; r max 


= 172 MPa 




5.60 A0 ~- 


= 0.088 rad 






5.63 <j> B = 


: 0.0516 rads ccw; 


W = 25 - 8 ksi 




5.66 (/) c = 


= 0.006 rads CCW 


T = 200.5 in-kips 




5.67 (j) B = 


■- 0.0438 rads CW 






5.71 ^ = 


TT 
- 5.659-^- CCW; 

Gd 


T 

r max = 2 ' 83 "1 

d 




5-74 r max 


= 32 kN-m; (/) B 


= 0.048 rads CCW; r max 


= 130.4 MPa 


5.75 </ min 


= 89 mm; (j) B = 


0.0487 rads CCW; r max = 


116 MPa 


5.76 d mm 


= 108 mm; (/) B = 


0.025 rads CCW; r max = 


58.62 MPa 


5 95 It 

^•^ | ''max 


| = 10.8 MPa 






5 - 101 |w| = 21.65 MPa 






CHAPTER 6 








6.1 y/= : 


2.41° 






6.3 ^ = 


182 jum/m; s 3 = - 


-109.1 jum/m; s 4 = -654 


//m/m; s 6 = 393 //m/m 


6.6 P = 1 


14547V; M z = 123.6 N-m 




6.7 P 1 = 


14.58 kN; M 1 = 


130.3 N-m; P 2 = 9.88 kN 


M 2 = 64.0 N-m 


6.12 M z = 


= 9.13 in-kips 






6.14 M z -- 


= -2134 kN-m 






6.25 a r = 


= 3.73ksi(T) ; o c 


= 6.93ksi(C) 




6.29 g a = 


= 1224psi(C); <r B 


= 735psi(C); a D = 1714 ksi (T) 


6.35 cr^ is 


(C); a 5 is(T) 






6.38 cr^ is 


(T); <7*is(C) 






6.42 (a) <r 3 o = 2.96 ksi (C); 


0>)<W = 6.93 ksi (C) or (T) 


6.45 ^ = 


= 4.17 ksi (C); a- max = 12.5 ksi (C) or (T) 




6.49 ^ = 


= 6.68 ksi (C); a" max = 28.9 ksi (T) 




6.51 £^ = 


-1500 ju 






6.53 £^ = 


-327 ju 
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6.60(a) V y = 3(72 -x) kips; (b) M z = 1.5(72 -x) 2 in-kips 

6.62(a) V y = [108-^x 2 ] kips; (b) M z = [5184- 108x + -^x 3 ] in-kips 

6.64 V ' = -wL kips 0<x<L; M z = (wLx - wL ) in-kips 0<x<L; 

V y = [w(x-L)-wL] kips L<x<2L; M z = [wLx-^(x-L) 2 -wL 2 ] in-kips L<x<2L 

6.68 F y = (76-12x)kN 5m<x<9m; M z = (6x 2 -76x+ 154) kN-m 5m<x<9m; 
F y = -20kN 9m<x<12m; M z = (20x- 240) kN-m 9m<x<12m 

6.69 F y = -6x kN <x < 3 m; M z = 3x 2 kN-m <x < 3 m; 

V y = -8 kN 3 m < x < 5 m; M z = (8x - 7) kN-m 3 m < x < 5 m 
6.74 (V v ) = ±7.5 kN; (M 7 ) = 5.625 kN-m 

v J ;/ max ' v 2/ max 

6.79 (K v ) = 36 kN; (M z ) = -86.67 kN-m 

v J / max ' v 2/max 

~^max 

f ) 

z^max 

6 - 92 W max = 154 ' 3 lb/in 

6.99 a, = ll|in 

6.100 r = 3.75 mm 
6.102 P = 165.7 N 

6.107 Point^: negative r xz \ Point B: positive r ; Point C: negative r xz ; Point/): positive t xz 
6.112 Point y4: positive r^; Point B: negative t xz ; Point C: zero; Point Z): positive r xy 
6-117 |tr max | = 348.4 MPa; |r max | = 6.84 MPa; (a xx ) A = 48 MPa (C); (r xy ) A = -3.2 MPa 
6.120 V AB = 614.4 lbs; V BC = 921.6 lbs 

6.124 M ext = 8333.33 in-lbs 

6.125 P max = 202 N; As = 16 cm 



6.137i? = 2^ in 

6.138 |cr max | = 9185 psi; |r max | = 295 psi 



CHAPTER 7 



7.2 v(x) = -[wx/(24EI)](x 3 - 2Lx 2 + L 3 ); v(Z/2) = -[5wZ 4 /(384Ei)] 
7.4 v(x) = -[wx 2 /(24^/)](x 2 -4Lx + 6L 2 ); v(L) = ~[wL 4 /(8EI)] 
7.9 y A = PL 3 /(3EI) 

f [wLx/(9EI)](x 2 - 5L 2 ) < x < L 



r 4 



l.\l{x) = y v /JV ; v(L) = -(4wL/9EI) 

l[wLx/(9EI)](x 2 - 5L 2 ) - [wL/(6£/)](x -L) 3 Z, < x < : 



r 4 



\(wLx/4SEI)(2x -7L) 0<x<L 

7.19 v(x) = V Jy J ; v(Z) = -[5wL/(4SEI)] 

l(w/EI)(2Lx 3 - lL 3 x)/4% - (w/24EI)(x - L) A L<x<2L 



7.25 h(x) = j6Px/(ba); v max = -J%bcr 3 L 3 7{21PE 2 ) 

7.28 a max = mPL/(27x4); v max = -%PL 3 /{3End\) 
732 R A = 16.2 kips up; M A = 10.8 in-kips CCW 

f(P/12£/)[2(x-2L) 3 -5(x-L) 3 -9L 2 x+llL 3 ] 0<x<L 
7.34 R A = 5P/2; v(x) = V n K ) K ) J 

l(P/12EI)[2(x - 2L) 3 - 9L 2 x + 1 1L 3 ] L<x<2L 
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7 ^>> = 8^ = 


^^up; M A = llwL 2 /120CW 










7.57 y A = 


-4\wL 4 /24EI 












7.61 y A = 


-PL 3 / 96 EI 












7.64 v A = 


-wL 4 /\36EI; R c 


= llwL/ll; M c = 5wL 2 /34 










7.67 v(jc) 


= (w/\SEI)[2Lx 3 


-3L(x-L) 3 -\0L 3 x]; v(L) = -4wL 4 /9EI 








7.71 v(x) 


= (w/24EI)[x 4 -( 


x-L) 4 -4L{x-2L) 3 -\2L 2 (x-2L) 2 - 


-40L 3 x + 71L 4 ]; v(2Z) = 


(wL 4 )/(4EI) 


7.72 v(x) 


= (P/\2EI)[3Lx 2 


-3x 3 + 5(x-L) 3 ]; R A = 5P/2 










7.76 v'(x, 


t ) = -(wL 3 /6EI); 


v(x A ) = -(wL 4 /SEI) 










CHAPTER 8 














8.1 cr„„is 


(C); r nt is positive 












8.6 a nn is 


(C); r nt can't say 












8.12 a nn - 


= 8.66 ksi (C) r nt - 


= 5.0 ksi 










8.15 Compression 












8.19 a nn - 


= 50 MPa (C); r nt 


= 40 MPa 










8.24 a nn - 


= 45.36 ksi (C); r nt = 1.84 ksi 










8-26 P max 


= 84.9 lb 












8.33 (a) a 


nn = °"( T ); T nt = 


0; (b) a nn = 0; r nt = -a 










8.42 <x„„ = 


= 7 MPa (T); r nt = 


-- -59.7 MPa; o x = 75.2 MPa(T); a 2 


= 45.2 MPa (C); <r 3 = 0; 


Ox = 


69.2 


o. 


T 

max 


= 60.2 MPa 












8.44 <x„„ = 


= 45.4 ksi (C); r nt 


= 1.84 ksi; o x = 15.4 ksi (T); 


a 2 = 45.4 ksi(C); a 3 


= 0; 


*i = 


40.3°; 


T 

max 


= 30.4 ksi 












8.47 <t„„ = 


= 0.63 ksi(C); r nt 


= -7.06 ksi; o x = 0.62 ksi (T); o 2 = 


40.62 ksi (C); a 3 = 12 ksi (C) 


Ox = 


128°; 


''max 


= 20.62 ksi 












8.50 a x = 


67.9 MPa (T); a 2 


= 207.9 MPa(C); <r 3 = 0; X = 78°; 


W = 137.9 MPa 








8-54 cr xx - 


- 7.54 ksi(C); a yy 


= 9.46 ksi (C); r xy = 1.15 ksi 










8-60 ^ = 


= 16.5 ksi (C); r nt 


= -9.55 ksi 










8 - 7 l P max = 


= 30.6kN 












CHAPTER 9 














9.3 * niI = 


-234.7 ju; (j> = 196.96 //rad CW 










9-6 ^ = 


150 ju; s tt = 450 ju; y nt = -519.6 ju 










9-8 s nn = 


-70.2 //; s tt = -529.8 //; ^ = 385.67 ju 










9.13 * niI 


= -295 A ju; e tt = 


295.4 ju; y nt = -104.2 ju 










9.16 Sectors 8 and 2 or Sectors 4 and 6 










9.31 s x = 


659 ju; s 2 = -459 


m; ^ = 0; y max = ins//; e x = 103.3 ; 








£ nn ~ 


643.7 ju; e tt = -443.7 ju; y nt = -259.8 ju 










9.37 s x = 


1246.5 //; s 2 = -196.5 //; £ 3 = 0; y max = 1443 ju; 
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£ XX = 1027 Ml £yy 


= 23 //; Yxy = -1037 // 






9A2 ^xx = -466//; Syy = 


1266//; ^ 


= -1000 ju 






9.44 s x = 767.9 ju; s 2 = 


-125 //; ^ 3 = 


-214.3 //; x max = 


= 982.2 ju; 6 x = 


-26.57° 


9.46 fj = 681.4//; e 2 = - 


-604.3 //; ^ 3 = 


= 0; W = 642.9 


ju; x = 26.57° 




9.49 (ft) , = 103.3°; 

v ^'strain ' 


(#1) , 


98.8° 






9.54 £ fl = 33.49 //; ^ = 


400 //; £- c = 


166.5 ju 






9.58 e a = 687.5 //; ^ = 


-406.3 //; e c 


= -656.9 ju 






9.62 ^ = 685.9 //; £ 2 = 


-185.9 //; ^ 3 


= -166.7; x max = 


871.8 ju; 6 X = 


48.3° 


9.64 e = 392.9 // 










9.68 e = 716.7 // 










9.74 s= -112.5 // 










CHAPTER 10 










10.1 a nn = 4.6ksi(C); r } 


rf = -16.4 ksi 








10.4 P = 60.76 kN 










10.6 £- a = 1696 ju; s h = ■ 


-1176// 








10.12 s a = 1333 //; ^ = 


-666.66 ju 








10.24(0^ = 0; (a xx ) B 


_<T bend-j; 


85.39MPa(C); ( 


tJa = ^tor + ^bend- y =42.89MPa; 


(*xy) B = " r tor = ~25.62MPa 








10.27(0-^ = 0; (aj 5 


^bend-j 


222MPa(C); (t Xa 


r/^ — T bmd-y ~ 


[121MPa; (r xy ) B = 


10.30 (a wa J^ = 102.7MPa(r) or (C) 


; (°ma X ) B = 137.33MPa(C); (x max ) A = 5135MPa; 


(**«)* = 91.79MP fl ; 








10.35 (a^ = 23.1ksi(C); (r xy ) A = - 


7.2 ksi 






10.36 a^ = 8219psi(C); 


*"„, = 13180 


psi 






10-44 P max = 4.3 kN 










10.48 w = 791.2 N/m 










10.53 o^ = a CE = 5.13 


psi(C); a BC 


= 10 psi (T); a AB 


= 167.4 psi (C) 




10.55 *F max = 67 lb 










10.62 R = 2.405 in 










10.65 (a) P max = 5 kN; (b) P max = 5.75 kN 






10-66 P max = 9.5 kips 










10.69 K = 1.22 










CHAPTER 11 










11.2 P cr = 5/4 kL 










11.6 P cr = 153.3 lb 










11.15 L/r = 72.7; P cr = 


215.4 kip; a cr = 3.36 ksi (C) 






11.21 K = 1.106 










11.25 K = 3.633 
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11.40 i^ = 42 in 

11.43 w max = 12 kN/m; K BD = 2.3 

11.55 <r max = 2.68 ksi (C); v max = 0.0458 in 

11.59 Z max = 2.09 m 

11.63 P max = 39.45 kip 

11.64 P cr = 17.0 kip 
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FORMULA SHEET 



N/A 



L r L o 



r = V/A a„ = lim I— 21 



^o ^o X 5 X A 

£ xx = [ °xx " K ^ + ^«)]/^ ^ = *x/ G G 






2(1 + v) 



^xx = l £ xx +V£ yy\ T 

(1-v 2 ) 



Un-U, = 



du _ 
dx 


N 
EA 




d(/) _ 
dx 


T 

GJ 




M z = 


EI ZZ 


<ix 



7V(x i -x i ) 
£^ 

?X*2-*i) 
GJ 

-(r 



\ - vJ £yy 



s NL 
S= EA 

r*e j 

'VyQ.. 



N 



£) 



V = -V 



dV 
dx 



yy' 

dM z 
dx 



V Z Q V 

Iyyt- 

V 2 = Kj + J 'pdx 



du(x) 
dx 



x 2 
M 2 = M l + \ Vdx 



°nn = cr xx cos 2 0+ cr sin 2 0+2rsm0 cos 



r nt = -cr xx cos<9sin#+ a sm6cos6+ r (cos 6- sin 6) 



tan2<9 



2t, 



£L_ 



(^xx-O 



7 i,2 2 ± M 2 J ^ max 



^l-^iz G 2-°?> <hzJL 

2 ' 2 ' 2 



^/i/i = £ xx C0 ^ e+£ yy^ n2e+ rxy ^OcOsO 



2 2 

y nt = -2e xx sin^cos^+2£- sin^cos^+x (cos #- sin #) 



tan 2 ft, 



/xy_ 



v ^xx ^vv) 



V g xx g y.y/ , <^ g xx £ yy \ , fjx] N 
2 "A 2 J V2^ 



fl £2 f2 f3 f3 £ 

2 ' 2 ' 2 



;r 2 £/ 



« c = Tn I= T2 ab 



T 1 4 _ 1 4 

I = -7TT J = -7tT 

4 2 
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